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PREFACE  TO   SECOND  EDITION. 


The  First  Edition  has  been  very  carefully  revised  and 
considerably  extended.  All  errors  known  to  the  Author 
have  been  corrected,  and  the  Questions  which  were  set  at 
the  1898  Examinations  of  the  Science  and  Art  Department 
have  been  inserted  at  the  end  of  the  several  Lectures  to 
which  they  relate. 

Part  VI.  on  Hydraulic^  and  Hydraulic  Machines 
has  been  completed  by  the  addition  of  three  new  Lectures, 
which  treat  of  the  principles  of  Hydrostatics  and  Hydro- 
kinetics,  as  well  as  many  of  their  most  important  applica- 
tions to  hydraulic  machinery. 

I  am  indebted  to  several  firms  for  illustrations,  to  Mr. 
T.  R  Murray  for  his  kind  suggestions  regarding  the 
Lecture  on  Refrigeration,  as  well  as  to  Messrs.  David 
Robertson,  Junr.,  John  S.  Nicholson,  and  Chas.  J.  Sellar, 
for  their  assistance  in  connection  with  this  Edition. 

ANDREW  JAMIESON. 

The  Glasgow  and  West  of  Scotland 
Technical  College, 

September,  1898. 


PREFACE   TO    VOLUME    IL 


This  Text-Book  has  been  written  expressly  for  Second  and 
Third  Year  Students  of  Applied  Mechanics.  It,  therefore, 
forms  a  suitable  companion  to  the  Author's  Text-Book  on 
Steam  and  Steam  Engines,  It  also  forms  a  direct  continu- 
ation of  his  Elementary  Manvxd  on  Applied  Mechanics; 
for  it  covers  the  Advanced  Stage  of  the  Science  and  Art 
Departments  Examinations,  and  treats  on  many  points 
demanded  by  the  Honours  Section.  It  will,  moreover,  be 
found  of  considerable  use  to  those  who  aim  at  passing  the 
Advanced  and  Honours  Stages  of  the  same  Examinations  in 
Machine  Construction  and  Drawing,  as  well  as  the  Exam- 
inations of  the  City  and  Guilds  of  London  Institute  in 
Mechanical  Engineering.  At  the  same  time,  the  treatment 
of  the  subject  is  sufficiently  general  to  satisfy  the  wants 
of  other  engineering  students,  who  do  not  happen  to  have 
these  Special  Examinations  in  view. 

The  book  has  been  divided  into  six  parts : — 

I.  The  Principle  of  Work  and  its  Applications. 
II.  Gearing. 

III.  Motion  and  Energy. 

IV.  Graphic  Statics. 

V.  Strength  of  Materials. 
VI.  Hydraulics  and  Hydraulic  Machinery. 


PREFACE.  Vll 

Parts  I.  and  II.  were  issued  as  Volume  L,  and  the  remain- 
ing Parts  now  form  Volume  II.  This  volume  consists  of 
Lectures  XX.  to  XXXIV.  under  the  following  general 
headings : — Velocity  and  Acceleration  — Motion  and  Energy 
— Energy  of  Rotation  and  Centrifugal  Force — Engine 
Governors  and  other  Applications  of  Centrifugal  Force — 
Framed  Structures — Roof  Frames — Deficient  Frames — 
Cranes — Beams  aud  Girders — Stress  and  Strain,  and 
Bodies  under  Tension — Strength  of  Shafts — Strength  of 
Beams  and  Girders — Deflection  of  Beams  and  Girders — 
Hydraulic  Appliances — Refrigerating  Machines. 

In  each  Part  special  reference  has  been  made  to  the 
latest  and  best  books,  and  to  papers  read  before  leading 
Engineering  Societies. 

In  each  Part  a  number  of  examples  have  been  fully 
worked  out,  and  at  the  end  of  each  Lecture  a  series  of 
carefully-selected  questions  has  been  arranged,  in  the 
precise  order  of,  and  relating  solely  to,  the  subject  matter 
of  the  Lecture,  so  that  Teachers  and  Students  may  have  a 
minimum  of  trouble  in  finding  suitable  examples. 

Volume  I.  having  been  so  kindly  received,  and  having 
already  passed  into  a  Second  Edition,  it  has  been  con- 
sidered advisable  to  issue  this  Volume  in  time  for  the 
coming  session,  many  Teachers  having  expressed  a  wish 
to  have  the  continuation  of  the  work  at  once.  Later,  the 
Author  hopes  to  have  the  opportunity  of  still  further 
amplifying  and  extending  Part  VI. 

In  conclusion,  he  has  to  thank  many  of  his  old  Students 
and  friends  in  connection  with  the  production  of  the  work ; 
more  especially,  for  the  help  which  he  received  from 
Mr.  Robert  M.  Anderson  with  Parts  I.  to  III.;  Mr.  John 
H.  A.  Maclntyre  with  Part  IV.;   and  Mr.  John  Anderson 


VUl  PREFACE. 

with  Part  V,  He  has  also  to  thank  Mr.  Alexander  H. 
Weddell  and  Mr.  John  S.  Nicholson  for  preparing  numerous 
drawings,  and  the  various  firms  who  supplied  illustrations 
of  their  mechanical  appliances.  Finally,  he  has  received 
much  assistance  from  Mr.  David  A.  Ramsay,  Mr.  J.  Fred. 
Nielson,  and  Mr.  David  Robertson,  Jun.,  in  preparing  the 
manuscript  and  revising  the  proofs. 

Great  care  has  been  taken  to  avoid  errors,  but  if  any 
should  be  observed  by  readers,  the  Author  will  be  glad 
to  have  them  pointed  out,  and  to  receive  any  suggestions 
tending  to  increase  the  usefulness  of  this  book. 

ANDREW  JAMIESON. 

The  Glasgow  and  West  of  Scotland 
Technical  College, 

September,  1897. 
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Definition. — A  body  is  said  to  be  in  Motion  when  it  is  con- 
tinually changing  its  position  in  space,  and  to  be  at  Rest  when 
it  retains  a  fixed  position  in  space. 

These  are  the  definitions  of  absolute  motion  and  absolute  rest 
We  can  never  know  the  absolute  motion  of  any  body  because 
we  know  no  fixed  bodies  to  which  we  may  refer  its  positions  at 
different  times.  We,  therefore,  can  only  deal  with  the  relative- 
motion  of  a  body. 

Definition. — A  body  is  said  to  have  Relative  Motion  with 
respect  to  another  body  when  it  is  continually  changing  its  posi- 
tion relatively  to  that  body. 

Thus,  take  the  case  of  a  train  moving  on  a  mil  way.  We  always 
consider  its  motion  relatively  to  some  part  of  the  earth's  surface. 
But  the  train  is  carried  round  the  earth's  axis  and  also  round  the 
sun  by  the  rotation  of  the  earth  itself.  And  this  is  not  all,  for  we> 
have  reason  to  believe  that  the  sun  itself  is  not  fixed  in  space  but 
is  in  motion.  A  passenger  in  the  train  might  be  at  rest  relative* 
to  the  train  but  he  would  be  in  motion  relatively  to  the  houses, 
trees,  &c,  which  the  train  passed  on  its  way. 

Motions  of  Translation  and  Rotation. — The  motion  of  a  body- 
may  be  either  Translatory  or  Rotary. 
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A  body  is  said  to  have  a  motion  of  simple  translation  when  all 
points  in  the  body  move  with  the  same  velocity  and  in  the  same 
direction  at  the  same  instant,  so  that  no  line  in  the  body  changes 
its  direction.  Hence,  the  motion  of  the  whole  body  is  known 
when  that  of  any  point  in  it  is  known. 

A  body  is  said  to  have  a  motion  of  simple  rotation  when  the 
various  points  in  the  body  describe  circles  about  some  fixed  axis 
either  within  or  without  the  body.  Hence,  the  motion  of  the 
whole  is  known  when  that  of  any  line  in  the  body  (other  than  the 
axis  about  which  the  motion  takes  place)  is  known. 

The  motion  of  a  body  may  be  complex;  being  composed  or 
compounded  of  motionsr  of  translation  and  rotation.  Thus,  the 
connecting-rod  of  an  engine  has  a  complex  motion.  It  has  a 
motion  of  translation  in  a  vertical  plane  containing  the  centre  line 
of  the  engine,  and  a  motion  of  rotation  in  the  same  plane  about 
the  crosshead  pin. 

Definition.— The  Path  of  a  moving  point  is  the  line,  straight 
or  curved,  which  passes  through  all  the  successive  positions  of 
the  point. 

Direction  of  Motion. — The  direction  of  motion  of  a  body  is,  at 
any  particular  instant,  the  tangent  to  the  path  of  the  body  at  that 
instant,  or  the  path  itself  if  the  motion  is  rectilinear. 

Thus,  let  A  B  be  the  path  of  a 
moving  body.  When  the  body 
occupies  the  position,  Fv  its  direc- 
tion of  motion  it  along  Pv  Tv  the 
tangent  to  the  path  at  that  point. 
Similarly,  when  the  body  occupies 
£  the   position  P^  its  direction  of 

Illustrating  Direction  op        mo£OXL  is  ^  ^he  tangent  P2,  T2. 
Motion.  Hence,  when  a  body  moves  in 

a  circular  path  its  direction  of 
motion  at  any  instant  will  be  perpendicular  to  the  radius  drawn 
to  its  position  on  the  circle  at  that  instant 

Definition.— The  Velocity  of  a  body  is  the  rate  at  which  it 
changes  its  position. 

A  velocity  is  completely  specified  when  we  know  (1)  its  direc- 
tion, and  (2)  its  magnitude. 

Hence,  a  velocity  can  be  completely  represented  by  a  straight 
line  of  finite  length  with  a  suitably-directed  arrow  head. 

Definition. — A  body  is  said  to  be  moving  with  Uniform 
Velocity  when  it  is  moving  in  a  constant  direction  and  passes 
over  equal  distances  in  equal  intervals  of  time,  however  small 
these  may  be. 
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The  last  clause  in  the  above  definition  is  necessary,  because  a 
body  might  describe  equal  distances  in  equal  times,  and  yet  its 
motion  might  not  be  uniform.  Thus,  a  train  may  describe  20 
miles  in  each  of  two  consecutive  hours,  and  yet  its  motion  may 
have  varied  continuously  during  that  time ;  sometimes  its  velocity 
may  be  60  miles  an  hour,  and  at  other  times  it  may  be  nil. 

Uniform  Velocity,  how  Measured. — When  uniform,  the  velocity 
of  a  body  is  measured  by  its  displacement  in  unit  time.    Thus:— 

Velocity  =  D_*Pg^!5*. 

Definition. — A  body  is  said  to  have  Unit  Velocity  when  it 
describes  unit  distance  in  unit  time. 

The  unit  of  distance  in  this  country  is  the  foot,  and  the  unit 
of  time  is  usually  the  second,  although  engineers  often  take  the 
minute,  or  even  the  hour,  as  the  unit  of  time.  For  example,  the 
speed  of  a  railway  train  is  always  spoken  of  as  so  many  mile*  per 
Jiour,  and  that  of  the  piston  of  an  engine  as  so  m&ny  feet  per  minute. 

Whatever  units  may  be  used,  we  get : — 

8      \ 


=  vt   J 


Or,  8 

Where,         8  =  Displacement,  or  distance  described,  in  time,  t 

And,  v  —  Velocity,  supposed  to  be  uniform. 

|_  From  the  above  definition  and  equation  it  is  evident  that  v 
must  be  the  same  however  small  t  may  be.  Thus,  let  the  dis- 
placement be  very  small,  say  A  8,  then  the  time  taken  to  describe 
it  will  be  correspondingly  small,  say  A  t,  and  we  get : — 

As 

v  = . 

A  t 

This  being  true  for  the  smallest  fraction  of  time,  it  must  also  be 
true  in  the  limit. 

-  ds        \ 
V'dt         I (II)] 

Or,  d8  =vdt       * 

Definition. — A  body  is  said  to  be  moving  with  Variable 
Velocity  when  it  is  either  changing  its  direction  of  motion  or 
passing  over  unequal  distances  in  equal  intervals  of  time. 

*  Students  who  have  no  knowledge  of  the  notation  of  the  Calculus,  and 
those  merely  reading  for  examination  in  the  Advanced  Stage  of  this  sub- 
ject, may  omit  for  the  present  the  text  within  the  brackets,  thus  [  ] . 
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From  this  definition  it  appears  that  a  body  has  a  variable  velocity 
when  the  direction  or  magnitude  of  its  velocity  is  variable.  Thus, 
a  point  on  the  rim  of  the  flywheel  of  an  engine  has  a  variable 
velocity  whether  the  rotary  motion  of  the  wheel  be  uniform  or  not. 

This  follows  at  once  from  the  fact  that  a  velocity  is  only  com- 
pletely specified  when  we  know  its  direction  and  magnitude,  and 
a  change  in  either  the  direction  or  in  the  magnitude  causes  a 
change  in  the  velocity.  It  is  usual,  however,  in  most  problems, 
to  speak  of  the  velocity  as  being  uniform  or  variable,  according 
as  the  magnitude  of  the  velocity  is  uniform  or  variable. 

Variable  Velocity,  how  Measured When  variable,  the  velocity 

of  a  body  is  measured  at  any  particular  instant  by  the  displace- 
ment which  the  body  would  have  received  if  it  moved  for  a  unit 
of  time  with  the  same  velocity  which  it  had  at  the  instant 
under  consideration. 

Thus,  we  see  a  train  approaching  a  station  and  say  that  its 
velocity  is  10  miles  an  hour,  although  we  at  the  same  time  observe 
that  its  velocity  is  diminishing  rapidly,  and  will  soon  be  zero.  By 
the  expression  "  10  miles  an  hour "  we,  therefore,  do  not  mean 
that  it  will  run  10  miles  during  the  next  hour,  but  simply  that  if 
the  train  continued  to  run  for  one  hour  with  the  same  speed  that 
it  had  at  the  instant  the  remark  was  made,  it  would  travel  a 
distance  of  10  miles. 

Average  Velocity. — When  the  velocity  of  a  body  is  variable, 
and  we  know  its  magnitudes  for  several  positions  of  the  body,  then 
its  average  velocity  can  be  found  in  the  same  way  as  we  find  the 
average  of  a  series  of  numbers. 

Thus,  let  vi9  v2f  v3%  .  .  .  .  vn  denote  the  velocities  at  n  different 
points  in  its  path ;  then  : — 

Average  velocity  =  v  =  -1 ^ ^ -. 

Or  it  may  be  defined  as  follows  : — 

Definition. — When  a  body  moves  through  a  certain  distance 
with  a  variable  velocity,  its  average  velocity  is  that  uniform 
velocity  which  it  would  require  to  have  in  order  to  traverse  the 
same  distance  in  the  same  time. 

—         8        \ 

Therefore,  v  =  -     | 

Or,  s  =  v  t  ) 

If  the  velocity  increase  or  decrease  uniformly,  then  the  mean  or 
average  velocity  is  half  the  sum  of  the  initial  and  final  velocities. 

Or,  r-?»43. (III> 
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Where  vx  and  v2  denote  the  initial  and  final  velocities 
respectively. 

Definition. — The  acceleration  of  a  body  is  its  rats  of  changs 
of  velocity. 

Acceleration  may  be  either  uniform  or  variable. 

Definition.— Acceleration  is  uniform  when  equal  changes  of 
velocity  take  place  in  equal  intervals  of  time,  however  small 
these  may  be. 

Otherwise,  the  acceleration  is  variable. 

Acceleration,  how  Measured.— Uniform  acceleration  is  measured 
by  the  change  in  the  velocity  in  a  unit  of  time. 

Variable  acceleration  is  measured  at  any  particular  instant  by 
what  would  be  the  change  of  velocity  in  a  unit  of  time,  on  the 
supposition  that  during  that  unit  of  time  the  acceleration  remained 
the  same  as  at  the  instant  under  consideration. 

If  the  student  thoroughly  understands  the  method  of  measuring 
a  variable  velocity,  he  should  have  no  difficulty  in  perceiving  from 
the  above  statement  how  variable  acceleration  is  measured. 

Uniformly  Accelerated  Motion.  —  We  shall  now  deduce  the 
ordinary  formulae  for  the  motion  of  a  body  uniformly  accelerated 
in  its  line  of  motion. 

Let  vl  =  Velocity  of  body  at  end  of  time  tv 

„        V2    ~  »  99  »  *%§ 

„      8  =  Distance  described  during  interval  (t2  -  ^), 
„     a  =  Acceleration  per  unit  time. 

Then,  Change  of  velocity  —  v2  -  vv 

v    —  v 
Rate  ofcJiange  of  velocity  =  -j — -*. 

t2  -*i 

But,    Hate  of  change  of  velocity  =  acceleration, 

v0  -  v, 


a  — 


=  "JL 


Or,  denoting  the  interval  of  time  (t2  -  tx)  by  t,  we  get : — 

t        l    .     .     .    .     (IV) 

Or,  v2  =  vY  +  a  t  ) 

That  is:— Final  Velocity  =  Initial  Velocity  +  Change  of  Velocity. 
Again,  since  the  acceleration  is  uniform,  we  get : — 

Average  velocity  =  -*— ^ — - 
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Vl    +   V2  s 

8  =      1    2      2    X    *. 

But,  v2  =»  t^  +  a$, 

*  =  -1 ^ ^   x  t, 


•   • 


Or,  8=vxt  +  \dt* (V) 

In  many  problems  the  time,  t,  is  not  given,  and  we  require  to 
find  one  of  the  four  quantities,  8,  a,  vv  v^  having  given  the  other 
three.  From  equations  (IV)  and  (V)  the  following  relation 
between  these  quantities  can  easily  be  deduced  by  eliminating  t. 
Thus  :— 


From  equation  (IV),   a  = 


_  V2  -  Vl 


t         ' 


v*  =  2as       X (vi) 

i?a  =  vi  +  2  a  8 ) 


From  equation  (V),      *  =  -^-5 — -  x  t 

Multiplying  together  the  corresponding  sides  of  these  equations 
and  equating  the  products,  we  get: — 

Or, 

The  above  formulae  are  true  for  all  cases  of  uniformly  increasing 
or  uniformly  decreasing  velocity ;  but  in  the  latter  case,  the  acceler- 
ation will  be  negative,  aud  a  must  be  preceded  by  the  minus 
sign.* 

If  the  body  start  from  rest,  that  is,  if  the  time,  t,  be  reckoned 
from  the  commencement  of  the  motion,  then,  the  initial  velocity, 
vx  =  0,  and  we  get,  from  the  above  equations  : — 

v  -at (IV.) 

8  =  ±aF (V.) 

v*  =  2as (VI.) 

Where  v  =  velocity  at  end  of  time,  t.f 

*  There  is1  no  need  for  deducing,  or  even  stating,  the  corresponding 
formulae  when  the  acceleration  is  negative.  The  fewer  formulae  to  be  com- 
mitted to  memory  the  better,  and  the  student  should  learn  to  distinguish 
between  positive  and  negative  (increasing  or  decreasing)  acceleration  as 
indicated  by  difference  in  sign,  and  to  supply  the  proper  sign  where 
necessary. 

t  The  general  formulae  (IV),  (V),  and  (VI)  should  be  used  in  all  cases. 
When  the  body  starts  from  rest,  substitute  vi  =  0. 
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Graphical  Methods.— Equations  (III)  and  (IV)  can  be  very 
easily  represented  by  means  of  a  diagram.  We  may  here  remark 
that  diagrams  of  velocities,  accelerations,  <fcc.,  are  very  useful  in 
assisting  the  student  to  answer  many  problems  on  the  motion  of  a 
body,  and  in  what  follows  we  shall  have  several  instances  of  their 
use  when  dealing  with  the  moving  parts  of  engines.  Before 
explaining  the  following  diagrams,  it  is  necessary  to  remind  the 
student  that  a  velocity,  or  an  acceleration,  can  be  completely 
represented  by  a  straight  line.  We  have  already  seen  that  a 
velocity  may  be  represented  by  a  finite  straight  line.  But  an 
accderation  is  a  change  of  velocity  per  unit  time.  Hence,  an 
acceleration  may  also  be  represented  by  a  finite  straight  line.  In 
the  meantime,  we  are  not  concerned  with  the  directum  of  the 
velocity  or  acceleration,  so  that  the  lines  representing  these  may 
be  drawn  in  any  convenient  direction. 

Telocity  and  acceleration  diagrams  are  constructed  in  a  way 
similar  to  those  representing  work,  viz.,  by  drawing  two  axes  at 
right  angles,  along  which  the  velocities  or  accelerations  and 
intervals  of  time  may  be  plotted 

Diagram  for  Uniform  velocity. — Let  v  =  velocity,  supposed  to 
be  uniform,  and  t  =  time.  Draw 
the  line  A  B,  along  which  inter- 
vals of  time  have  to  be  plotted. 
Thus,  let  A  B  represent  t.  From 
A,  set  up  AC  at  right  angles  to 
A  B,  and  let  A  C  represent  the 
velocity,  v.  Complete  the  rectangle 
ABDC.  Then,  clearly,  the  area 
of  A  B  D  C  represents  the  dis- 
placement during  the  time,  t. 
Thus:— 


jr^^^i^^ss^ms^ 


®a 


Displacement  =  s  —  vt 
=  area  ABDC. 


Diagram  foe  UmroMf 
Velocity. 

The  area,  ABDC,  nprmm 
the  displacement  in  time,  t> 

#  =  »«. 


Diagram  for  Uniformly  Increasing  Velocity.  — Let  a  =  the 
acceleration,  and  v  =  velocity  at  the  end  of  time,  t ;  the  initial 
velocity  being  zero.  As  before,  let  A  B  represent  the  interval  of 
time,  t  At  B,  the  end  of  interval  t,  dsaw  B  0  to  represent  v,  and 
join  A  C.  Then,  as  before,  the  area  of  triangle  ABC  represents 
the  displacement  during  time,  t ;  since, 

Displacement  =  g  =  mean  velocity  x  time  =  lv  x  t 
„  =JBCx  AB  =  area  ABC. 

The  velocity  at  any  other  time  can  be  found  by  drawing  the 
ordinate  from  the  point  on  A  B  representing  the  given  instant 
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1           2          3  B 

^ 1 *•, 

Diagram  for  Velocity  In- 
creasing Uniformly  from 
0  to  v. 

The  area,  ABC,   represents 
the  displacement  in  time,  t. 

8  =  \vt. 


•     0 


Thus,  suppose  A  B  represents  4  seconds.  Then,  the  velocity  at 
the   end   of  3   seconds   from   the   beginning   of  the   motion   is 

represented  by  the  ordinate  3  F. 
Similarly,  at  the  end  of  the  first 
second,  the  velocity  is  represented 
by  the  ordinate  1  D.  But  in  this 
case,  the  velocity  at  the  end  of  the 
first  second  is  a  measure  of  the 
acceleration ;  therefore,  1  D  repre- 
sents the  acceleration. 

If  the  acceleration  be  given 
instead  of  the  final  velocity,  v,  then 
the  diagram  can  be  set  out  in  the 
following  manner : — 

Let  A  1  represent  a  unit  of  time. 
Draw  ID  at  right  angles  to  A  B 
to    represent    the    acceleration,    a. 

Then  AC  is  the  velocity  line. 
From  this  it  will  be  seen  that 
v  =  BC  =  at 

8  =  £  a  <2 
=  \at  x  t 
=  £BC  x  AB 
=  area  ABC. 

If  the  body  does  not  start  from 

Diagram    for   Velocity"  In-  «*J  Jj*  <£e  ™*f  ™loci<*  **  *» 

creasing   Uniformly  from  and  the  nnal  velocity,  v2.      Then, 

vi  to  v2.  at    each    end    of   A  B,    the    line 

The  area,  ABDC,  represents  representing  t,  draw  the  ordinates 

the  displacement  in  time,  t.  AC  and  B  D  to  represent  vr  and 

s  =  vi  t  +  4  « t\  v2  respectively,  and  join  C  D. 


Join  AD   and   produce   it. 

0 


•  • 


Here,  Displacement  =  *  =  J  (vx  +  v2)  x  t  =  £  (A  C  +  B  D)  x  A  B 
„  =areaABDC. 

Also,  ED  =  Cliange  of  velocity  in  time,  t  =  at. 

And,  BD  =  BE  +  ED=v1  +  at 


•  • 


8  =  i  (vi  +  vi  +  a  0  x  *  =  vi  *  +  i  a  &• 

We  have  not  drawn  the  corresponding  diagrams  for  the  case 
when  the  acceleration  is  negative,  but  the  student  should  have 
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no  difficulty  in  doing  this  for  himself.  Thus,  when  a  is  nega- 
tive, the  last  diagram  would,  be  drawn  with  the  velocity  line 
sloping  in  the  opposite  direction. 

Motion  Due  to  Gravity. — The  most  familiar  instance  of  uniformly 
accelerated  motion  is  that  of  a  body  falling  under  the  influence  of 
gravity.  Experiments  show  that  if  a  body  be  allowed  to  fall  freely 
in  vacuo  its  motion  will  be  uniformly  accelerated,  and  this  acceler- 
ation is  the  same  for  every  body  (large  or  small,  heavy  or  light)  at 
the  same  locality.  The  letter  g  is  always  used  to  denote  this 
acceleration.  Its  value  depends  on  the  distance  of  the  falling 
body  from  the  centre  of  mass  of  the  earth,  and  varies  inversely  as 
the  square  of  this  distance.  Hence,  g  is  different  at  different 
latitudes,  being  greatest  at  the  poles  and  least  at  the  equator. 
When  the  units  of  distance  and  time  are  the  foot  and  the  second, 
the  value  of  g  at  the  poles  is  about  32*255,  and  32*091  at  the 
equator.  Its  value  at  the  sea  level  in  the  latitude  of  London  is 
about  32*19,  and  is  generally  taken  at  32  2  for  any  place  in  the 
British  isles. 

Formulae  for  the  motion  of  bodies  under  the  action  of  gravity 
alone  are  derived  from  those  previously  given  for  uniformly 
accelerated  motion  by  substituting  g  for  a.     Thus: — 

(I)  When  let  fall  wiilwut  initial  velocity. 

v  =  gt (IV4) 

s  =  ^t* (V») 

v*~2gs (VJt) 

(II)  Wlwn  let  fall  with  initial  velocity,  vv 

v2  =  vx  +  gt (IVC) 

s-v.t  +  lgt* (vc) 

vl  =  vl  +  *gs (Vic) 

If  the  body  is  thrown  upwards  with  an  initial  velocity,  vv  then 
the  acceleration  due  to  gravity  will  be  in  the  opposite  direction  to 
that  of  the  motion ;  consequently,  we  must  make  either  vx  or  g 
negative,  according  as  we  consider  the  downward  or  the  upward 
direction  to  be  positive.  In  such  a  case  it  is  usual  to  make  g 
negative.  The  rule  usually  observed  is  to  take  the  acceleration 
^positive  or  negative  according  as  the  motion  is  increased  or 
decreased. 

[General  Formula  for  Linear  Motion. — We  have  already  seen 
that  the  velocity  of  a  body  is  expressed  geuerally  as  : — 

df 
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We  can  now  give  similar  expressions  for  the  acceleration  when 
this  varies  according  to  any  law  whatever.  Thus,  at  any  instant 
of  time  let  the  velocity  of  the  body  be  v,  and  at  the  end  of  aa 
interval  of  time,  A  t,  let  it  be  v  +  At?,  then  : — 

-      ,      A.          Change  of  velocity 
Acceleration  =  — =-£ : — — £ 

Time  required 
_  (tf  +  At?)  —  v  _  Av 
At  At' 

This  being  true,  however  small  A  t  may  be,  it  is,  therefore,  true 
in  the  limit,  hence  : — 

dv 
a  =-3-. 
dt 

But,  v  =  -J, 

at 


Body  Rotating  about  an  Axis. — Angular  Velocity.— We  have* 
already  said  that  the  motion  of  a  body  rotating  about  an  axis  is 

completely  known  when  that  of  any 
line  in  the  body,  other  than  the  axis- 
of  rotation,  is  known.  It  is  most 
convenient  to  take  this  line  passing, 
through  the  axis,  and  perpendicular 
to  it.  Thus,  let  O  be  the  intersec- 
tion of  the  axis  with  the  plane  of  the- 
paper,  O  P  a  Hue  in  the  body  per- 
pendicular to  the  axis  through  O. 
Then  the  motion  of  the  body  is 
t«  _ ■  _  _■■_■■■■■■■■■■  A^m*.  known  when  that  of  the  line  OP 
Velocity.  **  known.      The  motion  of  the  line 

O  P  is  measured  by  the  angle  which 
it  describes  round  the  point,  O,  in  unit  time.  This  angle  is- 
then  spoken  of  as  the  angular  Telocity  of  the  body.  Hence 
the  following : — 

Definition. — The  angular  Telocity  of  a  body  about  an  axis  ia 
the  rate  of  the  angular  displacement  of  any  line  in  the  body 
perpendicular  to  that  axis. 

Angular  velocity,  like  linear  Telocity,  may  be  either  uniform  or 
variable,  according  as  equal  or  unequal  angles  are  described  in- 
equal  intervals  of  time. 
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Uniform  Angular  Velocity. — Let  the  oeutre  line,  OP,  of  the 
crank  in  the  above  figure  sweep  out  the  angle,  A  O  P  =  0,  in  the 
interval  of  time,  t ;  then  the  angular  velocity  of  the  body  (usually 
denoted  by  the  Greek  letter  u)  is  : — 

w  =  j (VIII) 

* 

The  angle,  0,  is  measured  in  circular  units,  and  not  in  degrees. 
The  unit  angle  in  circular  measure  is  called  the  radian,  and  may 
be  defined  as  the  angle  subtended  at  tits  centre  of  a  circle  by  an  arc 
of  its  circumference,  equal  m  length  to  the  radius  of  the  circle. 
Hence,  if  t  is  in  seconds,  the  unit  of  angular  velocity  will  be  the 
radian  per  second. 

Since   Jbhe   length  of   the  arc   subtending   a   right  angle  is 

~  x  r,  and,  therefore,  the  circular  measure  of  a  right  angle  equal 
to  ~  radians,  we  may  easily  determine  the  number  of  degrees  in  a 
radian.     Thus : — 
Degrees  in  1  radian  :  Degrees  in  1  right  angle  =  1  :  ^. 

Degrees  in  1  radian  =  —  = ..,.,-  =  57-M. 

*z      o*1416 
2" 

In  general,  if  0  be  the  circular  measure  of  an  angle  of  n% 
then : — 

n°  :  90°  =  *  :  |, 

Or,  »  =  m. 

Hence,  if  the  angle  described  in  time,  t,  by  OP,  be  n°,  we  get: — 

* =  WTi'     •    •    •    •    (vm*) 

When  the  linear  velocity  of  any  point,  P,  in  the  body,  and  its- 
distance  from  the  axis  are  known,  the  angular  velocity  of  the  body 
can  be  found.     Thus : — 

Let      v  =  Component  of  linear  velocity  of  P  perpendicular  to- 

'  O  P  (see  the  previous  figure). 
„        r  =»  Radius,-  O  P. 
Then,  v  =  Arc  described  by  P  in  unit  time. 


-  *=  Circular  measure  of  angle  described  by  O  P  in  unit 
r  time. 
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r  i 


Or, 

Variable  Angular  Telocity.— Angular  Acceleration. — When  the 
angular  velocity  is  variable,  it  is  measured  in  a  way  similar  to 
that  of  variable  linear  velocity. 

[Let  A  &  —  small  angle  described  by  O  P,  in  small  interval  of 
time,  At ;  then  we  have  : — 

A$ 

At 
which,  in  the  limit,  becomes  : — 

-ri (X)1 

Definition. — The  angular  acceleration  of  a  rotating  body  is  the 
rate  of  change  of  its  angular  velocity. 

Angular  acceleration  may  be  either  uniform  or  variable  accord- 
ing as  equal  changes  of  angular  velocity  take  place  in  equal  or 
unequal  intervals  of  time.  When  uniform,  angular  acceleration  is 
measured  by  the  increase  or  decrease  of  angular  velocity  per  unit 
time. 

Let  «lf  «2  =  Angular  velocities  at  the  beginning  and  end  of 

interval  of  time,  t. 
„      Qv  02  =  Angular  displacements  at  the  beginning  and  end 

of  interval  of  time,  L 
a  =  Angular  acceleration. 


jj 


_   u2  ~   "l 


Then,  «=        .         ,  (XJ) 

Or, 

From  these  equations  and  those  previously  deduced  for  uniformly 
accelerated  linear  motion,  the  student  will  notice  the  similarity  of 
the  relations  between  the  terms  *,  v,  and  a,  and  4,  «,  and  a  respec- 
tively. 

Hence,  we  get  the  remaining  and  corresponding  equations  for 
rotary  motion,  viz. : — 

O^oJ  +  jaf2 (XII) 

c4  =  a/J  +•  2  a  6 (XIII) 

*  It  is  sometimes  convenient  to  speak  about  the  angular  velocity  of  a 
pointy  such  as  P  in  the  foregoing  figure.  Such  a  phrase  is  not  strictly 
correct,  and  when  used,  it  should  be  understood  to  mean  the  angle 
described  in  unit  time  by  the  radius  drawn  through  the  point,  P. 
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[Generally,  we  have : — 

rf«       (fid 


a  — 


dt  "  dt* 


(XIV)] 


Composition  and  Resolution  of  Velocities. — A  moving  body  may 
have  at  any  instant  two  or  more  velocities  in  different  directions, 
and  it  then  becomes  an  important  problem  to  be  able  to  determine 
the  resultant  velocity,  both  in  magnitude  and  in  direction.  Thus, 
the  magnitude  and  direction  of  the  motion  of  a  man  who  walks 
across  the  deck  of  a  moving  ship  is  different  from  that  of  the 
ship  and  also  from  that  of  his  motion  relative  to  the  deck. 
Similarly,  the  motion  of  a  point  on  the  rim  of  a  carriage  wheel 
in  motion  is,  in  general,  different  in  magnitude  and  direction  from 
its  circular  motion  about  the  axle,  and  also  from  the  onward 
motion  of  the  wheel  as  a  whole. 

The  process  of  finding  a  single  velocity  equivalent  in  effect  to 
two  or  more  velocities  is  called  the  Composition  of  Velocities. 

The  process  of  finding  two  or  more  velocities  equivalent  in 
effect  to  a  single  velocity  is  called  the  Resolution  of  Velocities. 

Definitions.— The  single  velocity  which  is  equivalent  to  two 
or  more  velocities  is  called  their  Resultant,  and  these  two  or  more 
velocities  are  called  the  Components. 

Parallelogram  of  Velocities. — If  two  component  velocities  be 
represented,  in  magnitude  and  direction,  by  two  adjacent  sides, 
OA,  OB,  of  a  parallelogram,  their  resultant  velocity  will  be 
represented  by  the  diagonal,  O  D,  through  their  intersection. 

Thus,  if  a  moving  point,  O,  possess  simultaneously  two  velocities, 
P   and    Q,    in   directions   O  A   and 
O  B  respectively,  and,  if  O  A  and 
O  B    represent    the    magnitudes    of 
these  velocities,  their  resultant  velo- 
city,  R,   will    be    represented   both 
in   magnitude  and  in   direction    by 
the  diagonal,  OD,  of  the  parallelo-    ff  ^Qompontni 
gram  constructed  on  O  A,  and  O  B,         Parallelogram  Law. 
as  adjacent  sides. 

Let  &  —  angle    between    the    directions  of   the   velocities,   P 
and  Q. 

fl  c  =  z:AOD,  and  jS  =  «^  B  O  D,  the  angles  between  the 
direction  of  the  resultant,  It,  and  the  components 
P  and  Q  respectively. 
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Then  the  student  may  easily  prove  from  Euclid  II.,  13  *n&  1 4, 
or  by  trigonometry,  that : — 

R2  =  P2  +   Q2  +  2  P  Q  COS  I         .      .      .      (XV) 

Qsinl 


And, 
Or, 


tana  = 


tan/3  = 


P  +  Q  cos  9 
Psinl 


(XVI) 


Q  +  P  cos  4 

From  these  equations  the  magnitude  and  direction  of  the  resul- 
tant velocity  can  be  calculated. 

It  is  not  necessary  to  complete  the  parallelogram  as  explained 
above,  it  being  quite  sufficient  to  draw  but  one- half  of  the  figure. 
Thus,  A D  is  equal  and  parallel  to  OB;  hence,  as  much  can 
be  determined  from  the  triangle,  O  A  D,  as  from  the  complete 
parallelogram,  OADB. 

Triangle  of  Velocities. — If  two  component  velocities  be  repre- 
sented in  magnitude  and  direction  by  two  sides  of  a  triangle  taken 
in  order,  their  resultant  will  be  represented  in  magnitude  and 
direction  by  the  third  side  taken  in  the  reverse  direction. 

Hence,  if  there  be  simultaneously  impressed  on  a  point  three 
velocities  represented  in  magnitude  and  direction  by  the  sides  of  a 
triangle  taken  in  order,  then  the  point  will  remain  at  rest.* 

Polygon  of  Velocities. — If  several  component  velocities  be  repre- 
sented by  all  but  one  of  the  sides  of  a 
polygon,  ABCDEF,  taken  in  order 
— toe  resultant  velocity  will  be  repre- 
sented in  magnitude  and  direction  by 
the  remaining  side,  A  F,  taken  in  the 
opposite  direction. 


Thus,  if  a  moving  point  have  simul- 
taneously impressed  upon  it  velocities, 
vv  v2,  .  .  v5,  and  these  are  represented 
in  magnitude  and  direction  by  the  sides 
AB,  BC,  .  .  .  EF  of  a  polygon, 
A  BODE  F,  then  the  resultant  velo- 
city will  be  represented  in  magnitude 
and  direction  by  the  side,  A  F,  re- 
quired to  complete  the  polygon. 

*  In  setting  out  the  Parallelogram,  or  Triangle  of  Velocities,  it  is  not 
necessary  to  draw  the  sides  parallel  to  the  velocities  represented.  The 
sides  may  be  drawn  in  directions  perpendicular  to  the  respective  velocities, 
or,  indeed,  at  any  other  angle,  so  long  as  the  angle  is  the  same  for  all  the 
sides.  In  such  cases  the  line  representing  the  resultant  will  be  equally 
inclined  to  its  true  direction. 


H  B 

Polygon  of  Velocities. 
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If  the  figure  whose  sides  represent  the  component  velocities  be 
closed  or  completed  when  the  last  velocity  has  been  represented, 
then  there  is  no  resultant  velocity,  and  the  point  will  remain  at  rest 

It  is  equally  important  to  be  able  to  resolve  a  given  velocity  into 
two  or  more  component  velocities.  Thus,  the  velocity,  R  (see  the 
figure  for  Parallelogram  of  Velocities),  can  be  resolved  into  two 
components,  P  and  Q,  in  the  directions  O  A,  O  B  respectively. 
Or,  the  velocity,  V  (in  the  last  figure),  may  be  resolved  into  a 
number  of  components,  vv  t?„,  .  .  .,  in  directions  A  B,  B  C,  .  .  . 
Further,  the  directions  of  the  component  velocities  may  be  any- 
thing we  like.  Thus,  in  resolving  a  given  velocity,  R,  into  two 
components,  we  can  do  so  in  an  infinite  number  of  ways,  since 
an  infinite  number  of  parallelograms,  such  as  OADB,  can  be 
found  having  O  D  for  one  of  their  diagonals.  When,  however, 
the  directions  of  the  components  are  fixed,  their  magnitudes  will 
be  definite  and  easily  determined.  Referring  to  the  figure  for  the 
Parallelogram  of  Velocities,  let  O  D  represent  a  velocity,  R, 
which  has  to  be  resolved  into  two  components  in  the  directions 
O  A  and  O  B.  From  D  draw  D  A  parallel  to  B  O  and  D  B 
parallel  to  A  O,  meeting  the  lines  O  A  and  O  B  in  the  points  A 
and  B  respectively.  Then  O  A  and  O  B  represent  the  component 
velocities  P  and  Q  to  the  same  scale  that  O  D  represents  the 
velocity  R. 

The  most  important  case  of  resolution  is  that  wherein  the  given 
velocity  has  to  be  resolved  into 
components  whose  directions  are 
at  right  angles  to  each  other. 
Thus,  let  it  be  required  to  resolve 
the  velocity,  v,  whose  direction  is 
O  C,  into  its  Rectangular  Com- 
ponents along  O  x  and  O  y. 

From   C   drop   the  perpendicu- 
lars  CA,OB  on   the    axes    Ox        Rectangular  Resolution. 
and   O y.     Then,   O A,    OB   are 
the  components  in  the  required  directions. 

Let  vx,  vy  =  Components  of  v  in  directions  Qx,Oy  respectively. 
„  Q  =  Angle  between  the  directions  of  v  and  vx. 

Then,  vm-v«*»\ 

And,  vy  =  v  Sin  d )  v  ' 

Composition  and  Resolution  of  Accelerations. — Since  an  accelera- 
tion is  a  rate  of  change  of  velocity,  whether  in  magnitude  or  in 
direction,  it  follows  that  accelerations  may  be  compounded  or 
resolved  according  to  the  same  rules  as  velocities. 
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If  the  direction  of  motion  of  a  body  be  constant,  then  change  of 
velocity  can  only  take  place  in  that  direction.  Thus,  if  a  body  is 
constrained  to  move  in  a  rectilinear  path  its  only  acceleration 
is  one  of  magnitude,  and  takes  place  along  the  straight  line  in 
which  the  body  moves. 

Again,  the  velocity  of  a  body  may  be  constant  in  magnitude, 
but  variable  in  direction,  as  in  the  case  of  a  body  moving  with 
uniform  speed  in  a  circle.  Or,  it  may  vary  both  in  magnitude  and 
in  direction,  as  in  the  case  of  the  bob  of  a  pendulum  swinging 
to  and  fro.  The  Total  Acceleration,  in  any  case,  may  be  found  in 
the  following  manner : — 


Total  Acceleration  of  a  Movino  Body. 

Let  L  M  be  the  path  of  a  moving  body,  and  P|f  P2  its  positions 
at  the  beginning  and  end  of  an  interval  of  time,  L 

At  Px,  its  velocity  is  in  the  direction  of  the  tangent,  Px  Tv  and 
at  P^  its  velocity  is  in  the  direction,  P2  T2. 

From  A  draw  A  B  and  A  C  to  represent  in  magnitude  and 
direction  the  velocities  of  the  body  at  the  points  Px  and  P2  respec- 
tively. Join  £  C,  and  complete  the  parallelogram,  ABCD. 
Then  A  CL  represents  the  resultant  velocity  whose  components 
are  A  B  and  A  D  or  B  C.  But,  if  the  velocity  of  the  body  had 
remained  constant  in  magnitude  and  in  direction  during  the  time, 
£,  its  velocity  at  the  end  of  that  interval  of  time  would  have  been 
represented  by  A  B.  Hence,  in  the  above  case,  AD,  or  B  C, 
represents,  in  magnitude  and  direction,  the  change  of  velocity 
during  the  time,  t. 

Total  acceleration  =  -7-. 

[Suppose  the  arc  P1  P2  to  be  very  small ;  and 

Let  v  —  Velocity  of  body  at  point,  Pr 

„  v  +  A  v  =  Velocity  of  body  at  point,  P^ 
„  A  t  =  Small  interval  of  time  required  to  traverse  the 

small  arc,  Px  P2. 
„         A  p  =  Angle  between  tangents  to  curve  at  Px  and  Pr 
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From  B  draw  B  N  perpendicular  to  A  C.     Then  B  N  and  N  0 

represent  respectively  the  components  of  the  total  acceleration, 

B  0,  along  lines  normal  and  tangential  to  the  carve  at  a  point 

near  to  Pr 

B  N 

Hence,  Normal  Acceleration  —  limit  of 

At 

And,         Tangential  Acceleration  =»  limit  of  —r  • 

Now,  B  N  =  A  B  sin  A  <p  =  v  sin  A  <p . 

T.         .BN        d<p. 
Limit  of  — —  =  v  -77. 

At  at  - 

In  the  limit,  let  de  denote  the  infinitesimally  small  arc,  Pt  Pj, 
and  let  p  denote  the  radius  of  curvature  at  the  point,  P1  or  P2. 

Then  „d*-mdi     d?  -*fid* 

men,  v~rA  =  v  ~rA  •  zr~  ■*  v  ~j~  • 

at  dt      as  da 

But,  from  the  properties  of  plane  curves,  we  know  that : — 

He       1' 

Normal  Acceleration  =  - .  .    .    .    (XVIII) 

Again,  Limit  of  — - r  =  limit  of  -—  =  -77 . 

Ac  Ac       at 

m 

Tangential  Acceleration  -  7/7  •    •    •    •    (XIX) 

The  result  expressed  in  equation  (XIX)  agrees  with  the  corre- 
sponding general  equation  previously  deduced. 

In  the  case  of  a  body  moving  in  a  circle  with  uniform  motion, 
we  get  p  =  r  =  radius  of  circle,  and  v  is  constant  Then  the 
tangential  acceleration  is  nil,  and  the 

Normal  or  Radial  Acceleration  -  — .     (XV III,) 

This  is  usually  spoken  of  as  the  Centripetal  Acceleration^] 
The  Hodograph — Uniform  Motion  in  a  Circle. — We  shall  now 
extend  the  foregoing  principles  to  the  determination  of  the  acceler- 
ation of  a  body  which  moves  with  uniform  velocity  in  a  circle. 
In  the  first  place  we  shall  briefly  describe  the  properties  of  the 
Hodograph. 

*  See  Todhunter'i  Dij.  Cakulw,  p.  343. 
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Definition..— If  a  point,  P,  be  moving  in  any  manner  m  a 
straight  or  curved  path,  and  if  from  a  fixed  point,  straight  Maes 
he  drawn  representing  in  magnitude  and  direction  the  velocities 
of  P  at  different  points  of  its  path,  the  locus  of  the  extremities  of 
those  lines  will  be  a  curve  which  is  the  Hodograph  of  P's  motion. 

Thus,  let  LM  be  the  path  of  a  moving  point,  P.  Let  the 
velocities  at  the  points  Pj,  P2,  P3  .  .  .  be  vv  v^  v3  .  .  . 
From  any  point,  O,  draw  O  Q1?  O  Qg,  O  Q3  .  .  .  respectively 
parallel  to  vv  v<p  vs  .  .  .  and  of  lengths  representing  these 
velocities.     Then  the  curve,  Qx,  Q^  Q3,  Q4,  which  is  the  locus  of 


M,    t* 


The  Hodograph. 

the  point  Q,  is  the  hodograph  of  P's  motion  in  the  path,  L  M. 
Hence,  to  every  point  on  the  curve,  L  M,  there  will  be  a  corre- 
sponding point  on  the  hodograph,  so  that  while  the  body  describes 
the  curve,  L  M,  we  may  imagine  a  point  to  describe  the  hodograph. 
We  shall  now  prove  the  following  property  of  the  hodograph : — 

The  acceleration  of  the  body  at  any  point  on  the  carve,  L  M,  is 
represented  in  magnitude  and  direction  by  the  velocity  of  the 
corresponding  point  on  the  hodograph. 

Let     v  =  Average  velocity  between  Px  and  P2. 
„    At  =  Indefinitely  small  time  required  to  describe  arc  Px  P^ 

Then,  v  «  ?L?2. 

A  t 

Bui  O  Qv  O  Qj,  represent  the  velocities  of  the  body  at  the 
oeginning  and  end  of  the  interval  of  time,  A  L  Therefore,  chord 
Q2  Qg  represents  the  change  of  velocity  of  the  body,  during  that 
interval  of  time. 

That  is,     Acceleration  of  body  between  \  =  Q1Q2 
F1andVt  J        A*  # 
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Bat,  iii  the  limit,  when  P2  approaches  indefinitely  near  to  Pv 
and,  therefore,  also  Q2  approaches  indefinitely  near  to  Qv 
we  get: — 

Chord  Qx  Q2  =  Arc  Qx  Qg. 
But,  y     ■   =  Velocity  of  Q  tn  hodograph. 


I 


Acceleration  of 
body  in  curve  V  «  Velocity  of  Q  in  hodograph. 
LM 


Again,  since  the  direction  of  motion  of  a  point  on  a  curve  is 
along  the  tangent  to  the  curve  at  that  point,  so  the  direction  of 
motion  of  Q  on  the  hodograph  at  any  point  is  along  the  tangent 
to  the  hodograph  at  that  point.  Hence,  the  direction  of  the 
acceleration  of  the  moving  body  at  any  point  on  the  curve,  L  M, 
is  represented  by  the  tangent  at  the  corresponding  point  on  the 
hodograph. 

Thus,  let  ~PX  and  Q1  be  corresponding  points  on  the  path  and 
hodograph  respectively.  Then,  O  Qt  represents  the  velocity  of 
the  body  at  PT,  and  the  tangent  to  the  hodograph  at  Q1  represents 
the  direction  of  the  acceleration  at  the  same  point. 

When  a  body  describes  a  circle  with  uniform  velocity,  it  is 
evident  that  there  can  be  no  tangential  acceleration. 

Let  A  P  B  represent  the  circular  path  of  a  body  moving  with 
uniform  velocity,  v.     Then,  it  is  clear  that  the  hodograph  of  the 
moving  body  will  also  be  a  circle  whose 
radius  is  v.     With  centre,  O,  and  radius 
representing  v,  describe  a  circle,  CQD. 
Then,  circle  CQD  is  the  hodograph. 
Let  P  be  the  position  of  the  body  at 
any  instant     Draw  the  radius,  O  Q,  of 
the  hodograph  parallel  to  the  tangent 
at  P ;  or,  what  is  the  same  thing,  draw 
O  Q  perpendicular  to  O  P.     Since  the 
radius,  O  P,  describes  equal  angles  in 
equal  times,  it  follows  at  once  that  the 
radius,  O  Q,  of  the  hodograph  will  also     Hodograph  for  Uniform 
describe   equal   angles   in    equal   times.        Motion  in  a  Circle. 
In  other  words,  the  velocity  of  Q  in  the 

hodograph  is  uniform.  Now,  the  magnitude  and  direction  of  the 
velocity  of  Q  represent  the  magnitude  and  direction  of  the  accelercb- 
Hon  of  P.  Therefore,  the  direction  of  the  acceleration  of  P  is 
that  of  the  tangent  to  the  hodograph  at  the  point,  Q ;  that  is,  it 
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is  along  the  radius,  PC    As  to  the  magnitude  of  this  acceleration, 
we  observe  that : — 

Acceleration  ofY  —  a  —  Velocity  ofQ. 

Since  Q  describes  the  circle,  CQD,  in  the  same  time,  t,  as  P 
describes  the  circle,  A  P  B,  we  get : — 

For  hodograph,     t  =  g<T5^^°QP  -  ?^    •    (l) 


For  Path  of  P,      t  = 


Velocity  ofQ  a 

Circumference  of  A  P  B       2  *•  x  r 


Velocity  of  P 
Equating  (1)  and  (2)  we  get : — 

2  <r  v      2  vr 


v 


•    (2) 


a 


v 


2 


Acceleration  of  P  =  a  =  - (XX) 

Example   I. — A  body  slides  down  a  smooth  inclined  plane, 
determine  its  velocity  at  the  foot  of  the  plane.     If  the  plane  has 


Motion  on  Smooth  Inclined  Plane. 

a  rise  of  25  per  cent.,  what  distance  would  a  body,  descending 
along  it  from  a  state  of  rest,  describe  in  five  seconds  1  Find  also 
the  time  occupied  in  sliding  down  the  first  50  feet  of  the  length  of 
the  plane. 

Answer. — Let  a  =  Acceleration  of  the  body  along  the  plane. 
„    a  =  Inclination  of  plane  to  the  horizon. 

(1)  If  the  body  were  free  to  move  vertically  downwards  its 
acceleration  in  that  direction  would  be  g.     But  since  it  is  cod- 
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strained  to  move  in  the  direction  BA,  its  acceleration  in  this 
direction  will  be  lees,  being,  in  fact,  the  component  of  gt  along 
BA. 

Hence,  resolve  g  into  its  rectangular  components  in  directions 
along  and  at  right  angles  to  B  A.     Then  : — 

Acceleration  along  B  A  =  g  sin  a. 
Acceleration  perpendicular  to  B  A  =*  g  cos  a. 

The  latter  component  has  no  effect  on  the  motion  of  the  body. 
Hence : — 

Acceleration  down  the  plane  =  a  =  flr  sin  a.    .    .    (1) 

Let  t  =  Time  required  to  slide  along  a  length,  *. 
„  v  =  Velocity  at  the  end  of  time,  t. 

Then,  from  equation  (IVa)  v  =  a  t 

v  =  g  t  Bin  a (2) 

.  From  equation  ( Va)  s  =  £  a  *2. 

e  =  $g t2  sin  a (3) 

And  from  equation  (  VI„)  v2  =  2  as. 

v2  =  2gssinat 

But,  s  sin  a  =  Height  of  plane  of  length,  s, 

,       =  h^  say. 

Then,  v2  =  2gh (4) 

That  is, — Tlie  velocity  acquired  by  a  body  in  sliding  down  a 
smooth  inclined  plane  is  Hie  same  as  that  acquired  by  a  body 
falling  freely  through  a  distance  equal  to  the  heigftt  of  the  plans. 

From  the  given  data,  we  get : — 

25 

8in  "  =  TOO  =  '25' 

t  =  5  seconds. 

•\  From  equation  (3),  we  get : — 

8  =  %gt28\na  -  £  x  322  x  5  x  5  x  -25 
„  =  100*625  feet. 

(2)  Here,  s  =  50  feet,  and  we  require  t. 
From  equation  (3),  we  get : — 

8  =  %g  fi  sin  «. 


*  • 


.     rn      I  2  x  50 

t  =  \ — = —  =  a/oFo s*  =  3*52  seconds. 

\y  sin  a       \32a2  x  *25 
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Example  II.  —  State  the  rule  for  the  composition  of  two 
velocities.  If  a  particle  describes  the  perimeter  of  a  regular 
polygon  with  a  constant  velocity,  v,  show  that  there  must  be 
impressed  on  it,  at  each  angular  point  a  velocity  equal  to  2  v  cos  a, 
directed  towards  the  centre  of  the  circumscribing  circle,  where 
a  denotes  half  an  angle  of  the  polygon.  (S.  <fe  A.  Hons.  Theor. 
Mechs.  Exam.,  1885.) 

Answer.  —  For  answer  to  first  part,  see  Parallelogram  of 
Velocities.     Let  A  B  C  D     .     .     represent  the  sides  of  a  regular 

polygon,  whose  centre  is  O.  When 
the  particle  arrives  at  B,  its  direc- 
tion of  motion  is  suddenly  changed 
from  A B  to  BO,  while  the  magni- 
tude of  the  velocity  remains  un- 
altered. To  find  the  magnitude  and 
direction  of  the  velocity  which  must 
have  been  imparted  to  the  particle 
at  the  point,  B,  we  may  proceed  as 
follow  8 : — 

Produce  A  B,  and  set  off  B  H, 
To  Illustrate  Example  IV.     to  represent  the  velocity,  v,  of  the 

particle  along  A  B,  and  B  K  along 
B  C,  to  represent  the  velocity  in  that  direction.  Then  H  K 
represents  in  magnitude  and  direction  the  change  of  velocity 
which  must  have  been  imparted  to  the  particle  at  the  point,  B. 
The  magnitude  of  this  velocity  can  be  found  from  the  triangle,. 
B  H  K,  or  equation  (XV). 

For,  V2  =  v2  +  v2  -  2  v2  cos  (180°  -  2  a)  =  2^(1  +  cos  2  a) 

„    =  4 1?2  cos2  a.     [Since  1  +  cos  2  a  =  2  cos2  a.] 

Y  =  2  V  COS  a. 

Join  B  to  O,  the  centre  of  the  polygon,  and  we  get : — 
In  triangle  BHK; 

Exterior ^ABC  -     ^BHK  +  ^BKH. 

But,  ^BHK=     ^BKH, 

.-.    ^BHKor^:BKH  =  i^ABC  =  «. 

H  K  is  parallel  to  B  O,  since  B  O  bisects  ^  ABO. 

Therefore,  the  velocity  impressed  on  the  particle  at  B  is  directed 
along  B  O,  towards  the  centre. 

Example  III. — Find,  at  any  instant,  the  magnitude  and  direc- 
tion of  the  velocity  of  a  point  on  the  rim  of  a  wheel  which  rolls 
along  a  road  with  a  constant  speed,  «. 
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Aksweb. — Take  any  point,  P,  on  the  rim  of  the  wheel,  and  let 
the  radios,  drawn  through  P,  make  an  angle,  I,  with  the  vortical 
radius,  0  A. 

Then,  since  the  centre  of  the  wheel  is  moving  with  velocity,  v> 
it  follows  that  the  tangential  Telo- 
city of  any  point  on  the  rim  is 
also  v.  This  is,  however,  hut  one 
of  the  components  of  the  actual 
velocity  of  P.  The  actual  velocity 
of  P  is  the  resultant  of  two  velo- 
cities— viz.,  v,  along  the  tangent 
at  P,  and  v,  horizontally,  since  the 
point,  P,  in  addition  to  moving 
round  O,  as  a  centre,  is  also  being 
carried  in  a  horizontal  direction 
along  with  the  wheel  as  a  whole. 
By  completing  the  parallelogram 
of  velocities,  as  shown,  the  result- 
ant velocity,  V,  can  be  found. 
The  angle  between  the  component 
velocities  is  180°  -  0.  Hence,  from 
equation  (XV) : — 


Velocity  of  a  Point  on 
a  Rolling  Wheel. 


V2  =  v2  +  i?2  +  2  v2  cos  (180°  -  I). 
„   =  2t*{l  +  cos(180°-  *)}  =  4t>*sin2^. 


V  =  2vsin 


& 


0) 


Next,  as  to  the  direction  of  the  resultant  velocity,  V. 
Since  P  R  bisects  the  angle  between  P  T  and  P  H, 


RPH  =  90"  -  |. 


But, 


In  the  A  A  P  H, 


4 


OAP  =  J^POH  =  90°  -  j. 

RPH  =  ^:OAP. 

OAP  =  complement  of  ^  A  P  H. 

RPH  = 

R  P  A  is  a  right  angle. 


» 


Hence,  the  direction  of  motion  of  P  is  perpendicular  to  the  line 
joining  P  with  A,  the  point  of  the  wheel  which  is  in  contact  with 
the  ground. 
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The  point,  A,  is  called  the  Instantaneous  Centre  of  motion  for 
all  points  on  the  rim  of  the  wheel ;  because  any  point,  such  as  P, 
is  moving  at  any  instant  on  the  circumference  of  a  circle  having  A 
for  its  centre  and  A  P  as  its  radius. 

The  direction  of  the  actual  motion  of  any  point,  P,  is,  at  any 

instant,  inclined  to  the  horizontal  at  an  angle  equal  to  90°  -  ^ . 

Example  IV. — In  the  previous  example  find  the  magnitude  and 
direction  of  the  actual  velocity  of  the  point,  P,  when  the  radius, 
O  P,  makes  angles  of  0°,  90°,  180°,  and  270°  with  the  vertical 
radius,  OA.  Also,  find  the  position  of  P  when  the  resultant 
velocity,  V,  is  equal  to  v. 

Answer. — (1)  Wlien  6  =  0°.  From  equation  (1),  Example  III., 
we  get : — 

V  =b  2  v  sin  ^  -  0,  since  sin  0*  =  0. 
i.e.,  the  point  is  at  rest  when  it  is  in  contact  with  the  ground  A. 

(2)  When  4  «  90°.     Here  sin  |  =  sin  45°  =  -^. 

V  =  2osin|  «  2t>  x  -^?  =  Vs/2. 

Also,    Direction  which)  a 

V  makes  with  V  =  90°  -     =  45°. 
the  horizon      j 

(3)  When  0  =  180°.     sin  ^  =  sin  90°  =  1. 

V  =  2  v  sin  jr  =  2  v  x  1  =  2  v. 

And,    Direction  which)  a 

V  makes  with  V  =  90°  -  \  =  0*. 
the  horizon      ) 

That  is,  when  P  is  vertically  over  O,  it  is  moving  horizontally 
with  a  velocity  equal  to  twice  the  speed  of  the  wheel 

(4)  When  6  =  270°.     sin  ^  =  sin  135°  =  ^. 

Z  z 

And,    The    inclination) 

of  V   to   the  \  =  90°  -  135*  ~  -  45°. 
horizon  j 
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(5)  To  find  *  when  V  -  v. 

Here,  V  »  2  v  sin-^. 


3t> 


.    t       V 

8111  *   "   QT  -   #• 


i  =  30°,  or  150*, 

mi 

6  =  60°,  or  300°. 


These  agree  with  the  two  positions  of  F  when  the  chord,  A  P, 
is  equal  to  the  radius,  O  A. 
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Lecture  XX. — Questions. 

1.  Define  the  terms  velocity  and  acceleration,  and  explain  how  these  are- 
measured — ( 1)  when  uniform ;  (2)  when  variable.  Give  examples  of  bodies 
having  accelerations — (a)  constant  in  magnitude  and  direction ;  (6)  constant 
in  magnitude  but  not  in  direction ;  (c)  constant  in  direction  but  not  in. 
magnitude  ;  (d)  variable  both  in  magnitude  and  direction. 

J  2.  When  the  velocity  of  a  particle  is  uniformly  accelerated,  show  that 
w  =  £  a  £*.  A  particle  moves  from  a  state  of  rest  under  the  action  of  a  f orce- 
which  increases  its  velocity  by  20  feet  per  second  in  every  second  of  its 
motion.  After  four  seconds  the  force  ceases  to  act  on  it.  What  distance- 
does  it  describe  in  the  first  six  seconds  of  its  motion  ?  (S.  k  A.  Adv.  Theor. 
Mechs.  Exam.,  1880.)     Arts.  320  feet. 

3.  Establish  the  formulae  for  uniform  acceleration  in  the  direction  of 
motion  : — v9  —  v^  +  at;  8  —  ix\  t  +  \  a t',  and  from  these  results  deduce  the- 
f  ormula — v\  =  v\  +  2  a  8.  Fiftd  an  expression  for  the  distance  described  in 
the  nth  second. 

V  4.  A  cage  is  ascending  the  shaft  of  a  mine  at  a  uniform  rate  of  10  feet  per 
second.  When  it  is  50  feet  from  the  top  the  speed  is  diminished,  so  that  it 
now  moves  with  a  uniformly  retarded  velocity,  and  finally  comes  to  rest  at- 
the  top.     Find  the  retardation.     Ans.  1  fopt  per  second. 

5.  State  the  rule  for  the  composition  of  ftwo  velocities.  Draw  two  lines,. 
A B,  AC,  containing  an  acute  angle.  A  particle  is  at  A  moving  with, 
a  given  velocity,  V,  from  A  towards  B.  '  Give  a  construction  for  deter- 
mining the  velocity  that  must  be  impressed  on  it,  to  make  it  move  with  a 
velocity,  2V,  from  A  towards  C.    (S.  &  A.  Adv.  Theor.  Mechs.  Exam.,  1894.  ■ 

6.  A  particle  describes  the  perimeter  of  a  regular  hexagon  with  a  con- 
stant velocity  of  100  feet  a  second.  Find  the  magnitude  and  direction  of 
the  velocity  that  must  be  communicated  to  it,  at  the  instant  it  reaches  an 
angular  point.  (S.  &  A.  Adv.  Theor.  Mechs.  Exam.,  18S9.)  Ans.  100  feet 
per  second  towards  centre  of  hexagon. 

***  7.  Two  bodies  start  together  from  rest,  and  move  in  directions  at  right 
angles  to  each  other.  One  moves  with  a  uniform  velocity  of  3  feet  per 
second,  while  the  motion  of  the  other  is  uniformly  accelerated.  At  the  end 
of  four  seconds  the  bodies  are  found  to  be  20  feet  apart.  Determine  the- 
acceleration  of  the  latter  body.     Ans.  2  feet  per  second. 

8.  Two  bodies,  P  and  Q,  move  with  different  velocities  along  the  same- 
line.  What  is  the  relative  velocity  of  Q  to  P  ?  If  Q  is  allowed  to  fall 
freely,  and  two  seconds  after  P  is  allowed  to  fall  freely  from  the  same- 
point,  find  the  relative  velocity  of  Q  to  P  at  any  subsequent  time.  (S.  &  A. 
Adv.  Theor.  Mechs.  Exam.,  1893.)  Ann.  64?*4  feet  per  second. 
^  9.  Define  angular  velocity.  P  is  a  point  of  a  body  turning  uniformly 
*  round  a  fixed  axis,  and  P  N  is  a  line  drawn  from  P  at  right  ancles  to  the 
axis.  If  PN  describes  an  angle  of  375°  in  three  seconds,  what  is  the 
angular  velocity  of  the  body  ?  and  if  P  N  is  6  feet  long,  what  is  the  linear 
velocity  of  P?  (S.  &  A.  Adv.  Theor.  Mechs.  Exam.,  1892.)  Ans.  (1) 
0*7  ▼  radians  per  second ;  (2)  4*2  t  feet  per  second. 

„    10.  A  point  is  describing  a  circle  of  radius  21  feet,  with  a  uniform  velocity 
of  12  feet  per  second.     Find  the  change  in  its  velocity  after  it  has  described 
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one-sixth  of  a  whole  circumference.     Ans.  12  feet  per  second,  at  120°  with 
first  direction. 

11.  A  wheel,  whose  diameter  is  5  feet,  turns  forty  times  a  minute ;  find 
its  angular  velocity  and  the  linear  velocity  of  a  point  on  its  circumference. 
If  the  centre  of  the  wheel  moves  in  a  straight  line  with  a  velocity  of 
20  miles  an  hour ;  what  are  the  velocities,  relative  to  a  very  distant  fixed 
point  in  the  straight  line,  of  the  ends  of  the  diameter  which  is  at  any 
instant  vertical?    (S.  &  A.  Adv.  Theor.  Mechs.  Exam.,  1884.)    Ans.  (1) 

w  =■  — ^-radians  per  second  ;  (2)  10' 5  feet  per  second ;  (3)  upper  end  =  40 

miles  per  hour ;  lower  end  =  zero. 

12.  What  is  the  numerical  value  of  the  angular  velocity  of  a  body  which 
turns  uniformly  round  a  fixed  axis  twenty-five  times  a  minute  ?  A  B  C  is 
a  triangle  right  angled  at  C.  It  is  turning  with  a  given  angular  velocity, 
»,  round  an  axis  through  A,  at  right  angles  to  its  plane.  Find  the 
magnitude  and  direction  of  the  velocities  of  B  and  C  ;  and  also  the  relative 
velocity  of  B  to  C.     (8.  &  A.  Adv.  Theor.  Mechs.  Exam.,  1892.)    Ann. 

|»  radians  per  second. 

13.  A  train  descending  a  gradient  increases  its  speed  from  40  to  49  miles 
per  hour  in  four  and  a- half  minutes.  Find  the  mean  acceleration.  Taking 
the  acceleration  due  to  gravity  at  32  in  feet  and  seconds,  determine  the 
gradient.  An*.  (1 )  0*049  foot  per  second  per  second,  or  120  miles  per  hour 
per  hour  ;  (2)  1  in  654. 

14.  Given  the  base,  b,  of  a  smooth  inclined  plane,  find  its  height,  h,  so 
that  the  horizontal  component  of  the  velocity  of  a  body  at  the  foot  of  the 
plane  shall  be  a  maximum.     Ans.  h  =  b, 

15.  Define  .the  hodograph,  and  prove  that  the  acceleration  of  a  point's 
motion  is  equal  to  the  velocity  with  which  the  hodograph  is  traced  out. 
Determine,  by  means  of  the  hodograph,  the  acceleration  of  a  body  which 
moves  with  uniform  velocity  in  a  circle. 

16.  Define  the  angular  velocity  of  a  moving  point  with  respect  to  a  fixed 
point.  Under  what  circumstances  will  the  angular  velocity  of  the  moving 
point  be  equal  to  its  linear  velocity  divided  by  its  distance  ?  Draw  an 
equilateral  triangle  ABC,  having  each  side  12  feet  long;  a  point  moves 
along  B  C  with  a  velocity  of  10  feet  a  second  ;  when  it  is  at  C,  what  is  its 
angular  velocity  with  respect  to  A?  (S.  &  A.  Adv.  Theor.  Mechs.  Exam., 
1896.) 

17.  Two  circles  touch  each  other  externally,  and  the  point  of  contact 
(A)  is  in  the  same  vertical  line  as  the  centres ;  from  any  point  (P)  of  the 
upper  circumference  draw  a  straight  line  P  A  Q  to  meet  the  lower  circum- 
ference in  Q ;  if  a  particle  is  allowed  to  fall  from  P  along  P  Q,  show  that 
the  time  it  takes  to  reach  Q  is  constant  for  all  positions  of  P.  Also  compare 
the  times  in  which  P  A  and  A  Q  are  described.  (S.  &  A.  Adv.  Theor.  Mechs. 
Exam.,  1896.) 
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LECTURE  XXI. 

Contents. — Quantity  of  Motion — Definition  of  Momentum — Example  L — 
Newton's  Laws  of  Motion — Examples  II.  and  III.  —Motion  on  a  Double 
Inclined  Plane  —Examples  IV.  and  V. — Energy — Definition  of  Energy 
— Definitions  of  Potential  and  Kinetic  Energy — Expression  for  Kinetic 
Energy  —  Energy  Equations  —  Examples  VI. ,  VII.,  and  VIII. — 
Questions. 

Quantity  of  Motion. — In  the  preceding  Lecture  we  have  confined 
our  attention  chiefly  to  cases  of  pure  motion — that  is,  motion  con- 
sidered apart  from  mass  and  force.  In  this  Lecture  we  shall 
treat  of  the  motion  of  bodies  as  produced  by  the  action  of  external 
forces,  and  establish  the  relations  between  the  quantity  of  motion 
thus  produced  and  the  magnitude  of  the  forces  producing  it. 
Quantity  of  motion  is  measured  by  the  product  of  the  mass  and 
its  velocity.  The  term  Momentum  is  used  instead  of  Quantity  of 
motion,  and  hence  we  get  the  following  : — 

Definition. — The  momentum  of  a  moving  body  is  the  product 
of  its  mass  and  velocity. 

Thus,  let  m  be  the  mass,  and  v  the  velocity  of  a  body  : — 

Then,  Momentum  =  m  v. 

Example  I. — Of  two  steam  hammers,  one  weighs  5  tons  and 
the  other  10  tons.  The  former  has  a  drop  of  10  feet  and  the 
latter  6  feet.  Compare  their  momenta  at  the  end  of  their  respec- 
tive strokes. 

Answer. — In  order  to  find  their  velocities  at  the  moment  of 
impact,  we  may  employ  formula  (VI&)  of  Lecture  XX.  : — . 

v1  =  2gs, 

,\  for  the  first  hammer,  vx  =  *J2  x  32  x  10  =  8  x/TO  ft.  per  sec. 

And,   for  the  second  )  /o~oo — &      o    l<* 

hammer,  |t,2  =  ^2  x  32  x  6  =  8  ^6         „ 
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Momentum    <rf  __ 

first  hammer     (      m1v1      5x8«/l0       *J6 


Momentum    of  (      m2v2      10x8^/6      2</3      1-540' 
second  hammer; 

Newton's  Laws  of  Motion. — The  three  fundamental  laws  of 
Dynamics,  called  Laws  of  Motion,  were  first  clearly  set  forth  by 
.-Newton,  And  may  be  stated  as  follows : — 

Law  L  {Law  of  Inertia). — Every  body  continues  in  a  state  of 
Test,  or  of  uniform  motion  in  a  straight  line,  except  in  so  far  as  it 
may  be  compelled  to  change  that  state  by  external  force  acting 
on  it. 

Law  II.  (Law  of  Force  and  Motion). — Rate,  of  change  of 
momentum  is  proportional  to  the  force  which  causes  it,  and  takes 
place  in  the  direction  of  the  force. 

Law  III.  (Law  of  &*rsw).-— When  two  bodies  mutually  act 
npon  each  other,  the  momenta  developed  in  the  same  time  are 
-equal  but  opposite  in  direction. 

Or,  To  every  action  there  is  an  equal  and  opposite  reaction. 

Law  I. — This  Law  asserts  that  matter  is  indifferent  to  motion, 
i.e.,  has  no  innate  tendency  to  start  into  motion  when  at  rest, 
nor  to  change  its  motion,  either  in  magnitude  or  in  direction, 
when  once  it  is  made  to  move.  Hence,  a  bodv  at  rest  or  in 
.motion,  and  unacted  upon  by  force,  will  continue  to  remain  at 
rest,  or  to  move  on  in  a  straight  line  with  uniform  motion. 
.Should  any  change  take  place  in  its  motion,  then  we  immediately 
infer  that  the  body  has  been  acted  upon  by  some  external  force. 
This  tendency  of  matter  to  resist  change  in  its  state  of  rest  or 
-of  uniform  motion  in  a  straight  line  is  called  Inertia,  and  the 
first  Law  is  often  spoken  of  as  the  Law  of  Inertia. 

Law  II — The  first  Law  asserts  that  change  of  momentum  is 
•caused  by  the  action  of  force,  and  the  second  Law  gives  us  a 
means  of  measuring  this  force,  viz.,  that  the  force  is  proportional 
'to  the  rate  of  change  of  momentum* 

Let     F  =  Force  producing  change  of  momentum. 
„      m  —  Mass  of  body. 
?>  vij  v2  —  Liitial  and  final  velocities  of  body, 
j,        t  =  Time  during  which  F  acts. 

Then,  Change  of  momentum  =  m(vt  —  Vj). 

And,  Bate  ef  change  of  \  =  ™K  -  «i) 

momentum 


\ 
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.•.  By  the  Second  Law  of  Motion,  we  get : — 

Fee"(*.-«i). 

t 
Or,  F  =  — ^ x  constant. 

It  now  remains  to  establish  the  exact  relation  between  those 
quantities.  If  we  accept  the  definition  of  Unit  Force  given  on 
page  2,  Lecture  I.,  VoL  I.,  as  being  that  force  which,  acting  for 
unit  time  on  unit  mass,  produces  unit  change  of  velocity,  we  find 
the  numerical  value  of  the  constant  in  the  above  equation  to  be 
unity. 

But  we  have  shown  in  Lecture  XX.  that : — 

where  a  denotes  the  acceleration  produced  when  the  motion  is 
uniformly  accelerated. 

P  =  m  a. 

The  above  definition  is  that  of  the  Absolute  Unit  of  Force; 
and,  therefore,  the  force,  F,  as  given  by  these  equations,  is  ex- 
pressed in  absolute  units.  Engineers,  however,  prefer  measuring 
their  forces  by  the  weights  which  they  are  capable  of  supporting, 
and  the  above  equations  may  be  modified  to  suit  these  units. 
Let  P,  P19  be  the  statical  measures  of  the  forces  required  to 
produce  accelerations,  a,  av  on  a  given  mass,  m  ;  then  by  Law 
II.,  we  get : — 

P  :  Px  =  a  :  av 

If  one  of  these  forces  be  that  due  to  gravity,  viz.,  the  weight, 
10,  of  a  body,  then  the  aceleration  is  g,  and  we  get : — 

P  :  w  =  a  :  g. 

Or,  P  =  ^ (I) 

This  equation  expresses  the  force,  P,  in  the  same  units  as  w, 
and  if  w  be  stated  in  pounds  weight  that  will  be  in  what  we 
have  previously  called  gravitation  units. 
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Law  III. — This  Law  asserts  that  when  two  bodies  mutually 
act  upon  each  other,  the  momenta  generated  in  each  are  equal, 
but  in  opposite  directions.  Thus,  when  a  shot  is  fired  from  a 
gun,  the  force  of  the  explosion  produces  momentum  in  the  gun 
equal  in  amount  to  that  of  the  shot,  and  causes  the  recoil.  We 
shall,  however,  see  later  on  that  the  other  effects  produced  in 
the  gun  and  the  shot  are  not  numerically  equal.  In  the  case  of 
mutual  action  between  two  bodies  incapable  of  relative  motion, 
the  Law  asserts  that  they  act  and  react  on  each  other  with 
equal  forces.  Thus,  a  weight  lies  on  a  table,  and  presses  on  it 
with  a  certain  force ;  then  the  table  reacts  on  the  weight  with 
an  equal  and  opposite  force,  so  that  every  action  is  accompanied 
by  an  equal  and  opposite  reaction. 

The  truth  of  this  Law  has  been  assumed  throughout  the  whole 
of  the  preceding  parts  of  this  treatise — viz.,  that  the  effort 
exerted  between  two  bodies  is  always  equal  to  the  resistance 
overcome.  The  two  equal  and  opposite  forces  caused  by  the 
mutual  action  between  two  bodies  are  together  spoken  of  as  a 
Stress,  and  for  this  reason  the  above  Law  is  sometimes  called 
the  Law  of  Stress.  The  subject  of  internal  stress  will  be  discussed 
in  another  part  of  this  work. 

We  shall  now  apply  the  preceding  results  to  some  examples. 

Example  II. — A  40-1  b.  shot  is  fired  from  a  5-ton  gun  with  an 
initial  velocity  of  1,500  feet  per  second.  Find  the  velocity  of 
the  gun's  recoil,  and  the  mean  force  of  the  explosion,  supposing 
the  gun  to  be  10  feet  long. 

Answer. — Let  W,  w  =  Weight  of  gun  and  shot  respectively. 
„    V,  v    =  Velocity  „  ,> 

(1)  By  the  Third  Law  :— 

Momentum  of  gun  =  momentum  of  shot. 

W  V  =  w  v 

i.e.,  5  x  2240  x  V  =  40  x  1500, 

„      40  x  1500       B  M  - 

V  =  g-^g-  =  5-38  ft.  per  sec 

(2)  In  order  to  find  the  mean  effort  exerted  during  the 
explosion  of  the  powder,  we  must  first  determine  the  accelera- 
tion of  the  shot  along  the  muzzle  of  the  gun.  Since  the  gun 
is  10  feet  long,  and  the  velocity  of  the  shot  as  it  leaves  the 

3 
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gun  is  1,500  ft.  per  second,  we  get,  from  the  formula  (VIa)» 
Lecture  XX. : — 


=  2  as, 

.\     15002  =  2  x  a  x  10, 

15002 
a  =     9n     =  112,500  ft.  per  second  per  second. 

w 
But.       P  =■  —  x  a, 

.'•  p  =  ts  *  112,500  =  140,625  lbs. 

Example  III. — A  railway  train,  exclusive  of  engine,  weighs 
200  tons,  and  moves  on  a  level  line.  In  10  minutes  its  speed  is 
increased  from  10  miles  per  hour  to  40  miles  per  hour.  Deter- 
mine the  mean  pull  between  the  engine  and  train,  the  frictional 
resistances  being  taken  at  10  lbs.  per  ton. 

Answer. — The  pull  between  the  engine  and  train  consists  of 
two  parts;  (1)  the  force  required  to  accelerate  the  train,  and  (2) 
the  force  required  to  overcome  the  frictional  resistances. 

(1)  Let  P!  =  Force  required  to  accelerate  the  train, 

wa      w(v2  -  f\) 


Then,     Px  - 


9  9* 


44 
But,        vl  =  10  miles  per  hour  =  -«-  ft.  per  second. 

176 
t>2  =  40  »  =  "3 "  » 

And,        t  =  10  minutes  =  600  seconds. 

200  x  2240  x  m  -  ") 

•'•  *i 321TW "  "  1026-6  lbS- 

(2)  The  resistance  of  friction  being  10  lbs.  per  ton, 
The  total  frictional  resistance  =  P2  =  200  x  10  =  2000  lbs. 


•  • 


Mean  pull  between  1  =  Px  +  P2  =  1026-6  +  2000 
engine  and  train  J  =  3026*6  lbs. 
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Motion  on  a  Double  Inclined  Plane. — Let  A  B  C,  D  B  0,  be  the 
two  planes  placed  back  to  back,  and  let  W},  be  the  ascending, 
and  W2,  the  descending  load,  these  loads  being  connected  by  a 
weightless  rope  passing  over  a  frictionless  and  weightless  pulley 
at  B.  We  require  to  determine  the  motion — t.c,  the  acceleration 
of  the  bodies,  and  the  tension  in  the  connecting  rope. 

Let   av  a2  =  Inclinations  of  planes  ABO,  DBC  respectively. 

pv  p2  =  Coefficients  of  friction  between  Wx,  W2,  and  their 
respective  planes. 

Fx,  F2  =  Fractional  resistances  in  the  two  cases. 

P1?  P2  =  Effective  forces  acting  on  Wx,  W2  respectively 
in  causing  motion. 

Q  -  Tension  in  connecting  rope. 

a  =  Acceleration  due  to  effective  forces  Plf  P2. 


Then,  the  effective  force  causing  the  upward  motion  of  Wj, 


18:- 


Px  =  Q  _  Wj  sin  ax  -  Fr 


Double  Inclined  Plane. 


Similarly,  the  effective  force  in  causing  the  downward  motion 


of  W2,  is 


But, 
And, 

And, 
Again, 

And, 


P2  =  W2  sin  a.2  -  Q  -  F2. 
Fx  =  p^  Wx  cos  ccv 

F2  =  P2  W2  C0S  a2« 

Px  -=  Q  -  Wx  (sin  ax  +  .Oj  cos  04),  . 

P2  =  W2  (Sin  a2   "   H  COS  02)  -  Q-   • 

P1  =  ^a 

9 


W 

P„  =  — » a. 

2      y 


(1) 

(2) 
(3) 

(*> 
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To  determine  the  acceleration,  a : — 
From,  (1)  +  (2), 

Pa  +  P2  =  W2(sina2  -  /*2cosa2)  -  W1(sina1  +  ^cosaj 
From,  (3)  +  (4), 

P1  +  P2  =  ^L±3xfl. 

1        2  9 

W  +  W 

— 1 ?  x  a  =  W2  (sin  ag-^  cos  a2)  -  W1(sina1  +  ^coso^), 

o-  W1  +  W2  9 'K    ' 

To  determine  the  tension  in  the  rope : — 

Equation  (1)  +  (2),  £  =  Q- W^in^ +,«,cos«  ) 

^  \  /       \  /  p2      W2(sina2- ^2cosa2)-Q 

P       W 

»         (3)  -5-  (4),  p"  =  w  * 

r2        YY2 

Q  -  W1(sin«1  +  ^cosc^)  _  Wa 
W2(sin  a2  -  ^2cos  a2)  -  Q  ~~  W2 

•"•  f^i +  ^2)  Q  =  ^1  ^2  (s*n  ai +  ^1 cos  ai +  s*n  a2  ~  A^008  "2) 

n  _  WjWo^inaj  +  Sina2  +  ^COSaj  -^t.,COBa2)     /TTTv 

y"       s  w1  +  w2  B  <m' 

We  shall  show  how  these  formulae  are  modified  to  suit  some 
particular  cases,  but  the  student  should  try  to  prove  each 
particular  case  independently  of  the  general  case  just  de- 
monstrated. 

Case  I. — Suppose  the  planes  to  be  equally  inclined  to  the 
horizon,  and  equally  rough,  so  that  ax  =  a2  =  a,  and  (*x  =  /x2 
=  fi ;  then,  from  equation  (II) : — 

_  W2  (sin  a  —  p  cos  a)  -  WT  (sin  a  +  fi  cos  a) 
a  W2  +  W2  9' 

.      a  _  (Wt  -  WJsin  a  -  g(W,  +  WJCOB  a 
..    a  W2  +  W2  *    *    *    <1J"> 

From  equation  (III), 
2  W,  Wo  sin  a 

Q-   W1+'w, (m-> 
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Case  II. — Let  the  planes  be  equally  inclined,  and  smooth ;  so 
that  «j  =  a2  =  a,  and  jj^  =>  /*2  =  0 ;  then,  from  equation  (II) : — 

Wo  sin  a  -  W,  sin  a 

a  -  '  w1  +  wi — * 

(W„  -  W,)  sin  a  ._  . 

g°     W1  +  Wa     g <ir»> 

And' from  equation  (III), 

v       wx  +  w2       i    *' 

Equations  (III0)  and  (III&)  show  that  the  degree  of  rough- 
ness of  the  planes  does  not  affect  the  tension  in  the  rope,  when 
the  planes  are  equally  inclined  to  the  horizon. 

Case  III. — Let  the  plane,  AB,  be  horizontal,  and  /^  =  /*2 
=  a&,  and  suppose  W2  by  falling  vertically  to  drag  Wx  along 
AB.  In  this  case  a,  =  0,  and  a2  =  90° ;  then,  from  equation 
(II):- 

_  W,  (gin  90"  -  tu  cos  90°)  -  W1  (gin  0  +  /t  cos  0) 

■'•  gaVw!?g (II,) 

And  from  equation  (III), 

<--'%W <ni-> 

Case  IV. — In  the  previous  case,  let  the  horizontal  plane  be 
smooth,  so  that,  p  =  0  : — 

Then,  —W$T,I (II"> 

And,  «  =  ^2 (H*> 

Case  V. — Suppose  the  weights  to  be  suspended  over  the 
frictionless  and  weightless  pulley  B,  and  the  })arts  of  the  rope 
to  hang  vertically. 

In  this  case,  ax  =  a2  90° ;  /s^  =  p9i  =  0 ;  then : — 
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From  equation  (II), 


From  equation  (HI), 

=  4r^2 (III<) 

These  last  equations  are  of  great  importance  to  the  student  of 
Theoretical  Mechanics,  because  they  enable  him,  by  means  of  an 
Atwood's  machine,  to  determine  the  value  of  g,  at  the  place 
where  the  experiment  is  conducted. 

Example  IY. — A  cage  weighing  1  ton  is  being  raised  from  a 
mine  with  an  acceleration  of  10  feet  per  second.  Find  the 
tension  in  the  rope.  If  a  miner,  whose  weight  is  150  lbs.,  is 
raised  with  the  cage,  find  the  pressure  between  him  and  the 
cage.  Again,  if  the  cage  be  lowered  with  the  same  acceleration, 
what  would  then  be  the  tension  in  the  rope,  and  the  pressure 
between  the  man  and  cage  ? 

Answer. — (1)  To  find  tension  in  rope  during  ascent  of  cage. 

Let  W  =  Weight  of  cage  =  1  ton  =  2,240  lbs. 
„      w  =  Weight  of  man  =  150  lbs. 
„      Q  =  Tension  of  rope  in  lbs. 
„      a  =  Acceleration  of  cage  =  10  ft.  per  sec  per  sec. 

Then,  neglecting  the  weight  of  the  rope,  and  in  the  meantime 
that  of  the  man,  we  get : — 

Effective  pull  causing  motion  =  P  =  Q  -  W. 

W 
But,  by  the  Second  Law  of  Motion,  P  =  — a. 

9 

W 
Q  -  W  =  —a. 

<J 
Hence,  Q  =  W  (l  +  -\ 


Q  =  2240  x  ( 1  +  lJ^  =  2,940  lbs. 


That  is,  the  tension  in  the  rope  is  greater  than  the  weight 
raised  by  700  lbs. 
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If  the  weight  of  the  miner  be  taken  into  account,  we  moat 
increase  W,  by  150,  and  then  we  get : — 

Q  =  3136-9  lbs. 

(2)  To  find  the  pressure  between  man  and  cage. 

Pressure  between  man  1    __   f  Weight  of  man  +  Force  required 
and  cage  J         (      to  accelerate  his  upward  motion 

w 
„  „  «  w  +  —a, 

Wx  =  150  +  ^  x  10  =  196-9  lbs. 

Under  these  circumstances  he  will  feel  heavier  by  46 '9  lbs. 

(3)  To  find  tension  in  rope  during  descent  of  cage. 
In  this  case,  we  get : — 

Effective  pull  causing^  =  p  _  -^  _  q 
motion  J  ^ 

And,  P  =  —  x  a, 

9 

W-Q=— xo, 
9 


Q.W(1-|) 


9> 

10> 


Q  =  2,240  x  (l  -  i?)  -  1,540  lbs. 


That  is,  the  tension  in  the  rope  is  less  than  the  weight  of  the 
cage  by  700  lbs. 

Similarly,  it  can  be  shown  that  the  pressure  between  the 
man  and  the  floor  of  the  cage  during  descent,  is  103*1  lbs. ; 
or,  46*9  lbs.  less  than  his  real  weight. 

Example  Y. — In  a  double  inclined  plane,  haying  a  rise  of 
1  in  20,  the  loaded  and  empty  trucks  run  on  parallel  lines  of 
rails,  the  connection  being  made  by  means  of  two  ropes  passing 
round  drums  at  the  summit  of  the  plane.     Five  loaded  trucks 
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when  descending  pull  up  an  equal  number  of  empty  ones. 
Each  empty  truck  weighs  5  cwts.,  and  when  loaded  carries 
20  cwts.  of  material.  The  diameter  of  the  drums  at  the  top  of 
the  incline  is  8  feet,  and  on  the  same  shaft  is  fitted  a  brake 
pulley  G  feet  in  diameter.  The  length  of  the  inclined  plane  is 
1  mile.  Taking  the  coefficient  of  friction  between  the  trucks 
and  the  rails  at  20  lbs.  per  ton,  but  neglecting  other  frictional 
resistances;  determine  (1)  the  acceleration  of  the  trucks  and 
their  speed  at  the  end  of  one  minute  after  starting;  (2)  the 
tension  in  the  ropes  during  the  free  motion  of  the  whole ;  and 
(3)  the  constant  frictional  resistance  which  must  be  exerted 
at  the  rim  of  the  brake  pulley,  during  the  last  three-eighths  of 
the  run,  in  order  to  just  bring  the  whole  to  rest  at  the  end  of 
the  journey. 

Answer. — Using  the  same  letters  as  in  the  text. 

Let  Wj  =  Total  weight  of  five  empty  trucks  =  25  cwts. 
„     W2  =        „  „  loaded      „       =125  „ 

„     Px    =  Effective  force  causing  motion  of  Wv 
P     —  W 

„     Q     =  Tension  in  ropes. 

„     a      =  Inclination  of  the  plane. 

„     fi,     =  Coefficient  of  friction  =  20  lbs.  per  ton  =  yr-^. 

Then,  sin  a  =  — ;   and   since    a   is   small   we   may  assume 
cos  a  =  1. 

(1)  To  find  the  acceleration  of  the  trucks. 

The  effective  pull  causing  the  motion  of  the  empty  trucks, 
is: — 

Px  =  Q  -  Wj  (sin  a  +  ft*  cos  a), 

•••  pi  =  Q-25(^  +  ir2xl)  =  Q-iScwt  '  •  w 

The  effective  pull  causing  the  motion  of  the  loaded  trucks, 
is: — 

P2  =  W2  (sin  a  -  /i  cos  a)  -  Q, 

--1M(i-ii5xl)"Q"i§-<lcwt"  •  (2) 
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Again,  by  Second  Law  of  Motion,  we  get : — 

W  25 

Px  =  l  X  a  =  ;rx  x  a  cwt (3) 

g  oJ 

p        W2  125  ♦  m 

/i\   ,   /o\     -d       t>        575      165       205      A 
(l)  +  (2),     P1  +  P2  =  ___-=_cwt. 

(3)  +  (4),     Pl  +  P2  =  ^_  +  _.j  x  a  =  _ oowfc 

150  205 

32   *  a  =  56 


•   • 


a  =  0*78  ft.  per  sec.  per  sec. 

That  is,  the  trucks  move  with  an  acceleration  of  0*78  foot  per 
second  per  second. 

At  the  end  of  one  minute  from  starting  the  speed  would 
be: — 

u  =  a  t  =  -78  x  60  -  46*8  ft.  per  sec. 

Or,  at  the  end  of  one  minute  they  would  be  moving  with  a 
speed  somewhat  greater  than  30  miles  per  hour. 

(2)  To  find  tension  in  tine  ropes. 

Since  we  have  assumed  that  the  machinery  at  the  top  of 
the  incline  offers  no  resistance  to  the  motion,  it  is  evident 
that  the  tension  in  each  rope  will  be  the  same.     Hence  : — 


0)  +  (2), 


PJ  _  112      H2  Q- 165 


(3)  -  (4), 


F2 

~  575          ~  575  -  112  Q* 
112      ^ 

Pi 
F2 

Wx       25        1 

"  W2  "  125  ~  5' 

1 

112  Q-  165 

5 

"  575  -  112  Q' 

Q 

1400      ftno      . 
=  m  =  208  cwt. 
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(3)  To  find  the  frictional  resistance  at  the  rim  of  the  brake  pulley 
in  order  to  bring  the  trucks  to  rest  at  the  end  of  the  run. 

Here  we  have  first  to  obtain  the  speed  of  the  trucks  at  the 
instant  when  the  brake  is  applied,  and  then  find  the  retardation 
or  negative  acceleration  necessary  to  bring  the  trucks  to  rest  at 
the  desired  place. 

The  velocity  v,  of  the  trucks  at  the  instant  when,  the  brake 
is  applied  is  given  by  the  formula  : — 

v2  -  1?J  =  2  a  8. 

Where  vx  =  Initial  velocity  =  0  in  this  case. 

„      a  =  Acceleration  just  found  =  0-78  ft.  per  sec.  per  sec. 
„       8  =  Distance  traversed  =  §  mile. 

The  acceleration  during  the  application  of  the  brake  may  be 
found  by  the  same  formula.  In  this  case,  however,  the  initial 
velocity  is  v,  and  the  final  velocity  is  zero. 

Let  ax  —  Acceleration  of  the  trucks  during  the  application  of 
the  brake. 

„    *!  =  Distance  traversed  =  §  mile. 

Then,  before  the  brakes  are  applied  : — 

v2  _  o2  =  2  a  s 
Or,  •    t?2  =  2  a*. 

And  after  the  brakes  have  been  applied : — 
02  -  v*  =  2  ax  8i9 
Or,     v2  =  —  2  ax  sv 

as  -78  x  I  _  _ 

a,  = = ^ — -  =  - 1-3  ft  per  sec.  per  sec. 

h  i 

(4)  To  determine  the  tensions  in  the  two  ropes. 

These  will  not  now  be  equal  as  when  the  motion  was  free. 
The  tension  in  the  rope  coming  on  to  the  drum  will  be  much 
less  than  before,  whilst  that  on  the  other  rope  will  be  greater. 

Let  Q2,  Q2  =  Tensions  in  the  ropes  attached  to  the  empty 

and  loaded  trucks  respectively. 
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Then  the  effective  pull  Fv  causing  the  motion  of  the  ascending 
trucks  is  as  before  : — 


But, 


Px  =  Qx  -  W1  (sin  a  +  /u,  cos  a) 

1_      9 
Qx  =  Wj  ■!  sin  a  +  /x  cos  a  +  — i  > 


» 


"  -5  \20+  112  x  l       32  j  CWt*' 


"    =  — 112o     cwt-  =  51'25  lbs- 

Similarly,  the  tension  Q.„  in  the  rope  attached  to  the  loaded 
trucks  is, 


Q 


2 


=  W2  -J  sin  a  —  ft  cos  a *  J- 


f  1  1 


»  -1Mi«-ii5 x  1  +  ^i}cwt 

„    =  1251i2q1'5  cwt.  =  1143-75  lbs. 

The  difference  in  the  tensions  in  the  two  ropes  is  caused  by 
the  resistance  offered  by  the  brake.  Hence,  the  resultant  couple 
due  to  this  difference  in  the  tension  must  be  balanced  by  the 
couple  at  the  brake  wheel. 

Let  F  =  Frictional  resistance  at  the  rim  of  the  brake  wheel. 
„     R  =  Radius  of  the  drums  =  4  ft. 
„      r  =  Radius  of  brake  wheel  =  3  ft. 

Then,  Fxr=(Qr  Qx)  x  R, 

F  x  3  =  (1143-75  -  51-25)  x  4, 

F  -  1456-7  lbs. 

Energy. — If  we  raise  a  body  of  W  lbs.  weight  through  a 
vertical  height  of  h  feet  from  some  given  datum  level,  we 
confer  upon  that  body  the  capability  of  doing  work  equal  to 
WA  ft. -lbs.  For,  in  raising  the  body  we  expend  WA  ft. -lbs. 
of  work,  and  if  it  be  allowed  to  return  to  its  original  level  it 
will  give  out  an  equal  amount  of  work. 
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Again,  we  have  seen  that  if  a  body  be  in  motion  and  its 
speed  reduced,  some  force  must  have  acted  upon  it  in  bringing 
about  this  change  of  state.  Further,  this  resisting  force  must 
have  been  overcome  through  some  distance,  and,  therefore,  work 
is  expended.  Thus,  a  body  in  motion  is  capable  of  doing  work, 
the  measure  of  which  is  the  work  done  against  a  resisting  force 
or  forces  in  bringing  the  body  to  rest. 

This  capability  of  doing  work  which  a  body  possesses  in 
virtue  of  its  position  or  condition  is  called  Energy.  Hence,  we 
have  the  following : — 

Definition.— The  energy  of  a  body  is  its  capability  of  doing 
work  in  virtue  of  its  Position,  Condition,  or  Motion. 

It  is  usual  to  distinguish  between  that  form  of  energy  due 
to  the  position  or  state  of  a  body,  and  that  due  to  its  motion* 
To  the  former  the  term  Potential  is  applied,  and  to  the  latter 
Kinetic.  This  distinction  may  be  stated  in  the  form  of  a 
definition. 

Definitions. — Potential  Energy  is  that  form  of  energy  which 
a  body  possesses  in  virtue  of  its  Position  or  Condition. 

Kinetic  Energy  is  that  form  of  energy  which  a  body  possesses 
in  virtue  of  its  Motion. 

Thus,  a  raised  weight,  such  as  the  weight  of  a  clock,  or  the 
monkey  of  a  pile-driving  engine,  has  potential  energy  in  virtue 
of  its  position.  In  the  first  case  the  slowly  falling  weight  gives 
up  its  stored  energy  to  the  mechanism  of  the  clock  in  overcom- 
ing f notional  resistances,  and  thus  keeps  the  clock  going,  the 
pendulum  being  simply  a  regulator  or  governor.  In  the  second 
case,  the  monkey  is  allowed  to  fall  freely  and  its  energy  is 
employed  in  forcing  the  pile  into  the  ground  at  the  instant  of 
the  blow.  Similarly,  the  water  in  a  mill  dam  possesses  potential 
energy  due  to  its  position  relatively  to  the  water  wheel.  Again, 
a  stretched  helical  spring,  or  coiled  spiral  spring  such  as  is  used 
in  watches  and  clocks,  possesses  potential  energy  due  to  its 
stretcJted  condition.  A  lump  of  coal,  or  gunpowder,  has  potential 
energy  in  virtue  of  its  chemical  condition;  a  magnet  has  potential 
energy  in  virtue  of  its  magnetic  condition ;  and  the  steam  in  a 
boiler  has  potential  energy  in  virtue  of  its  lieat  condition,  and 
so  on. 

When  the  monkey  of  the  pile  driver  is  at  the  top  of  its  stroke 
its  energy  is  entirely  in  the  potential  form.  When  it  is  descend- 
ing it  is  evident  that  its  potential  energy  is  rapidly  decreasing 
whilst  its  kinetic  energy  is  increasing. 
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Neglecting  frictional  and  other  resistances,  tne  Principle  of 
the  Conservation  of  Energy  (see  Lecture  IV.,  Vol.  I.)  asserts 
that— 

The  Loss  of  Potential  Energy  =  The  Gain  of  Kinetic  Energy. 

Consequently,  at  the  instant  when  the  monkey  strikes  the 
head  of  the  pile,  the  energy  of  the  monkey  is  wholly  Kinetic. 
The  work  done  in  driving  the  pile  into  the  ground  is  immediately 
derived  from  the  kinetic  energy  of  the  falling  weight,  but  the 
whole  of  this  energy  is  not  thus  employed,  for  the  faces  of  the 
pile  and  monkey  have  been  heated  by  the  blow.  This  shows 
that  part  of  the  energy  stored  in  the  falling  weight  has  been 
transformed  into  heat  energy.  Further,  at  the  instant  of  strik- 
ing, a  loud  noise  is  heard,  which  shows  that  there  is  also  a 
transformation  into  sound  energy.  Thus,  energy  appears  under 
many  different  forms,  such  as  mechanical,  electrical,  chemical, 
heat,  light,  sound,  &c,  and  can,  by  suitable  arrangements,  be 
changed  from  one  kind  into  any  of  the  others.  In  nature  all 
is  change  or  transformation,  but  there  is  no  annihilation ;  so 
what  appears  as  a  loss  to  the  engineer  simply  means  change  into 
some  other  form  which  ho  does  not  desire,  but  which  he  has  no 
power  to  entirely  prevent. 

Expression  for  Kinetic  Energy. — We  have  already  seen,  that 
the  expression  for  mechanical  potential  energy  is  : — 

Potential  Energy  =  EP  =  WA 

Where,       W  =  Weight  of  body, 

And,  h  =  Height  of  body  above  zero  level. 

It  now  remains  to  determine  the  expression  for  kinetic 
energy. 

First,  take  the  case  of  the  raised  weight  whose  potential 
energy  in  its  highest  position  is  W/i,  and  suppose  it  to  fall 
freely.  Jts  kinetic  energy  at  the  instant  when  it  strikes  the 
ground  is : — 

But,  if  v  =  velocity  at  that  instant,  we  have  : — 

■"-tJ- (IV) 
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Thus,  if  the  monkey  of  the  pile  driver  weigh  10  cwts.,  and 
reaches  the  pile  with  a  velocity  of  40  feet  per  second,  it  has 
kinetic  energy : — 

=  10  "  1»  x  40'  m  ft  .^ 

A  x   62, 

If  the  pile  be  driven  3  inches  into  the  ground  at  each  blow, 
what  is  the  mean  resistance  offered  to  its  motion,  supposing 
there  are  no  losses  from  heating,  <fcc.  ? 

Let  Tim  =  Mean  resistance  of  ground  in  lbs. 
„         8  sa  Distance  in  feet  through  which  the  pile  is  driven. 

Then,      Work  done  in  driv-  \       f  <nr    7     -  *  i  7 

'  '      fh       1  i  =  i   "Orb  9%ven  out  °V  monkey. 

t>,         Tir    i      •  *  r    )        ( Kinetic  energy  at  instant  of 

But,        Wortjwen  out  by  I  =  I      .^  £  ^  +  Wf£ 

^  )        (      done  in  falling  through  3". 

Wi?2 

Rm  x  *  =  — - —  +  W  x  8, 

29 

3  3 

t.*.,  Rm  x  ~  =  26,000  +  10  x  112  x  - 

Rm  -  113,120  lbs.  =  50-5  tons. 

Energy  Equations. — The  expression  for  the  kinetic  energy 
given  in  equation  (IV)  is  perfectly  general,  and  therefore  in- 
dependent of  the  manner  in  which  the  velocity,  v,  is  acquired. 
That  is  to  say,  if  a  body  of  weight,  W,  be  moving  with  a  velocity, 
v,  in  any  direction  whatever,  its  kinetic  energy  is  still  given  by 

the  equation : — 

Wi;2 

K        2ff 

For,  manifestly,  the  direction  of  motion  cannot  in  any  way 
affect  its  energy  state,  other  things  being  equal.  Nevertheless, 
we  can  deduce  the  expression  from  more  general  considerations 
as  follows : — 

Let  a  body  of  weight,  W,  have  its  velocity  changed  in  magni- 
tude from  vx  to  v2  by  a  constant  force  P,  acting  through  a 
distance  8,     Then — 

Change  of  body's  kinetic  )  _  /  Work  done  by  or  against 
energy  i  ~  {.      ^  force 


* 
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And,    Work  done  by  or  onT  =  P  x  s, 

W  a 
But,  by  eqation  (I),  P  = 


9  ' 


And,  by  equation  (VI),  Lecture  XX., 

Pa  -  v\ 
2a    ' 


8     =B 


Pxj  =  W(vJ     ^  =  change  of  EK .  (V) 

If  the  body  start  from  rest,  and  have  a  final  velocity,  v,  we 

get:~  «r    , 

Change  of  EK  =  -— —  =  Total  EK  in  body, 

which  is  just  the  same  result  as  that  given  by  equation  (IV). 

Next,  take  the  case  of  a  body  moving  with  uniform  velocity, 
v,  against  some  constant  resistance,  F,  which  resistance  may  be 
frictional  or  otherwise.  To  maintain  this  constant  speed  a  force 
equal  to  F  must  act  on  the  body  in  opposition  to  the  resist- 
ance; but  no  part  of  this  force  is  employed  in  changing  the 
kinetic  energy  of  the  body,  since,  by  supposition,  no  change 
occurs  in  its  velocity.     The  kinetic  energy  of  the  body  is  con- 

stantly  =  — - — ,  and  the  Work  done  against  resistances  =  F  *. 

If,  now,  some  other  force,  P,  acts  on  the  body  in  the  direction 
of  motion,  the  velocity  will  change,  and,  therefore,  the  energy  of 
the  body  will  also  change. 

Let      Q  =  Resultant  force  acting  on  body  =  P  ^  F. 
»  ^i>  v2  ~  Velocities  of  body  before  and  after  action  of  P. 
„  s  =  Distance  through  which  body  moves  under  P. 

Then,  Qx*  =  Fx*  +  WW  "  *i)       .     .     .     (VI) 

This  is  a  very  general  equation  of  energy,  and  is  sometimes 
stated  thus : — 

Energy  exerted  =  Work  done  +  Change  in  Kinetic  Energy. 

Example  VI. — The  height  and  length  of  an  inclined  plane 
are  20  feet  and  100  feet  respectively :  a  body  weighing  100  lbs. 
is  placed  at  the  top  of  the  plane  and  allowed  to  slide  along  its 
whole  length ;  the  coefficient  of  friction  between  the  plane  and 
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the  body  is  0*15;  bow  many  units  of  work  (foot-pounds)  are 
accumulated  in  the  body,  and  what  is  its  velocity  when  it 
reaches  the  foot  of  the  plane?  (You  may  assume  the  pressure 
on  the  plane  equal  to  the  weight  of  the  body).  (S.  <fc  A.  Adv. 
Exam.) 

Answer. — Let  F  =  Resultant  force  urging  body  down  the 
plane. 

Then,  F  =  W  sin  a  —  p  R  =  W  sin  a  —  /x  W,  very  approximately, 

20 


„  =100(^-0-15)  =  5  lbs. 


When  body  reaches  the  foot  of  the  plane,  we  have  : — 

EK  =  F  x  I  =  5  x  100  =  500  ft. -lbs. 

Let  v  =  Velocity  at  foot  of  plane. 

Wi£ 
Then,        -n—  =  EK. 


i.e., 


2</ 

100  x  v* 
2  x  32 


=  500, 


v  =  17-9  ft.  per  sec. 
R 


Diagram  Illustrating  Example  VI. 

The  kinetic  energy  at  the  foot  of  the  plane  could  be  obtained 
immediately  from  equation  (VI),  thus : — 

20 
Energy  exerted=  W  sin  a  x  1=  100  x  y-^  x  100  =  2000  ft.-lbs. 

Work  done  -  p  W 1  =  0-15  x  100  x  100  =  1500  ft.-lbs. 

Cliange  in  EK  =  Energy  at  foot  of  plane  =  -5 — . 

*  Q 


EXAMPLE  VII. 


4£ 


.\  Energy  exerted = Work  done  +  Change  in  E, 

Wr2 

2000  =  1500  +  - 


EK  at  foot  of  \  = 
plane        J 


*9 


2</* 
=  500  ft.-lbs. 


also, 


v=y' 


500  x  2  x  32 

~Ioo 


=  170  ft.  per  sec. 


Example  YII. — Show  by  a  diagram  the  amount  of  work  done 
in  slowly  compressing  a  spiral  spring  through  6  inches,  supposing 
the  spring  to  shorten  1  inch  for  every  100  lbs.  pressure.  If  a 
■weight  of  100  \bs.  falls  from  a  height  of  4  feet  on  the  top  of  the 
spring,  how  much  will  it  be  compressed!  (S.  &  A.  Adv.  Exam., 
1892.) 

Answer. — As  explained  in  Lecture  II.,  Vol.  I.,  the  diagram 
of  work  done  in  slowly  compressing  a  spiral  spring,  is  a  right 
angled  triangle  whose  base  represents  the  compression  produced, 
and  its  perpendicular  side  the  force  required  to  produce  that 
compression. 


DIAGRAM  OF 

WORK  WHEN    SPRING 

IS  COMPRESSED   SLOWLY. 
<100tt$ 


Diagram  Illustrating  Example  VIL" 

Let  ABC  represent  the  diagram  of  work  done  in  slowly  com- 
pressing the  spring. 


Where, 

And, 

Let, 


AC  =  Compression  produced  =  6". 

C  B  =  Force  required  =  P. 

D  E  =  Force  required  to  compress  spring  1\ 
=  p  *  100  lbs. 

4 


SO 
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Then,  P:p  =  CB:DE  =  AC  :AD. 

That  is,        P  :  100  =  6"  :  1". 

P  -  600  lbs. 

Work  done  «JP  x  L  =  J  x  600x  6*=  1800  in. -lbs. 

K 


^ x" > 

Diagram  Illustrating  Example  VIL 

Next,  suppose  the  spring  to  be  compressed  by  a  weight  which 
falls  from  a-  height  of  4  feet. 

Let  x  =  Number  of  inches  by  which  spring  is  compressed  by 
falling  weight. 

Then,     48  +  x  «=  Number  of  inches  through  which  weight 

actually  falls. 

Since  a  force  of  100  lbs.  is  required  to  compress  the  spring 
1  inch,  a  force  R  =  100  x  lbs.  will  be  required  to  compress  it 
x  inches. 

But, 

Work  done  in  compress-  \  _  (  Work  done  by  falling 
ing  spring  J  "l     weight. 

|R  x  «=  W(48  +  x\ 
i  x  lOOar  x  *  =  100(48  +  »). 
Tbatis,  a*=  2x  +  96. 

Or,  jr  -  10-85  inches. 

Example  V III. — A  blowing-fan  30  inches  in  diameter  revolves 
at  a  speed  of  1,000  revolutions  per  minute,  and  propels  the 
wind  with  a  velocity  equal  to  £  of  the  velocity  of  the  tips  of  the 
fanes ;  the  wind  is  driven  through  a  pipe  having  a  sectional  area 
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of  200  square  inches.  Neglecting  the  power  that  is  required  to 
overcome  friction,  will  you  show  the  amount  of  power  which  is 
required  to  force  the  above  quantity  of  air?  Work  it  out  in 
arithmetic,  either  by  the  law  of  falling  bodies  or  in  any  better 
way  that  may  suggest  itself  to  you.     (S.  <fc  A.  Hons.  Exam.) 

Answer. — This  is  simply  a  question  on  work  and  energy, 

-Let  W  =  Weight  of  air  expelled  from  fan  per  second. 
„      A  =  Sectional  area  of  delivery  pipe  of  fan  =  200  sq.  ins. 
„       v.  =  Velocity  of  air  as  it  leaves  tips  of  vanes. 

Then,       v  »  J  x   Velocity  of  tip*  of  vane* 

»  =  I  *  *dn 

7      22      30       1000      „Aa* 
"  =  8  *  T  X  12  X  "60 "  =  per  B6C- 

Volume  of  air  expelled  \  =  * 
p*r  second  J  ""      V 

200 

x  114*6  =  15916  cub.  ft  per  sea 


»  » 
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By  calculation  from  the  density  of  air,  it  can  be  shown  that 
13  cubic  feet  of  air  at  atmospheric  pressure  weigh  1  lb.  very  nearly, 
and  assuming  this,  we  get  :— 

Weight  of  15916  cub.  A  =  W  =  ^^  =  12-24  lbs.  nearly. 

W  v2 
Hence,  Work  done  pet^see.  =  Energy  exerted  =  —= — 

12-24  x  114-6«  A  „ 

-  ft. -lbs.  per  aec. 


2  x  32 
12-24  x  114-62  x  60 


>»  w 


2  x  38 


ft. -lbs.  per  min. 


«*        «*  a       12*24  x  114-62  x  60      A  ^ 

B.P.  eierted,  =     2  x  S2  x  3mr  =  4'57  ***** 
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Lecture  XXI.— Questions. 

1.  Define  momentum,  and  state  how  it  is  measured.  State  and  explain, 
by  aid  of  examples,  Newton's  three  laws  of  motion.  A  shot  weighing  half 
a  ton  is  fired  from  a  100-ton  gun  with  a  velocity  of  2,000  feet  per  second. 
Neglecting  the  weight  of  the  powder,  find  the  velocity  of  the  gun's  recoil. 
Ana.  10  feet  per  second. 

2.  A  man  weighing  140  lbs.  descends  in  a  lift  with  an  acceleration  equal 
to  \g.  What  pressure  does  he  exert  on  the  floor  of  the  lift?  How  would 
your  answer  diner  if  the  lift  were  ascending  instead  of  descending  ?  Ann. 
122-5  lbs.;  157*5  lbs. 

3.  A  railway  train,  exclusive  of  engine,  weighs  150  tons,  and  in  starting 
along  a  level  line  from  rest  it  attains  a  speed  of  30  miles  an  hour  in 
5  minutes.  What  has  been  the  mean  pull  between  the  engine  and  train, 
the  resistance  being  taken  at  10  lbs.  per  ton  ?  (S.  &  A.  Adv.  Exam. , 
1887.)    Am.  3,040  lbs. 

4.  A  locomotive  and  its  train  weigh  220  tons,  and  the  frictional  resist- 
ance at  all  speeds  may  be  taken  at  2,000  lbs.  If  the  tractive  force  of  the 
engine  is  constantly  3,500  lbs.,  find  in  what  time  from  starting  the  train 
can  attain  a  speed  of  40  miles  per  hour  (1)  on  a  level  line,  and  (2)  going 
down  an  incline  of  1  in  220.  Find,  also,  the  distance  travelled  in  both, 
cases  in  attaining  the  above  speed.  Ana,  (1)  10  minutes  2  seconds,  3*34 
miles ;  (2)  4  minutes  1  second,  1  '34  miles. 

5.  In  a  steam  engine,  the  piston,  which  is  40  inches  diameter  and 
weighs  2,000  lbs.,  comes  oft'  the  rod  just  as  it  is  commencing  its  inward 
stroke.  The  mean  steam  pressure  is  50  lbs.  per  square  inch.  Find  the 
velocity  with  which  the  piston  will  strike  the  cover  at  the  opposite  end  of 
the  cylinder,  the  stroke  being  4  feet.     An*.  89 '7  feet  per  second. 

0.  One  end  of  a  string  is  fixed  ;  it  then  passes  over  a  movable  pulley  to 

which  a  weight,  W,  is  attached.      The  string  then  passes  over  a  fixed 

pulley,  and  a  smaller  weight,  w,  is  attached  to  its  other  end,  all  three 

sections  of  fee  string  being  vertical.     Show  that,  neglecting  the  weights. 

/W  —  2  w\ 
of  the  pulleys,  the  acceleration  with  which  W  descends  is  ( ^ — -:-  )</. 

Verify  this  result  (I)  when  w  is  small  compared  with  W,  and  (2)  when 
W  is  small  compared  with  w.     (Wool.  ttoy.  Milly.  Acad.  Exams. ) 

7.  It  is  very  evident  that  a  railway  train  requires  a  considerable  amount 
of  force  to  set  it  in  motion,  but  there  is  a  popular  notion  existing  that  a 
less  amount  of  power  or  force  is  required  to  bring  the  same  train  to  a 
state  of  rest.  Will  you  explain  clearly  the  natural  principles  upon  which 
the  whole  case  dejiends,  and  compare  the  force  necessary  Doth  for  giving 
motion  to  the  train  and  in  producing  the  opposite  condition  ?  (S.  &  A. 
Hons.  Exam.) 

8.  Distinguish  between  work  and  energy,  and  between  potential  and 
kinetic  energy.  Give  examples  of  both  forms  of  energy.  State  the 
principle  of  the  conservation  of  energv,  and  show  its  connection  with  the 
axiom  that  "perpetual  motion"  is  impossible.  A  simnle  pendulum  is 
pulled  aside  till  its  heavy  bob  is  raised  A  inches  vertically,  and  then  let 

go.     Find  its  velocity  when  it  passes  its  lowest  point.     An*. 


IB. 
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9.  Prove  the  formal*  which  gives  the  number  of  units  of  work  stored 
up  in  a  given  weight  when  moving  with  a  given  velocity.  A  weight  of 
100  lbs.  is  moving  with  a  velocity  of  64  feet  per  second,  how  many  foot- 
pounds of  work  have  been  expended  in  producing  this  result  ?  (8.  k  A. 
Adv.  Exam.)    Ans.  6,400  foot-pounds. 

10.  A  hammer  head  weighs  5  tons  and  reaches  the  anvil  with  a  velocity 
of  10  feet  |ier  second;  what  amount  of  energy,  measured  in  foot-pounds,  is 
stored  up  in  the  hammer  at  the  instant  of  the  blow?  An*.  17,500  foot- 
pounds. 

11.  The  head  of  a.  steam  hammer  weighs  10  cwts.,  and  has  a  fall  of 
8  feet.  If  it  indent  the  iron  on  which  it  falls  by  1  inch,  find  the  meau 
force  exerted  on  the  iron  during  compression.  (S.  i  A.  Adv.  Exam.,  1889.) 
Ans.  970  cwts. 

12.  Of  two  steam  hammers,  one  weighs  5  tons  and  reaches  the  anvil  with 
a  velocity  of  10  feet  per  second,  and  the  other  weighs  10  tons  and  reaches 
the  anvil  at  a  velocity  of  5  feet  per  second ;  will  you  compare  and  distinctly 
characterise  the  conditions  of  the  blow  of  each  of  the  two  hammers  ?  (S.  £ 
A.  Hons.  Exam.) 

13.  Eef erring  to  a  steam  hammer,  in  which  steam  is  admitted  above  the 
piston  to  assist  gravitation,  will  you  desoribe  the  combination  of  forces 
at  work  in  producing  the  blow,  and,  as  far  as  you  may  be  able,  the  nature 
of  the  blow  as  depending  on  velocity  and  mass  or  weight  of  the  hammer  at 
the  moment  of  impact?    (S.  &  A.  Hons.  Exam.) 

14.  What  do  you  understand  by  energy,  and  how  is  it  measured  ?  The 
head  of  a  steam  hammer  weighs  50  cwts.,  steam  is  admitted  on  the  under 
side  for  lifting  only,  and  there  is  a  drop  of  5  feet.  What  will  be  the 
average  compressive  force  exerted  during  a  blow  from  this  hammer,  on 
the  supposition  that  the  duration  of  the  blow — that  is,  the  time  during 
which  the  hammer  is  compressing  the  iron  under  operation — is  *V  second  ? 
<S.  &  A.  Hons.  Exam.,  1887.)    An*.  2,236  cwts. 

15.  The  monkey  of  a  pile  driver  weighs  15  cwts.,  and  the  drop  is  6  feet. 
The  blow  causes  the  pile  to  go  down  through  4  inches ;  what  is  the  fric- 
tional  resistance  of  the  earth?  (S.  &  A.  Hons.  Exam.,  1881.)  Ann. 
285  cwts. 

16.  Compare  the  force  expended  in  pile  driving  by  a  ram  or  monkey  of 

1  ton  falling  20  feet,  with  that  of  a  weight  of  2  tons  falling  10  feet.  If  one 
blow  of  the  former  moves  the  pile  9  inches,  what  is  the  average  resistance 
that  is  opposed  to  its  motion?    (S.  &  A.  Adv.  Exam.,  1896.)    Ans,  (1) 

2  :  1,  (2)  27*7  tons. 

17.  Two  bodies,  weighing  5  lbs.  and  3  lbs.  respectively,  are  connected 
by  a  perfectly  flexible  weightless  string  which  passes  over  a  smooth  pulley. 

/    The  heavier  oody  draws  up  the  lighter.     When  it  has  fallen  through  5  feet, 
^    what  is  the  kinetic  energy  of  the  bodies  and  the  velocity?     (#  =  32.) 
(S.  &  A.  Theor.  Mechs.  Elem.  Exam.,  1880.)     Determine  also  the  accelera- 
tion of  the  system,  and  the  tension  in  the  string.     Ans.  (1)  10  foot-pounds, 
(2)  8 '94  feet  per  second  ;  (3)  8  feet  per  second  per  second  ;  (4)  3*75  lbs. 

18.  State  Newton's  third  law  of  motion,  and  give  his  illustrations  of  it. 
Weights  of  5  and  11  lbs.  are  connected  by  a  weightless  thread.  The  latter 
is  placed  on  a  smooth  horizontal  table,  while  the  former  hangs  over  the 
edge.  If  the  bodies  are  then  allowed  to  move  under  the  action  of  gravity, 
what  is  the  tension  of  the  thread  ?  (S.  &  A.  Theor.  Mechs.  Adv.  Exam., 
1876. )  Find,  also,  the  acceleration  produced,  and  the  kinetic  energy  of  the 
system  at  the  end  of  4  seconds.  Ans.  (1)  3*44  lbs.,  (2)  10  feet  per  second 
per  second,  (3)  400  foot-pounds. 

19.  A  train  of  locomotive  and  carriages  weighs  60  tons.     If  it  be  sup- 
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posed  to  run  down  Mi  incline  of  1  in  065  for  7£  miles,  starting  with  zero 
velocity,  unopposed  by  anything  but  its  own  inertia,  «nd  unaceelerated  by 
anything  bat  its  owti  Weight ;  what  would  be  its  velocity,  its  momenfatn, 
and  its  kinetic  energy  at  the  foot  of  the  incline  ?  (0.  &  G.  Mech.  Eng. 
Hons.  Exam.,  1884.)  Am,  97*84  feet  per  second,  5,870  foot-tons  per 
second,  8,925  foot-tons. 

20.  What  meaning  do  you  attach  to  the  phrase  horze-p&wtr  ?  A  fire- 
engine  pump  is  provided  with  a  nozzle,  the  sectional  area  of  which  is 
1  square  inch,  and  the  water  is  projected  through  the  nozzle  with  a  velocity 
of  130  feet  per  second ;  find  the  horse-power  of  the  engine  required  to 
drive  the  pump,  irrespective  of  the  loss  by  resistance  of  the  working  parts. 
The  weight  of  a  cubic  foot  of  water  is  624  lbs*  (S.  &  A.  Hons.  Exam.) 
Ana,  27  1  H.P. 

21.  State  Newton's  second  law  of  motion.  Explain  briefly  how  the 
measure  of  force  is  derived  from  this  law.  In  the  equation  P  =  mf,  in 
What  units  is  P,  when  the  units  of  mass,  distance,  and  time  are  a  pound, 
a  foot,  and  a  second  ?    (S.  &  A.  Adv.  Theor.  Mechs.  Exam.,  1896.) 

22.  A  steam  engine  is  employed  to  raise  coals,  and  it  is  calculated  that 
in  order  to  set  in  motion  the  winding  drums,  flywheel,  cages,  ropes,  &c, 
which  are  concerned  in  the  motion,  it  has  to  do  the  work  of  imparting 
a  linear  velocity  ef  36  feet  per  second,  to  60  tons  of  material  in  kalf-a- 
minute  at  each  lift.  What  effective  horse-power  is  consumed  in  over- 
coming the  inertia  of  the  aggregate  weight  of  60  tons,  and  in  setting  up 
the  velocity,  estimated  as  above  stated,  in  the  time  assigned  ?  (S.  &  A. 
Hons.  Exam.)    Ans.  165  H.P. 

23.  In  lifting  water  into  a  tender  by  a  scoop  running  along  a  trough 
while  the  train  is  going  at  rapid  speed,  the  height  of  the  lift  is  7£  feet. 
What  speed  in  miles  per  hour  will  just  cause  the  water  to  be  lifted  through 
that  height?    (S.  &  A.  Hons.  Exam.)    Ans.  15  miles  per  hour  nearly. 

24.  A  vertical  pipe,  carried  by  the  tender  of  a  locomotive  engine,  and 
terminating  in  a  scoop  with  a  flat  mouth,  picks  up  water  from  a  trough 
laid  on  a  railway.  If  the  speed  of  the  engine  and  tender  be  22  miles  per 
hour,  find  the  height  to  which  the  water  will  rise  in  the  pipe.  Upon  what 
theory  do  you  proceed?    (S.  &  A.  Hons.  Exam.,  1882.)    Am.  16 '3  feet. 

25.  A  hammer  head  of  2 4  lbs.,  moving  with  a  velocity  of  50  feet  per 
Second,  is  stopped  in  0*001  second.  What  is  the  average  force  of  the 
blow?  What  do  you  mean  by  this  average?  What  is  the  difference 
between  a  time  average  and  a  space  average  ?  When  are  they  the  same  ? 
(S.  &  A.  Adv.  Exam.,  1897.) 

26.  A  body  of  4  lbs.  moving  with  a  speed  of  20  feet  per  second  over- 
takes one  of  200  lbs.  moving  at  2  feet  per  second  in  the  same  direction. 
When  the  collision  events  are  finished  (friction  stilling  the  relative  motions) 
fend  both  bodies  go  on  together,  what  is  their  common  velocity  ?  What 
mechanical  energy  has  been  lost?    (S.  &  A.  Hons.  Exam.,  Part  I.,  1898.) 

27.  A  body  of  200  lbs.  is  acted  on  by  a  force  F,  which  alters.  No 
other  force  acts  on  the  body.  When  the  body  has  passed  through  the 
distance  x  feet,  the  force  in  pounds  is  as  follows : — 


X 

0 

1 

•2 

•3 

•4 

•5 

•6 

•7 

•8 

•9 

1-0 

F 

20 

21 

21 

30 

19 

18  5 

180 

13-5 

9 

4*5 

0 
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Using  either  a  graphical  or  arithmetical  method,  find — 

(a)  The  average  force  acting  on  the  body  through  this  total  dis- 
tance of  1  foot. 
(6)  The  work  done  upon  the  body  from  x  =  0  to  x  =  "4. 
(c)  The  answer  to  (b)  being  the  kinetic  energy  added  to  the  body.; 
if  the  velocity  was  0  when  x  is  0,  what  is  the  velocity  when 
x  =  *4?    (S.  &  A.  Adv.  Exam.,  1898.) 
28.  A  body  and  a  frictionless  carriage  together  weighing  20  lbs.  are 
on  a  level  table,  and  get  a  simple  harmonic  motion  from  my  hand, 
moving  1  foot  on  each  side  of  a  mid  position,  one  complete  oscillation 
taking  one  second.     Show  on  a  diagram  what  is  the  force  which  my 
hand  must  exert  in  each  position  of  the  body,  and  stato  the  direction 
of  the  force.      You  must  state  the  amount  of  the  force  for  some  one 

g Nation  so  that  we  may  judge  of  the  scale  of  your  diagram.    (S.  &  A. 
ons.  Exam.,  Part  I.,  1898.) 
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LECTURE  XXII. 

Contents. — Energy  of  a  Rotating  Body — Moment  of  Inertia  of  a  Body 
about  an  Axis — Definitions  of  Moment  of  Inertia  and  Radius  of 
Gyration — Propositions  I.,  II.,  and  III. — Methods  of  Calculating 
Moments  of  Inertia — Examples  I.,  II.,  and  III. — Tables  of  Radii  of 
Gyration  of  Solids  and  Sections — Equation  of  Energy  for  a  Rotating 
Body — Examples  IV.,  V.,  VI.,  and  VII. — Determination  of  Energy  of 
Flywheels — Centripetal  and  Centrifugal  Forces — Definitions  of  Centri- 
petal and  Centrifugal  Forces — Example  VIII. — Straining  Actions  due 
to  Centrifugal  Forces— Example  IX. — Questions. 

Energy  of  a  Rotating  Body. — The  deduction  of  the  equation  for 
energy  of  rotation  is  complicated  by  the  fact  that  particles  of 
the  body  at  different  distances  from  the  axis  of  rotation  possess 
different  energies,  due  to  their  different  linear  velocities.  To 
obtain  the  energy  of  the  whole  body,  we  must,  therefore,  take 
the  sum  of  the  energies  of  the  various  particles  composing  it. 
In  general,  this  process  must  be  performed  by  the  aid  of  higher 
mathematics ;  and  even  then,  only  in  those  cases  in  which  the 
bodies  are  of  regular  geometrical  form. 

Moment  of  Inertia  of  a  Body  about  an  Axis. — Before  deducing 
the  expression  for  the  kinetic  energy  of  a  rotating  body,  it  may 
be  as  well  to  explain  certain  terms  and  quantities  which  we 
shall  have  occasion  to  make  use  of. 

Definition.— If  the  mass  of  every  particle  of  a  body  be  multi- 
plied by  the  square  of  its  distance  from  a  given  axis,  the  sum  of 
the  products  is  called  the  Moment  of  Inertia  of  the  body  about 
that  axis. 

Let  I  =  Moment  of  inertia  of  the  body  about  a  given  axis. 
„   m  =  Mass  of  any  particle  or  element  of  body. 
„     r  =  Distance  of  m  from  the  given  axis. 

Then,  I  =  2/wr2 (I) 

Definition. — If  M  be  the  mass  of  a  body,  and  h  be  such  a 
quantity  that  M  A2  is  its  Moment  of  Inertia  about  a  given  axis, 
then  h  is  called  the  Radius  of  Gyration  of  the  body  about  that 
axis. 

Thus,  M  A2  =  I 

n  „       -    \  (H) 

Or, 


MOMENTS  OF  INERTIA. 
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The  following  Pbopositions  relating  to  moments  of  inertia 
and  radii  of  gyration  are  so  important  that  we  here  give  their 
proofs  in  full : — 

Proposition  I.— If  M  be  the  mass  of  any  body,  la  the  moment 
of  inertia  about  any  axis  through  its  centre  of  gravity,  0,  and  I0, 
that  about  a  parallel  axis  through  any  other  point,  0,  at  a  distance, 
A,  from  G,  then : — 

I0=  I0  +  MA2. (HI) 


Moments  of  Inertia  about  Parallel  Axes. 

Let  Gf  and  O,  be  the  points  of  intersection  of  the  axes  with 
the  plane  of  the  paper,  which  is  at  rig! it  angles  to  them. 
Let  P  be  any  particle  of  mass,  m.  Draw  P  N  perpendicular  to 
OG. 

Then,  in  triangle  O  P  G,  we  get  (Euc.  II.,  12) : — 

O  P2  =  P  G2  +  O  G2  -  2  O  G  •  G  N. 

Multiplying  both  sides  by  m  the  mass  of  particle  at  P,  we 
get:— 

m  -  O  P2  =  m  •  P  G2  +  m  •  O  G2  -  2  m  •  O  G  •  G  N. 

Repeating  this  process  for  every  other  particle  of  the  body, 
and  adding  the  results,  we  have  : — 

2m    OP2  =  2m    PG2  +  2m  •  OG2  -  22m  •  OG  •  GN. 


But,  clearly, 
And,  since 

Also, 


2m-OP2  =  I0,and2m-PG  =  IG. 

O  G  =  h  =  constant, 
2m  -OG*  «  OG22m  =  A2M,  or  MA2. 
22m-OG-GN  =  20G-2m  -GN  =  2/i2m  -GN. 


But  the  quantity,  2  m  •  G  N,  is  the  sum  of  the  moments  of 
the  various  particles  about  their  centre  of  gravity,  G,  and  is 
therefore  zero,  from  the  definition  of  the  centre  of  gravity. 


*8 


LECTURE   XXII. 


22 m-  OG    GN  =  2A2m-GN  =  O. 

Io  =  I0  +  M  h2. 

Corollary. — Denoting  the   radii  of  gyration  of  the   body 
about  the  axes,  O,  and  G,  by  k0t  and  kQ}  respectively,  we  get : — 


AJ  -  *J  +  A 


2 


(IV) 

Proposition  II. — If  1^  and  1^  respectively  denote  the  moments 
of  inertia  of  a  lamina,  or  plane  area,  about  two  axes  0  X,  0  Y,  at 
right  angles,  lying  in  the  plane  of  the  lamina  or  area,  and  IZ)  the 
moment  of  inertia  about  an  axis,  0  Z,  through  0,  perpendicular 
to  the  plane  of  the  lamina  or  area ;  then  Iz  is  equal  to  the  sum 
of  I*,  and  Iy. 

*.e.i  I«  -  I*  +  V (V) 


Moment  of  Inertia  of  Lamina  about  Rbctangtjlar  Axes. 

Take  any  particle,  P,  of  mass,  m,  and  draw  P  M,  and  P  N, 
perpendicular  to  O  X  and  O  Y  respectively. 

Let  x  and  y  denote  the  co-ordinates  of  P,  with  respect  to  the 
axes,  OX,  O  Y,  so  that  O  M  =  x,  O N  =  y,  and  O  P  =  r. 
Then  :— 

Moment  of  inertia  ofP  about  O  X  =  m  •  P  M2  =  m  •  y2. 

OY  =  m-PN2  =  m-a2. 


» 


» 


» 


9) 


But, 


OZ  =  m  -OP2  =  m  -r*. 
r2  =  y2  +  ^ 

m  '  r2  =  m  •  y2  +  m  *  a?. 


Hence,  the  moment  of  inertia  of  P,  about  the  axis,  O  Z,  is 
equal  to  the  sum  of  the  moments  of  inertia  of  the  .sane  particle 
about  the  -axes,  0  X,  and  0  Y.  But  this  is  ecputUy  trwe  far 
every  dtfeer  partrde. 
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%.e.y 


Swr8  m  2  my2  +  2ma& 

IZ     =    IX     +     ly. 


Corollary. — Denoting  the  radii  of  gyration  of  the  lamina, 
about  the  axes  by  the  letters  kXt  kyt  kgf  we  ger, : — 


*?  =  /£  +  a! 


(VI) 


Proposition  III.— If  I*,  IVt  lz  respectively  denote  the  moments 
of  inertia  of  any  body  about  three  rectangular  axes  drawn  from 
any  point,  0,  in  the  body,  then  the  sum,  IXt  +  Iv,  +  IZi  is  equal  to 
twice  the  moment  of  inertia,  I0,  of  the  body  about  the  point,  0. 


i.e.. 


lx  +  ly  +  lz  =  2 10 


(VII) 


Moment  of  Inertia,  of  Body  about  Rectangular  Axes. 

Let  O  X,  O  Y,  O  Z  be  the  three  rectangular  axes  drawn  from 
any  point,  O;  P,  any  particle  of  mass  m,  whose  co-ordinates 

are  x,  y,  z,  so  that  O  L  -  x,  OM  =  y,  O  N  =  z,  and  OP  =  r. 
Then:— 

Moment  of  inertia  1/^v.         t>  t  2  /  *   .     9\ 

of  P  about  }0X  ~  m    PW  -  m&  +  **>• 

O  Y  =  m  •  PM2  »  m(z2  +  x2). 

OZ  =  w  PN2  =  m(x2  +  y2). 

Jx  =  2wi(y2  +  z8)  =  2  my2  +  2raz2, 

1^  =  2  m  (z2  +  as2)  =  2  m  z2  +  2  to  x2, 

And,  lz  =  2m(sc2  +  y2)  =  2  mo2  +  2  my2. 

T*  +  I*  +  I«  »  2  {2  wo*  +  2my2  +  2m*2} 

„       -  2  2 to  (a*  +  y*  +  *»), 

{.«.,  !«  +  ^  +  lz  =  22/nr*  =  2I(). 


» 


» 


>> 
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Corollary. — Denoting  the  radii  of  gyration  of  the  body  about 
the  three  axes  and  the  point,  O,  by  the  letters  kXy  kt,t  kZt  and  kc 
respectively,  we  get : — 

*"  +  A"  +  %  =  2*o (™) 

Proposition  II.  is  a  particular  case  of  this  general  one. 
There  O  P  and  O  S  will  always  coincide,  and,  therefore,  Tz 
and  I0  are  identical.  By  putting  I0  =  Iz  in  equation  (VII),  we 
at  once  get  equation  (V). 

Methods  of  Calculating  Moments  of  Inertia, — We  shall  show 
by  working  out  a  few  examples  how  the  moments  of  inertia  or 
radii  of  gyration  can  be  calculated  in  certain  cases,  wherein  the 
density  is  uniform. 

Example  I. — Determine  the  moment  of  inertia  and  radius 
of  gyration  of  a  rectangular  lamina  (1)  about  its  shorter  edge, 

(2)  about  an  axis  in  its  plane 
through  its  e.g.  and  parallel  to  a 
short  edge,  and  (3)  about  an  axis 
through  its  e.g.  perpendicular  to 
its  plane. 


Answer. — Let  ABCD  be  the 
rectangular  lamina,  and  let  the 
edge  AB  =  a,  and  B C  =  b. 

(1)  About  the  slwrter  edge  A  B. 

Divide  the  rectangle  into  n9 
equal  and  narrow  strips,  PQ, 
parallel  to  the  axis  A  B. 

Let  M  =  Mass  of  whole  figure,  ABCD. 

m  =  Mass  of  elementary  rectangle,  P  Q. 


Moment  of  Inertia  of 
Rectangle  about  AB. 


>» 
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x  =  Distance  of  P  Q  from  axis  A  B. 

h  =  Breadth  of  elementary  strip  P  Q  =  — . 


The  whole  of  the  strip  P  Q  is  at  the  same  distance  from  A  B, 

Mom.  of  inertia  of  \  __ 
element  P  Q  J  ~~ 

Mom.  of  inertia  of  \ 
whole  figure  f 

But  m  :  M  =  h  :  b. 


rax-. 


==  2  m  x2. 


Mh 

m  —  —  -  . 
o 

T  MV7      - 

I  =  -j-zfix-*. 

0 


(1) 
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Beginning  at  edge  A  B,  the  distances  of  the  various  strips 
from  this  edge  will  be  x0  =  0,  xx  «=  h,  x*  =  2 h,  .  .  .  x*  =  nh. 

.-.    SAa?  =  A(02  +  A*  +  22 /*«  +  32#  +  .  .  .  +  n«A2), 

„         r=/,S(]2+   22  +   32  +    .    .   .    +W2), 

„      =  A3 ^ ,  [See  Treatises  on  Algebra] 

When  the  number  of  strips,  n,  is  infinitely  large,  the  reciprocal, 
-,  will  be  infinitely  small,  and  may,  therefore,  be  neglected. 

Also,  (n  A)8  =  6*. 

2Aoj2=  *3  x  2  =  i&8, 

•\  From  eqn.  (1),  I  =  J  M  62. 

Let  A;  =  Radius  of  gyration,  then  : — 

M  »  =  1, 

A2  =  4  b\ 

[The  above  method  of  finding  the  moment  of  inertia  is 

precisely  the  same  as  that  employed  in  higher  mathematics. 
For  those  who  understand  the  calculus  we  here  repeat  the 
above  calculation,  using  its  notation. 

Let  d  x  =  Breadth  of  elementary  strip,  P  Q. 
Then,  m^dx. 

0 

dl  =    ^x^dx. 
0 

T      M  /*   2  .         M  Tan*      M    6*       ,„.] 

(2)  About  an  axis  through  e.g.  parallel  to  edge  A  B. — We  may 
obtain  the  moment  of  inertia  in  this  case   by  proceeding  in 
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exactly  the  same  way  as  before,  bat  there  is  no  need  for  this 
repetition,  as  we. can  very  easily  get  the  result  from  the  relation 
given  in  Proposition  I. 

Let  IQ  =  Moment  of  inertia  of  the  rectangle  about  an  axis 

through  its  e.g.  parallel  to  the  edge  A  B. 
„      I  =  Moment  of  inertia  about  the  edge  A  B  =  JM62. 
„      h  =  Distance  between  these  axes  =  \  6. 

Then,  from  equation  (III) : — 

1  =  1*+  MA2. 
Io  =  I  -MA2  =  iM62  -iM62  =  TVM62. 

Also,  A2,  =  ■&  b2. 

(3)  About  an  axis  through  eg.  perpendicular  to  plane. 

Moment  of  inertia  about  an  axis  1  __  t    _    i   tlt  w 
through  e.g.  parallel  to  A  B      J  ~~    x  ~~  T* 

Moment  of  inertia  about  an  axis  1  _  t    _    i   tyt    2 
through  e.g.  parallel  to  "BC       J~~    y  ~~  Ta 

But,  from  equation  (Y),  lz  =  1^  +  Iy. 

.*.     Moment  of  inertia  about  an  axis ) 

through  e.g.  perpendicular  to  v  =  lz  *=  T^  M  (a2  +  62). 
the  plane  ) 

Example  II. — Determine  the 
radius  of  gyration  of  a  circular  disc 
about  an  axis  through  its  centre  per- 
pendicular to  its  plane. 

Answer. — Divide  the  disc  into  n, 
equal,  narrow  rings  of  breadth,  h. 
Taking  one  of  these  rings,  P  Q,  let  x 
be  its  distance  from  the  centre,  O. 

Let  M  =  Mass  of  the  disc. 
„      m  =  Mass  of  the  elementary 

ring,  P  Q. 
„       r  =  Radius  of  the  disc. 


Kadius  of  Gyration  of  a 
Circular  Disc 


err2. 


Then,  m  :  M  =  area  of  ring  :  area  of  disc. 

t.e.,  m  :  M  =  2wxh  : 

2M     7 

m  =  — A-  x  /u 
r- 
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The  whole  of  the  elementary  ring  is  at  the  same  distance 
from  the  centre  : — 

.".     Moment  of  inertia  of  elementary  \  ^        o  =  2M    *  . 
ring  about  the  cade  through  O  J  =  =    r2 

.*.     Moment  of  inertia  of  the  whole  )  _  t  _  ^  M  v  ^  ;        /i  \ 
disc  J  r2   ~        *     A  / 

Beginning  at«tHe  centre,  O,  the  distances  of  the  various  lings 
-will  be  x0  =  0,  a^  =*  A,  x2  =»  2A, .  .  .  a*»  =»  nh. 

2a*A  =  (03  +  l8/*8  +  28/*8  +  .  .  .  +  w8/*8)A 

„      =  (l8  +  28  +  38  +  .  .  .  +  n8)A* 

„      =  i  »*(n  +  I)2  A4        [See  Treatises  on  Algebra] 

When  n  is  infinitely  great,  the  reciprocal,  -,  will  be  infinitely 

n 

small,  and  may  be  neglected. 
Also,  (nhy  -  r*. 

•\     From  equation  (1),     I  =  —-5-  x  -r-  =  £  M/*. 

r*  4t        " 

A2  =  £r2 (2) 

[These  results  may  also  be  obtained  by  the  aid  of  the 
calculus,  thus : — 

Let  dx  —  Breadth  of  elementary  ring. 

2M 
Then,         m  =  —5-  xdx. 

dl  =  — s-sc8  dx. 
r* 

t       2M  r~&s         2M    r*       11ur  . 

If,  however,  the  disc  be  annular,  the  outside  and.  inside  radii 
being  R  and  r  respectively,  we  get : — 

2M 
Rr  -  r* 
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2M 


Ab*  x  =  5^2  \] 


a?dx 
2M         R*  -  r* 


A*  =  J  (R*  +  a*).] 

These  results  also  express  the  moments  of  inertia  and  radii 
of  gyration  of  a  solid  and  of  a  hollow  cylinder  about  their  axes* 
For  a  cylinder  can  be  conceived  as  made  up  of  a  great  number 
of  circular  discs  threaded  together  on  the  same  axis,  and  the 
moment  of  inertia  will  just  be  the  sum  of  the  moments  of  inertia 
of  all  the  discs,  since  the  radius  of  gyration  of  each  disc  is  inde- 
pendent of  the  thickness  of  the  disc,  it  follows  that  the  radius 
of  gyration  of  the  whole  cylinder  will  be  the  same  as  that  of  one 
of  the  discs. 

Having  found  the  radius  of  gyration  of  a  circular  disc  about 
an  axis  through  its  centre  at  right  angles  to  its  plane,  we  can 
very  easily  find  its  radius  of  gyration  about  a  diameter. 

Let  kX}  ky  =  Eadii  of  gyration  of  disc  about  two  diameters  at 

right  angles  to  each  other. 
„         kz  =  Radius  of  gyration  about  axis  through  centre  and 

perpendicular  to  plane. 

Then,  kx  =  ky   =  k 

And,  from  (2)  k\  =  \  r2. 

But,  from  equation  (VI),  Proposition  II.,  we  get : — 

2**  «*;  -  ir*. 
A2  =  \r\  or*  =  £. 

If  the  disc  be  annular  and  of  radii  II  and  r,  then  the  radius 
of  gyration  about  any  diameter,  is  given  by  the  equation : — 

*2  =  J  (R2  +  ^). 

Example  III. — Determine  the  radius  of  gyration  of  a  sphere 
about  a  diameter. 

Answer. — The  results  of  Proposition  III.  tell  us  that  if 
three  mutually  perpendicular  axes  be  drawn  from  any  point 
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in  a  body,  the  sum  of  the  moments  of  inertia  of  the  body  about 
these  axes  is  equal  to  twice  the  moment  of  inertia  of  the  body 
about  that  point.  Suppose,  then,  that  the  point  selected  be  the 
centre  of  the  sphere,  the  axes  will  then  be  three  mutually 
perpendicular  diameters.  But  the  moments  of  inertia  about 
all  diameters  must  be  the  same.  Therefore,  if  I  denote  the 
moment  of  inertia  of  the  sphere  about  any  diameter  and  I0  that 
about  the  centre,  O,  we  get,  from  equation  (VII)  :— 

31  -  2I0 (1) 

It  only  remains  now  to  find  the  value  of  Io  or  2  m  Xs. 
Suppose  the  sphere  divided  into  a  large  number  n,  of  con- 
centric shells,  the  thickness  of  each  shell  being  h. 

Let  x  —  Distance  of  any  one  shell  from  centre  of  sphere. 
„    r  =  Radius  of  sphere. 
„  m  =  Mass  of  shell. 
„  M  «  Mass  of  sphere. 


Then,  to  :  M  =  vol.  of  shell  :  vol.  of  sphere, 

4 
3 


4 
i.e.y  to  :  M  =  4irx2h  :  «  a"  r8, 


m  =  -p-  x2  A, 

3  M 

And,  Io  =  2  to  x*  =  —3-  2  x4  h. 


Beginning  at  the  centre  of  the  sphere  and  putting  successively! 
x0  =  0,  xx  =  h,  x2  =  2  h,  .  .  .  Xn  =  n  h,  we  get : — 

2a;* h  =  (1*  +  2*  +  3*  +  .  .  .  w4)#, 

-3-30}*' 


fw6 

2 

I  0 

1 
2w 

ns       30  nr  ) 


"      "  (  5       2  n       3  n2       30 

When  n  is  infinitely  great,  the  quantity  inside  the  brackets 

reduces  to  \,  and 

n5  fas  ^  r5t 
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,\  From  equation  (I)  I  =  £  I0  =  £  M  r8. 


Hence,  k 2 


2 


[The  same  result  can  be  easily  arrived  at  by  aid  of  the 
Calculus.     With  the  usual  notation,  we  get : — 

3M     2,7 

to  =  — y-  x*  a  x, 

T        _.      9       3Mr   ,  ,         3M       r5       31vyr   2 
Io-2to^  =  -jj-^  a4***  =  -^-  x  -  =  §Mr«, 

I  =  JT0»|Mr2.] 

If  the  sphere  be  hollow,  the  inside  radius  being  r,  and  the 
outside  radius  R,  it  can  easily  be  proved  that : — 

I  »  ju* C. 

The  term  "  moment  of  inertia  n  has  been  defined  above  with 
respect  to  a  solid  body  only,  but  it  is  easy  to  see  that  by  a  slight 
alteration  in  the  wording  of  the  definition  it  may  be  made  to 
apply  equally  to  an  area  or  a  section  of  a  solid.  Accordingly, 
we  find  the  terms  "moment  of  inertia"  and  "  radius  of  gyration" 
applied  to  areas  as  well  as  to  solids.  Thus,  we  speak  about 
the  moment  of  inertia  and  radius  of  gyration  of  a  circle  about 
a  diameter,  a  triangle  about  its  base,  and  so  on. 

We  may  here  remark  that  the  moment  of  inertia  of  a  solid, 
Or  section  of  a  solid,  about  a  given  axis,  is  always  proportional 
to  the  mass  of  the  solid,  or  to  the  area  of  the  section  as  the 
case  may  be. 

The  following  rule  has  been  stated  by  Routh  and  will  be 
found  useful  for  finding  the  moments  of  inertia  about  an  axis 
of  symmetry : — 

Moment  of  Inertia  =  Mass  x  (sum  of  the  squares  of  the  per- 
pendicular serai-axes)  -4-  (3,  4,  or  5,  according  as  the  body  is 
rectangular,  elliptical^  or  ellipsoidal). 

For  the  sake  of  reference,  we  here  give  tables  of  the  squares 
of  the  radii  of  gyration  for  some  of  the  more  important  cases 
of  both  solids  and  sections. 

In  every  case  the  axis  is  taken  as  passing  through  the  centre 
of  mass  of  the  solid  or  centre  of  area  of  the  section,  so  that  if 
the  moment  of  inertia  or  radius  of  gyration  be  required  about 
any  other  axis,  this  can  easily  be  computed  from  the  results 
given  in  Propositions  I.,  II.,  and  IIL 
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TABLE  I. — Squares  of  Radii  of  Gyration  of 

Solids. 

t 

Square  of  Radius 

1 

Name  of  Solid,  and  Dimensions. 

Position  of  Axis 
through  eg. 

of  Gyration. 

I. 

Circular  hoop  of  thin  wire 

Perp.    to   plane   of 
circle 

r3 

— Radius,  r 

;     IL 

Circular  hoop  of  thin  wire 
— Radius,  r 

About  a  diameter 

4r» 

in. 

Uniform     circular     rod  — 
Length,  I;  radius,  r 

Perp.  to  length 

hl'  +  i* 

IV. 

Solid   circular   cylinder  — 

About  its  own  axis 

4r> 

■ 

Radius,  r 

v. 

Hollow  circular  cylinder  or 

About  its  own  axis 

\  (R»  +  r») 

ring — Radii,  R,  r 

VI. 

Thin    cylindrical    shell  — 
Radius,  r 

About  its  own  axis 

r» 

VII. 

Solid  sphere—Radius,  r 

About  a  diameter 

fr» 

VIII. 

Hollow  sphere — Radii,  R,  r 

About  a  diameter 

R»-r» 
*  R»  -  r» 

IX. 

Thin     spherical      shell  — 

About  a  diameter 

lr» 

1 

Radius,  r 

X. 



Solid  cone — Radius  of  base,  r 

About  its  own  axis 

A^ 

TABLE  II. — Squares  of  Radii  of  Gyration  of  Lamina  an© 

Surfaces  or  Sections. 


1 

Form  of  Lamina,  Surface,  or 
Section. 

Position  of  Axis 
through  eg. 

Square  of  Radius 
of  Gyration. 

K       A 

I. 
11. 

III. 

IV. 

<      V. 

VI. 
VIL 

VIII. 

IX. 
X. 

XI. 

Rectangle — Sides,  a,  b 
Rectangle — Sides,  a,  b 

Hollow    rectangle  —  Sides, 

A,  B,  and  a,  b 
Triangle  —  Altitude,      a; 

base,  b 
Circular*  section — Radius,  r 

Circular  section — Radius,  r 
Hollow   circular   section — 

Radii,  R,  r 
Hollow   circular    section — 

Radii,  R,  r 
Elliptical  section — Axes,  a,  b 
Elliptical  section — Axes,  a,  6 

Hollow  elliptical  section — 
Axes,  A,  B,  and  a,  b 

Parallel  to  side,  b 
Perp.    to    plane    of 
figure 

Parallel  to  sides,  B,  b 
Parallel  to  base,  b 

Perp.    to    plane    of 

figure 
About  a  diameter 
Perp.    to    plane    of 

figure 
About  a  diameter 

About  axis,  b 
Perp.    to    plane    of 
figure 

About  axis,  B,  b 

i 

a«2  y    . 

A  (a*  +  °2) 

,  A»B  -  a*b 

"AB  -  ab 

A»2 

i  (R2  +  r2) 
i  (R2  +  r2) 

A  (a2  +  ?»2) 

t  A8B  -  a*b 
**AB  -  ab 
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Equation  of  Energy  for  a  Rotating  Body.— We  shall  now 
determine  the  energy  possessed  by  a  rotating  body. 

Let  W  =  Weight  of  body,  and  M  its  mass. 
w  •  to  =  Weight  of  any  particle  at  a  distance,  r,  from  the 

axis  of  rotation,  and  m  its  mass. 
„      co  =  Angular  velocity  of  body  about  given  axis. 
„       v  =  Linear  velocity  of  the  particle  =  w  r. 
„      k  =  Radius  of  gyration  about  the  given  axis. 

tO  V2         tO  6$  V^ 

Then,  the  kinetic  energy  of  the  particle  =  -  ■  -  =  — 

Repeating  this  process  for  every  particle  composing  the  bodyr 
and  adding  the  results  together,  we  get : — 

The  kinetic  energy  of  1  wofir&       w2  «2 

the  whole  body,  EK  /  =  ^~2j~  =  Tgw*  "  y2mr2» 

since  w  —  mg,  and  w  is  the  same  for  every  particle. 

Wk2 
But,  2  to  r2  =  I  =  MA£  =» ,  about  the  given  axis, 

if 

J^^^EK  =  JI^  =  ^*2    ....    (IX)* 

Thus,  the  equation  for  the  energy  of  a  body  rotating  about  a. 
fixed  axis  is  similar  in  form  to  that  for  a  body  moving  without 
rotation. 

Engineers  usually  measure  the  angular  velocity  of  a  rotating 
body  by  the  number  of  revolutions  made  in  unit  time. 
°  Then,  if  n  be  the  number  of  revolutions  per  unit  time, 

u  =  2  irn 

_         Wx4**n2#       2**/)2W*2 

EK ^— g —     •     '     (X> 

We  may  also  show,  as  in  the  previous  Lecture,  that,  if  the 
angular  velocity  changes  from  «x  to  «2,  or  from  n^  to  n^ 
revolutions  per  second,  then : — 

*  If  W  be  expressed  in  absolute  units  or  poundals,  the  kinetic  energy- 
will  also  be  given  in  absolute  units  or  foot-poundals ;  but  if  W  be  in 
pounds  weight  or  in  gravitation  units,  then  the  kinetic  energy  will  b» 
in  foot-pounds. 

The  student  should  note  that  the  pound  is  the  absolute  unit  of  mass, 
and,  therefore,  those  of  the  above  equations  which  contain  M  instead  of 

W 

—  always  give  the  kinetic  energy  in  absolute  units  or  foot-poundals. 
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The  change  of  kinetic  \  _  W  («j  -  u\)h2 
energy  J  Jo 

Or,  „  „  = 1 *— 

Again,  if  the  centre  of  gravity  of  the  body  be  moving  with  a 
linear  velocity,  vy  and  if  at  the  same  time  the  body  be  rotating 
about  an  axis  through  its  centre  of  gravity  with  an  angular 
velocity,  «,  then  the  total  kinetic  energy  possessed  by  the  body 

Or,  if  the  linear  velocity  changes  from  vl  to  t?2,  while  the  angular 
velocity  changes  from  w1  to  u^  then  the  total  change  in  the 
kinetic  energy  of  the  body  during  that  period  is  : — 


W(i£-i#    W(«*-«J)/r*     w 


2      _.2\   .    ,2 


W^+        2g        °^{(^"')  +  K-^)A'}.    (XIII) 

Example  IY. — Sketch  and  describe  the  action  of  a  fly-press 
as  used  for  punching  holes  in  metal  plates.  The  balls  weigh 
60  lbs.  each,  and  are  fixed  at  a  radius  of  30  inches  from  the 
axis  of  the  screw.  The  screw  is  double  threaded,  and  of  1  inch 
pitch.  Eind  what  diameter  of  hole  can  be  punched  in  a  wrought 
iron  plate  f-  inch  thick,  if  the  strength  of  the  plate  in  shear  be 
taken  at  22  tons  per  square  inch,  the  resistance  to  shearing 
be  overcome  in  the  first  ^  inch,  and  if  the  balls  at  the  instant 
when  the  punch  touches  the  plate  are  moving  at  the  rate  of 
•60  revolutions  per  minute. 

Answer. — For  a  sketch  and  description  of  a  fly-press,  the 
student  may  refer  to  Lecture  XXL,  of  the  Author's  Elementary 
Manual  on  Applied  Mechanics. 

Let  W  =  Weight  of  each  ball  =  60  lbs. 

k  =  Radius  of  gyration  of  the  system  =  2£  feet. 
n  =  Number  of  revolutions  per  second  =  1. 
„     R  =  Resistance,  in  lbs.,  offered   by  the   metal  to   the 
punch. 
8  —  Distance  through  which  R  is  overcome  =  ^  inch 

=  12  x  16  feet* 
t  ~  Thickness  of  plate  punched  =  $  inch. 
d  =  Diameter,  in  inches,  of  the  hole. 
/=  Resistance  of  metal  to  shearing  =  22  x  2240  lbs. 

per  square  inch. 


99 
99 


n 


19 
99 
19 
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„.,  A         t         ,       f  Area  of  cylindrical  surface  of 

Then,  Area  sheared  =  j      hoi/=%dL 

.\     Jfean  resistance  offered)    _  x>  _  -j*  f 
to  shearing  )    ""       ~~  ^ ' 

JPorA;  c?an«  apawwtf'R  =  R  x  *  =  irdtf  x  0. 

f  Energy  of  moving  balls  at  the 
But,      JForA  dons  against  R  =  <      instant  when  punch  strikes 

[      metal 

_  2  \W  _  W  x  4*r2n8&2 

~"     *9      "  £ 

...               W  x  4<r2/?2£2 
flrrff/  x  5  -  - 

This  is  the  general  equation  connecting  together  the  given 
and  the  required  quantities.  By  substituting  the  given  data, 
and  cancelling  *-  from  both  sides  of  the  equation,  we  get : — 

90 
60  x  4  x  ~-  x  1  x  1  x  2}  x  2£ 


<*xfx22x2240x  12— w-  32 

d  =  1*53  inch. 

Example  V. — A  flywheel  weighing  4  tons  is  keyed  to  a  shaft 
of  9  inches  diameter  at  the  journals.  The  radius  of  gyration  of 
the  wheel  is  5J  feet.  At  a  given  instant  the  wheel  is  found  to 
be  making  80  revolutions  per  minute,  and  is  not  acted  on  by  any 
other  retarding  forces  than  the  friction  at  its  journals.     Find 

(1)  the  reduction  in  speed  after  the  wheel  has  made  100  turns. 

(2)  The  number  of  turns  it  will  make  before  it  stops  if  the 
coeff.  of  friction  between  the  journals  and  their  bearings  =  0*07. 

Answer. — (1 )  To  find  the  reduction  in  speed  after  the  wheel 
has  made  100  turns,  we  must  equate  the  work  done  against 
friction  in  100  turns  to  the  change  of  kinetic  energy  of  the 
wheel  during  that  time. 

Let    W  =  Weight  of  wheel  =  4  tons  =  4  x  2,240  lbs. 
„        k  =  Radius  of  gyration  of  wheel  =  5 \  ft. 
„  nvno  =  Initial  and  final  revolutions  per  second. 
„        a  —  Diameter  of  journals  =  \  ft. 
„        fi  =  Coefficient  of  friction  =  0*07. 

Using  equation  (XI),  we  have  : — 

2  «*  {n\  -  nh  W  F 
Change  of  EK  of  wheel  =  - — . 
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And,  from  equation  (II&),  Lecture  VIL,  Vol.  I. : — 
Work  lost  in  friction  in  one  turn  of  journals  =  rr//iR. 

Where  R  is  the  resultant  pressure   on   the  bearings,  and 
therefore  =  W  in  this  case. 


•\   Work  done  against  fnc~  }       1AA      >     w 
tton  in  100  turns       J 

2  **  (w*  -  n22)  W  k* 


lQOvdfiW. 


2        2  _  lOOdyg 
ni~n*-     2*k*   ' 


Hence,  n2  =  ni ^jyT" 

_  /80\2     50  x  -75  x  -07  x  32 
N     '  y-  x  5-25  x  5-25 

„    =  1-78  -  -97  =  -81. 

Or,  w2  —  v*8l  =  "^  rev.    per    sec,  or 

54  revs,  per  min. 

Redaction  in  speed  =  r^  -  n2  =  80  -  54  =26  revs. 

per  min. 

(2)  Let  n  -  number  of  turns  made  before  stopping. 

Then,  in  this  case,  the  whole  energy  of  the  wheel  when 
making  80  turns  per  minute  is  absorbed  in  friction  at  the 
journals. 

2  at2  n\  W  k* 
#.#  —  nvdfiW. 

9 

0     22     80     80     KCiK      KOK 
2*n\V       2  xyx~x^x  5-25x5-25 

n  « 


A*c^  -07  x  -75  x  32 

/?  =  183J  turns. 

Example  VI. — A  right  cylinder  of  radius  r,  rolls,  without 
slipping,  down  an  inclined  plane  of  height  h.  Find  its  velocity 
at  the  foot  of  the  plane,  and  compare  this  with  that  which  it 


>>  » 
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would  have  bad  by  merely  sliding.    Neglect  frictional  resistances 
in  both  cases. 

Answer. — Let  v  =  Velocity  of  eg.  of  cylinder  at  foot  of  plane. 
„    u  =  Angular  velocity 
M  W  «s  Weight  of  cylinder. 
„    k  =  Radius  of  gyration   about  its  own  axis 

_     r 

=  72' 

Then,     Total  kinetic  energy  \  _  f  Energy  of  Translation 
at  foot  of  plane    J  ~   (     +  Energy  of  Rotation. 

But,       Total  energy  at  foot  1       w  a 
of  plane  f  = 


And, 


•  • 


jznerg 

y  oj  ±ramx 

taiton  — 

2<7* 

Energy  of  Rotation  =* 

2? 

WA  = 

W  t?2       W  w2  h2 

2g    +       2g    ' 

• 
•    • 

u  = 

-,  and  k 
r 

r 

=  71- 

• 

2gh  = 

2         •* 

• 
•    • 

2gh  =  v2  4-  «2^# 

2 


But,  w  =  -,  and  h  =  —7^.      .'.  u2  k2  =  -~. 


.-V 


igh 


Had  the  cylinder  been  allowed  to  slide  down  the  plane  without 
rolling,  the  velocity  at  foot  of  plane  would  have  been : — 

v  =  s/2  g  h. 

.-.  Vel.  with  rolling  :  Vel.  \        ligl*       ,^—n        /a      /» 
without  rolling  J  =  V  ~3~~  :  v  2 g  h  =  V*  :  V3. 

..  Of  course,  the  kinetic  energy  of  the  body  in  both  cases  is  the 
same,  but  in  the  second  case  the  whole  energy  is  translational, 
hence  the  reason  for  the  greater  speed  in  this  case. 

Example  VII. — A  weight,  Q,  draws  up  another  weight,  W, 
by  means  of  an  ordinary  wheel  and  axle.  The  force  ratio 
(Q  :  W)  is  1  to  6,  and  the  velocity  ratio  (vel.  of  Q  :  vel.  of  W) 
is  8  to  1.     The  diameter  of  the  axle  is  6  inches,  and  the  radius 
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of  gyration  of  the  wheel  and  its  axle  may  be  taken  at  10  inches. 
Net>lecting  frictional  resistances  and  the  inertia  of  the  ropes, 
determine  the  revolutions  per  minute  of  the  machine  after  10 
turns  have  been  made  from  a  state  of  rest.  Take  the  weight 
of  the  wheel  and  its  axle  =  2  W. 

Answer. — We  shall  first  answer  this  question  in  a  general 
way. 

Let  Wj  "  Weight  of  wheel  and  axle. 

V  =  Velocity  of  effort,  Q,  in  ft.  per  sec.,  after  N  turns. 
v  —  Velocity  of  weight,  W,  „  „ 

R  =  Eadius  of  wheel  in  feet. 
r  =  Eadius  of  axle        „ 

k  =  Radius  of  gyration  of  wheel  and  axle  in  feet. 
n  =  Revolutions  per  Bee.  of  machine,  after  N  turns. 

Then,  by  the  Principle  of  Energy,  we  get : — 

Energy  exerted  =  Work  done  +  Change  of  kinetic  energy. 

BUt>      El^e%d  \  =  Q  *  Distance  fallen  in  N  turns  of  machine. 

„  »Qx2fBN. 

**  -nr    i  j  f  W  x  Distance  raised  in  N   turns   of 

Workdone-^      mflcfa  =  Wx2,rN. 

Change  of  kinetic  \  _  j  Translational  energy  o/Q  and  W  +  Rota- 
ener9V  )  ~  \      tional  energy  of  wheel  and  axle. 

_  4*2n2Q  x  R2     ±*WW  x  r*     4flrzyi2W1  x  jfc* 
2g         *         2g         +  2g 


_  2*&n2 


JQR2  + W^  + W^j 


Hence,    Q  x  2*RN  =  W  x  2«rr  N  +  ^p  {  QR2  +  Wr2  +  W^2  } 

Or,   (QR-Wr)N  =  ^-2{QR2  +  Wr2  +  WXA2| 

This  is  the  general  expression  from  which  n  can  be  found 
when  the  other  quantities  are  given. 

From  the  question,  we  get :— W  =  6Q;W1  =  2W  =  12Q; 

N  =  10  ;  V  =  8  v  ;  r  =  3  inches  -  \  loot ;    R  -  —  r  -  8  x  \ 
-  2  feet ;  A;  =  ££  -  £  foot. 
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Hence,  ^"jj^  1  =  Q  x  2«rRN  =  Q  x  2*  x  2  x  10  =  40*Q /*.-/&*. 
Work  done  =  W  x  2<rrN  =  6Q  x  2t  x  J  x  10  =  30-jtQ     „ 

=  ¥{Qx22  +  6Qx(*>2+12Qx(*)2}» 
•jt8  ■<*       305 

9       10  x  16  x  24       , 
305  x      - 


n  =  2  revolutions  per  second,  or  120  per  min. 

Determination  of  the  Energy  of  Flywheels.— Before  the  energy 
of  a  rotating  body  can  be  calculated  at  any  given  speed,  it 
is  necessary  to  know  the  radius  of  gyration  of  that  body  about 
the  given  axis  of  rotation.  We  have  already  shown  how  this 
quantity  can  be  calculated  in  certain  bodies  which  are  of  regular 
geometrical  form;  but  many  cases  occur  in  the  rotating  parts 
of  machines  where  the  above  methods  of  calculation  would  be 
most  difficult,  if  not  altogether  impossible.  Such  is  the  case 
with  most  flywheels.  The  flywheel  is  a  most  important  part 
of  an  engine,  since  it  is  a  regulator  of  the  speed.  Owing  to  the 
great  mass  of  its  rim  it  naturally  possesses  great  inertia,  and  is, 
therefore,  capable  of  storing  up  a  considerable  amount  of  the 
energy  developed  in  the  cylinder,  and  of  again  imparting  this 
stored  energy  to  the  moving  parts  during  those  portions  of  a 
revolution  when  the  work  done  in  the  cylinder  is  less  than  the 
work  being  done  outside.  It  is  important  to  know  the  radius 
of  gyration  of  the  wheel,  so  that  calculations  relating  to  the 
storage  and  output  of  its  energy  can  be  effected.  This  radius 
of  the  wheel  may  be  determined  either  approximately  by 
calculation,  or  accurately  by  experimenting  on  the  wheel  itself, 
or  with  another  similarly  shaped  wheel.  We  shall  deal  with 
these  cases  in  turn. 

(1)  By  Approximate  Calculation. — Most  flywheels  consist  of 
a  heavy  rim  with  comparatively  light  arms  and  nave;  hence. 
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in  calculations  relating  to  the  radii  of  gyration  of  such  wheels, 
we  may  neglect  the  effects  of  the  arms  and  nave,  and  consider 
only  that  of  the  heavy  rim.  Usually  the  rim  is  of  a  rectangular 
cross  section. 

Let  R,  r  =  Outside  and  inside  radii  of  rim. 

Then,  from  Table  I.,  case  V.,  of  this  Lecture,  we  get : — 

Substituting  this  in  the  equation  for  the  kinetic  energy  of  the 
wheel,  we  may  obtain  an  approximate  result. 

Many  engineers,  however,  further  simplify  their  formula  by 
taking  for  the  radius  of  gyration  the  mean  radius  of  the  rim, 
and  consider  this  quite  near  enough  for  most  purposes.    Thus : — 

The  difference  in  the  kinetic  energy,  as  calculated  from  those 
two  assumptions,  may  be  shown  as  follows  : — 

Let  W  —  Total  weight  of  wheel. 

^       co  =  Angular  velocity  of  wheel 

i 

Then,  according  to  the  first  assumption  : — 

m    7.    ,.  W«2*2      W«2      R2  +  r2 

The  kinetic  energy  =  — ~ =  -5 —  x  — ^ . 

&g  zg  A 

And,  according  to  the  second  assumption  : — 

m,     1  .       •                       w"2       (R  +  r)2 
The  kinetic  energy  =  — - —  x  — - . 

Hence,  the  difference  =  — —  -J ~ —  -   — j — —  f 

_  W_«2       (R  -  r)2 

99  "  ~     2g    *         4       " 

That  is,  the  kinetic  energy  in  the  first  case  is  greater  than 

W  w2       (R  -  r)2 

that  in  the  second  case  by  -jr —  x  ^ — '-.     This  difference, 

2$r  4 

however,  becomes  less  as  R  —  r  diminishes — that  is,  as  r  ap- 
proaches R.  On  the  other  hand,  it  gets  greater  the  thicker 
the  rim.  The  radius  of  gyration  in  the  first  case  —  viz., 
ifc2  =  \  (R2  +  r2),  is  too  great ;   because  the  effect  ot  the  arms 
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and  nave  is  to  reduce  that  radius,  whereas  the  other  result, 
Jc  =  $  (R  +  r)>  may  be  too  small.  It  sometimes  happens  that 
a  closer  approximation  may  be  obtained  by  taking  the  arith- 
metical mean  of  the  above  results,  thus : — 

The  kinetic  energy  )  _  W  «g  c  R2  +  ^       (R  +  rf  \ 

of  the  wheel         J  ~    2^     *  *    (        2  4       j 


»  » 


W»9      {3  (R  +  r)2  -  4  R /•} 
_x_ _ ., 


(XIV) 


(2)  By  Experiment  on  the  Wheel. — When  accurate  results  are 
required,  we  may  determine  the  radius  of  gyration  of  the  wheel 
■experimentally  as  follows : — 

Disconnect  the  flywheel  and  its  shaft  from  all  other  moving 
pieces,  and  see  that  the  shaft  runs  smoothly  in  its  bearings. 
Fit  a  flat  pulley  on  the  shaft  and  wind  a  few  turns  of  flexible 
rope  in  a  single  layer  round  the  same.*  To  the  free  end  of  this 
rope  attach  a  weight  sufficiently  heavy  to  cause  the  flywheel  to 
rotate  at  a  uniform  speed  when  started  by  the  hand.  This 
weight  should  just  supply  the  energy  absorbed  by  the  friction  of 
the  shaft  in  its  bearings  and  the  bending  of  the  rope.  Now 
rewind  the  rope  on  the  pulley  and  add  another  weight  to  its 
free  end,  so  that  the  wheel  will  now  start  rotating  when  the 
weights  are  allowed  to  fall.  Note  the  time  taken  by  the  weights 
in  falling  a  known  distance.  The  height  through  which  the 
weights  fall,  and  the  diameter  of  the  pulley  being  known,  it  is 
•easy  to  calculate  both  the  speed  of  the  wheel  and  the  falling 
weights,  and  hence  their  kinetic  energies  at  the  instant  when 
the  latter  reach  the  ground. 

Another  method  of  allowing  for  the  friction  of  the  bearings, 
Ac,  is  to  use  only  one  weight.  Note  the  exact  number  of  turns 
which  the  wheel  makes  (after  the  weight  has  ceased  to  act) 
until  it  comes  to  rest.  Then  neglecting  the  atmospheric  resist- 
ance (which  will  be  very  small  in  an  experiment  of  this  kind) 
the  work  absorbed  at  the  bearings  will  be  equal  to  the  kinetic 
energy  of  the  wheel  at  the  instant  when  the  weight  ceases 
to  act. 

These  methods  will  be  better  understood  when  stated 
thus : — 

*If  the  flywheel  shaft  be  of  sufficient  diameter,  this  pulley  may  be 
•dispensed  with,  and  the  rope  need  then  be  simply  wound  round  the  shaft. 
If  a  convenient  direct  drop  for  the  weights  cannot  be  arranged  for,  then 
the  rope  may  pass  round  a  guide  pulley  fixed  to  the  roof,  but  in  this  case 
the  kinetic  energy  of  this  pulley  must  be  allowed  for. 


ENERGY   OF   FLYWHEELS.  7  * 

Let  W  =  Weight  of  flywheel  in  lbs. 
99    w  =s  Weight  producing  motion  of  wheel 
„    w,  =  Weight  required  to  balance  friction. 
„      k  =  Radius  of  gyration  of  flywheel  in  feet 
„      A  =  Height  through  which  to  and  wx  fall  in  feeL 
„    D  =  Diameter  of  pulley  keyed  to  shaft  inftet. 
„     d  =  Diameter  of  rope  in  feet. 
„      t  =  Time  taken  by  weight,  t#,  in  falling  to  the  ground 

in  seconds. 
„     n  —  Number  of  revolutions  jdct  second  which  wheel  is 

making  at  instant  when  10  reaches  the  ground. 
M  t?  =  Velocity  with  which  w  and  10,  strike  the  ground. 
„    N  =  Number  of  revolutions  made  by  wheel  after  w  ceases 

to  act. 

Firstly.  —  When  tv1  is  employed  to  balance  the  frictional 
resistances.  All  the  energy  exerted  by  w  is  employed  in  giving, 
kinetic  energy  to  the  wheel. 

But,  Energy  exerted  =  wh. 

And,*       Change   \        (  Kinetic   j        (  Kinetic  energy  of  to  and 
of  kinetic  >  =  <  energy  of  r  +  \      w\  when  they  reach 
energy    )        (     wheel     )        (      the  ground 

W  x  4  *jfi  n2  k2       (w  +  wx)  v2 

*9  +  %9 

W  x  4«*n2A*      (w  +  10,)  r2 
wh  = ^ +  v ^—   .    .     (1) 

The  revolutions,  n,  and  the  linear  velocity,  v,  of  the  falling 
body  at  the  instant  when  the  latter  reaches  the  ground  can  be 
determined  as  follows,  when  t,  D,  and  d  are  known  : — 

Number  of  revols.  made  by  \               h 
wheel  during  action  of  w    X  =  WD  +  d) *  ' 

.'.     Average  number  of\h 

revols.  per  second  j  =  t(D  4-  d)t 

n  =  Twice  the  average, 

-          2h 
"  ~«r(D  +  c/)< (  ' 

Similarly  i?  =  Twice  average   linear  velocity  of 

u 

2h 


w  and  wv 


•  -  x <4> 
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.\     From  equation  (1)  we  get : — 

W  x  4cr»  x  4A2  x  k*     (w  +  w^  x  4A2 
w  A  ""    2g  x  **(D  +  «*)*£  +        "27x  *2 

g(D ■+  rf)2f2  -  w  -  ^  ...     ^v; 

Secondly. —  Wlwn  the  number  of  turns  made  by  wheel  after  w 
ceases  to  act  is  known, 

Energy  exerted  =  w  h. 

Work  done  on  friction  dur-  \  I  Kinetic  energy  of  wheel  at 
ing  last  N  revolutions  qf\~<  instant  when  w  ceases  to 
wJieel  I        I      act 


W  x  4  4r2n2Jfcg 
*  2~g  # 

But,  by  equation  (2),  the  wheel  makes  — j^. ^  revolutions 

during  the  action  of  w. 

h 

*'.   Work  done  on  friction  }  _  W  x  4  t2  n2  k2      t(D  +  d) 
during  action  of  w      f  2g  N 

From  equation  (3),  we  get : — 

2  A 


n  = 


t(D  +  d)( 


4^2 
W  x  4  *2  x  -^rrry  +  ^\2  A  *  &  l 

Work  done  = ^ * 


2g  <r(D  +  d)N 

8Wh*k2 


g<r(T)  +  tf)8*2N' 
Change  of  \_  W  x  4cr2n2&2      wv* 


}- 


kinetic  energy  J  2  </  2  ^ 


"  <y(D  +  d)2<2        #<2  ' 

8WA8^  8WA^         2wh* 

Hence,  ™*  ~  ^(D  +  d)3t2N  %(D  +  <^2*2  +    £*2' 

8WAA2     f  A  .)  f  2A| 


ENERGY   OF  FLYWHEELS. 


79 


Equations  (XV)  and  (XVI)  enable  us  to  find  the  radius  of 
gyration,  k,  when  the  data  are  furnished  by  experiment. 

If  the  wheel  whose  radius  of  gyration  has  to  be  found  cannot 
be  conveniently  experimented  on,  then  the  radius  of  gyration 
of  another  similar  wheel  may  be  determined,  and  that  for  the 
first  wheel  calculated  therefrom.  It  is  easy  to  show  generally 
th»t  the  moments  of  inertia  of  two  similar  bodies  rotating  about 
similarly  placed  axes  are  as  the  fifth  powers  of  their  like  linear 
dimensions. 


Moments  of  Inertia  of  Similar  Bodies. 

Let  A  B,  and  a  b9  be  any  two  similar  bodies  whose  axes  O, 
and  o,  are  similarly  situated.  Let  the  linear  dimensions  of  the 
larger  body  be  n  times  those  of  the  smaller.  Taking  similar 
parts  at  P,  and  p,  so  that  P  is  n  times  as  large  as  p  in  each 
direction,  it  is  evident  that  their  masses  will  be  in  the  propor- 
tion of  n8  :  1. 


=  n8m 


i.e.,  Mass  of  element  at  P  :  Mass  of  corresponding  element  at  p 
m.     Also,  if  op  =  x,  then  OP  =  na;. 

-\    Mom.  of  inertia  of  A  B  about  O  =  2  n3  m  x  (n  x)2  =  n6  2  m  x2, 

and,  Mom  of  inertia  of  ab  about  O  =  2  m  as2. 

Mom.  of  inertia  of  A  B  : 
Mom.  of  inertia  of 


ab)    =n5: 


1. 


(XVII) 


Thus,  if  two  flywheels  are  made  from  the  same  drawing,  but 
the  scale  in  the  one  case  be  4  inches  to  the  foot,  and  in  the  other 
1|  inches  to  the  foot,  then  their  like  linear  dimensions  will  be 
inversely  as  the  scales  to  which  they  are  drawn,  that  is  :— 

Size  offwst  wheel  :  Size  of  second  wheel  —  1£  :  4  =  3  :  8. 

.*.  Mom.  of  inertia  of  first  wheel  :  Mom.  of  inertia  of  second 
wheel  =  35  :  85  =  243  :  32768  =  1  :  134-8  nearly. 
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Centripetal  and  Centrifugal  Force. — If  a  body  is  observed  to 
be  moving  in  a  curvilinear  path,  either  with  uniform  or  variable 
speed,  we  at  once  infer  that  it  is  being  continually  acted  upon 
by  some  deviating  force  directed  towards  the  inside  of  the  curve. 
In  the  case  of  a  body  moving  in  a  circular  path,  that  deviating 
force  must  be  directed  towards  the  centre  of  the  circle.  Hence, 
a  body  may  be  made  to  move  in  a  circular  path  either  by  having 
it  attached  to  a  fixed  point  (the  centre)  by  an  inextensible 
string,  or  by  compelling  it  to  move  in  a  circular  groove.  The 
necessary  deviating  force  is  supplied  in  the  first  case  by  the 
string  attached  to  the  body,  while  iu  the  second  case  it  is 
supplied  by  the  sides  of  the  groove.  In  either  case  this 
centrally-directed  force  is  called  the  Centripetal  Force,  while 
its  reaction  is  called  the  Centrifugal  Force.  These  terms  may 
be  defined  as  follows  : — 

Definition. — Centripetal  Force  is  that  force  whioh  a  guiding 
body  exerts  on  a  revolving  body  in  order  to  compel  the  revolving 
body  to  move  in  its  curvilinear  path,  and  is  always  directed 
towards  a  fixed  centre. 

Definition. — Centrifugal  Force  is  the  force  with  which  a 
revolving  body  reacts  on  the  body  that  constrains  it  to  move  in 
a  curved  path,  and  is  equal  and  opposite  in  direction  to  the 
force  with  which  the  constraining  body  acts  on  the  revolving 
body. 

i.e.,  Centripetal  Force  =  Centrifugal  Force. 

We  stated  in  Lecture  XX.  that  when  t^e  velocity  of  a  body 
changes,  whether  in  magnitude  or  in  direction,  the  velocity  i& 
said  to  be  accelerated,  and  we  have  there  shown  how  to  measure 
this  acceleration  in  the  case  of  a  particle  moving  with  uniform 
speed  in  a  circle.  Thus,  the  radial  or  centripetal  acceleration  ia 
there  shown  to  be  : — 

<<? 

a  =  — • 
r 

Where,     v  =  Linear  velocity  of  the  particle  in  the  circle, 

and,  r  =  Radius  of  the  circle. 

But  an  acceleration  of  a  body  can  only  be  produced  by  the 
action  of  some  force  on  it,  and  in  the  last  Lecture  we  have 
shown  how  this  force  is  measured  when  the  weight  ot  the  body 
and  the  acceleration  are  known.     Hence :— 

F-2o, 


CKWTRTFUGAL   FORCE. 
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Let  w  =  Weight  of  particle  moving  uniformly  in  a  circle. 
v  =  Linear  velocity  of  particle  in  circle. 
r  =  Radius  of  circle. 
F  .=  Centripetal  or  centrifugal  force. 

a  =*  Centripetal  acceleration  =  — . 

v 


» 


a 


>j 


» 


Then, 


F  -  2!  a  =  ^ 
9  gr 


(XVIII) 


We  may,  however,  establish  the  same  result  in  a  different 
manner  as  follows  : — 

Let  P  be  the  position  of  the  particle  at  any  instant,  and  Q 
its  position  after  a  small  interval  of  time,  L     If  no  force  acted 
on  the   body  during  that  small  in- 
terval of  time,  it  would  move  along  P  T 
the  tangent  P  T,  and  at  the  end  of 
the  interval    be    found   at  T,   such 
that : — 

PT  =  H 

But  Q  is  its  actual  position ;  there- 
fore T  Q  represents  the  deviation  due 
to  the  centripetal  force  during  that 
interval  of  time.     Join  Q  A. 

Then,        TQ  =  $a£  A 

Centripetal  Forgo. 

But,  since  PT  and  QT  are  very 
small,  T  Q  A  will  be  very  nearly  a  straight  line. 

PT*  =  TAxTQ         [Euc.  III.,  35] 
„     =  (Q  A  +  T  Q)  x  T  Q 


9J 


=  QAxTQ  +  TQ*. 


In  the   limit,  when  t  is  infinitely  small  and,  therefore,    Q 
infinitely  near  to  P,  we  may  neglect  T  Q2,  and  put  Q  A  -  P  A 

«*  &  =  2  r  x  $  a  fl, 

a  =y 

This  is  the  same  result  as  obtained  by  means  of  the  Hodograph 
in  Lecture  XX. 

6 
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Centrifagal  force  =  —  a  = • 

Let  u  =  Angular  velocity  of  radius  0  P. 
Then,  v  =  wr, 

F  =  «L^f  =  «L^.  .    .    .    .    (XIX) 

This  shows  that  the  centrifugal  force  is  proportional  to  the 
square  of  the  angular  velocity  of  the  particle,  and  to  its  distance 
from  the  centre  of  rotation. 

We  may  now  show  that  a  similar  expression  holds  good  for 
the  case  of  an  extended  rigid  body  turning  about  an  axis. 

Taking  any  particle  of  the  body  of  weight  w,  and  at  a  distance 
x  from  the  axis  of  rotation,  we  get : — 


Cent  force  of  the  element  — 


w  uPx 


9 


w* 


Cent,  force  of  whole  body  =  — 2  w  x. 

if 

But,  Hwx  —  Wr. 

Where  W  =  Weight  of  body, 

And        r  =  Distance  of  centre  of  gravity  of  body  from  axis 

of  rotation. 

W  a2  r 
F  =  ^ (XX) 

Hence,  if  the  axis  of  rotation  passes  through  the  centre  of 
gravity  of  the  body,  the  centrifugal  force  is  nil.  If,  however, 
the  body  be  unsymmetrical  about  the  axis  of  rotation,  there  may 
be,  as  explained  in  the  next  Lecture,  a  centrifugal  couple  tending 
to  twist  the  axis  of  rotation  and  make  the  body  rotate  about 
some  other  axis. 

Example  VIII.— A  railway  carriage  weighing  4  tons  is  moving 
at  the  rate  of  60  miles  per  hour  round  a  curve  J  mile  in  radius. 
Find  the  pressure  on  the  rails  due  to  centrifugal  force ;  also, 
how  much  the  outer  rail  should  be  higher  than  the  inner  rail  in 
order  that  the  pressure  may  be  equally  distributed  on  both  ? 
The  distance  between  the  rails  is  4  feet  8£  inches. 

Answer.— -Here,  W  =  4  x  2240  lbs.;  r  =  Jx  5280  =  1320 

60  x  5280       UQ  „ 
feet ;  v  =  -gg gg-  =  88  ft.  per  sec. 

.\  Centrifugal )  _  W^_2  _  4  x  2240  x  88  x  88 

force       )        gr    ~  32  x  1320  "  104Z*7 lbs- 
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Hence,  if  both  the  inner  and  the  outer  rails  were  on  a  level, 
the  flanges  of  the  wheels  would  press  on  the  latter  with  a  force 
of  1642*7  lbs.  By  raising  the  outer  line  of  rails  above  the  level 
of  the  inner  one,  the  carriage  may  be  made  to  lie  on  an  incline, 
•and  the  outer  rails  thus  relieved  of  the  centrifugal  pressure. 

Let  h  =  Height  of  the  outer  rail  above  level  of  the  inner  rail. 
„  I  =  Distance  between  the  rails  =  4  fb.  8}  ins.  =  56  J  ins. 
„   F  =  Centrifugal  force  on  carriage  —  1642*7  lbs. 

Then,  as  a  question  on  the  Inclined  Plane,  we  get  :— 
F  :  W  =  h  :  I. 

h  -  ^  x  I  -  4  x  ^24Q  x  564  - 10-4  inches  nearly. 

Straining  Actions  due  to  Centrifugal  Forces. — Whenever  a 
body  rotates  about  an  axis,  the  material  of  that  body  becomes 
strained  by  reason  of  the  centrifugal  forces  set  up.  Thus,  in 
the  case  of  a  flywheel  or  pulley,  the  centrifugal  forces  set  up 
may  be  sufficient  to  tear  the  rim  from  the  arms,  the  arms  from 
the  nave,  or  to  burst  the  rim.  In  Lecture  XVIII.,  Vol.  I., 
we  explained  the  effects  of  the  centrifugal  forces  acting  on  a 
belt  when  moving  over  a  pulley  with  a  high  velocity.  We 
there  showed  that  the  tensions  in  the  two  parts  of  the  belt 
were  increased  by  the  centrifugal  action  on  that  part  of  the  belt 
which  is  in  contact  with  the  pulley.  We  shall  now  show  that 
similar  effects  occur  in  a  rapidly-revolving  flywheel  or  pulley. 

Suppose  we  have  a  flywheel  built  up  of  segments,  each 
segment  being  attached  to  an  arm,  while  they  are  also  attached 
to  each  other  by  dowels  and  cotters,  or  bolts,  <fec.  Let  the 
weight  of  each  segment  be  W;  the  distance  of  its  centre  of 
gravity  from  the  axis  of  rotation,  r,  and  the  angular  velocity 
of  the  wheel,  &>.  Then,  neglecting  the  assistance  afforded  by 
the  connection  between  the  various  segments,  it  is  obvious 
that  the  tension  in  the  arm  to  which  the  segment  is  attached 
is: — 

Ww2r 


P  = 


V 


The  arm  must,  therefore,  be  made  strong  enough  to  withstand 
this  stress. 

Again,  in  the  case  of  a  solid  rim,  the  effect  of  the  centrifugal 
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forces  is  to  burst  it  along  a  section  made  by  a  plane  containing- 
the  axis  of  the  shaft.     Let  the  figure  represent  the  rim  of  a  fly- 

wheel.     Then,  in  order  to  cal- 
ty  culate  the  stress  in  its  material 

*  ^     -"* "^  at  any  section,  AB,  made  by 

a  plane  containing  the  axis, 
O,  consider  the  effects  of  a. 
thin  slice  of  the  rim  at  a  b. 


Let  W  = 


» 


>> 


r  = 


x  = 


Stress  in  Rim  of  Fltwhekl  Due 
to  Centrifugal  Force. 


i* 


ta  — 


Total  weight  of 
rim. 

Mean  radius  of 
rim. 

Length  of  small 
arc  a  b  of  meant 
rim. 

Angular  velocity 
of  wheel. 


mean  rxm 


T,  Weight  of  slice  ab  _       Arc  ab  of  met 

9       Weight  of  rim         Circumference  of  mean  rim  ~2ir. 


Weight  of  element  ab  = 


W 

2  irr 


x  x. 


The  centrifugal  force  of  the  element  at  a  b  is : — 

/ 


W          ft|2r                  Wafi 
x  x  x  =  — X' 


2<jrr        g  ^^g 

This  force  acts  through  the  e.g.  of  the  element.  Resolve  f  in* 
directions  parallel  and  perpendicular  to  A  B.  The  latter  com- 
ponent only  is  effective  in  producing  stress  at  the  sections- 
A  and  B. 

/.  Stress  at  sections  A  and  B  due  \        /.  .    A      W  «2  . 

./•  7         „     i    ?■  =  /  sin  0  =  -^ x  x  sin  0. 

to  cent,  force  on  element  ab  J       J  2*g 

Where,  ^  =  ^AO/ 

From  a  and  b  drop  the  perpendiculars  am,  bn  on  A  B,  and 
through  a  draw  a h  perpendicular  to  bn.  Then  ^ abh  =  £ 
and  x sin  d  —  ah  =  mn. 

Stress  at  sections  A  and  B  cfete  \  _  W  a*2 
to  cent,  force  on  element  ab  J        2 fl-p' 

Continuing  this  reasoning  for  all  the  slices  from  A  round  to  B» 
and  adding  the  results,  we  get : — 
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Total  stress  over  1       «r   »  w  *  w  2  - 

sections    at   A  >  =  -^ —  2  m  n  -  -^ —  x  2  r  = . 

andB  J       2c0  2*-^  *£ 

X«et  A  =  Area  of  section  of  rim  at  A,  or  B,  in  square  inches. 
„      p  =  Stress  in  lbs.  per  square  inch  over  section. 
„     w  —  Weight  of  a  cubic  foot  of  material  of  rim. 

«,,                    Total  stress  over  section  at  A  or  B 
Then,     p  =  


* 


-4rea  of  section 
W  &)2  r 


x 


°r'         *  = A =2^A- 

But,     W  =  Area  of  cross  section  of  rim  in  sq.  ft.  x  2irrw. 

W  ■=  r-—  x  2  it  r  w. 
144 

^Substituting  this  in  the  last  equation,  we  get : — 

P  =  THjf (XXI) 

Or,  if  w  =  Revolutions  of  wheel  jper  second, 
d  =  Diameter  of  rim  in  feet, 
v  as  Telocity  of  rim  iw/eetf  j?er  second  —  «r. 

a/  *r2  tf2  /72 
Then,  p  =  — jjj lbs.  per  square  inch. 

MU±  °  \ (XXII) 

Ur'  P  "~  1440  "  "  "J 

From  this  we  see  that  the  stress  per  square  inch  does  not 
♦depend  on  the  cross  area  of  the  rim  nor  the  diameter  of  the 
wheel,  but  only  on  the  density  of  the  material  and  its  speed. 
It  will  also  be  observed  that  the  centrifugal  force  in  the  rim  is 
similar  in  effect  to  a  hydrostatic  pressure  on  the  inside  of  a 
cvlindrical  vessel. 

Example  IX. — A  flywheel,  21  feet  in  diameter,  makes  100 
revolutions  per  minute.  The  weight  of  a  cubic  foot  of  its 
material  is  448  lbs.  Find  the  intensity  of  stress  on  a  transverse 
-section  of  rim,  assuming  that  it  is  unaffected  by  the  arms.  If 
the  safe  stress  permissible  in  the  material  is  6,000  lbs.  per 
.-square  inch,  what  is  the  greatest  speed  at  which  the  wheel  can 
be  run  with  safety  1 
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Answer. — Here,  w  =  448  lbs.  per  cubic  foot;  d  =■  21  feet; 
100       5 


n  = 


=  «r  revolutions  per  second. 


60 
Therefore,  from  equation  (XXII),  we  get : — 

Stress  in  rim = p  =    144 

448x(^)2x212x(2)2 

Or,  p  = \Lr-A ^ — —  =  11764  lbs.  per  sq.  in. 

r  144  x  32  r      i 

Next,  let  n  =  Maximum  number  of  revolutions  per  second 
which  the  wheel  can  make  without  bursting. 

W  ifi  (ft  71" 

Then,  from  the  previous  formula : — p  =  — =-jj » 

«r        ,  o       144  a  »  12      \g~p 

We  get,         n2  =  — -#^>  or,  n  =  — 7Ap-- 

Substituting  jp  =  6,000,  and  the  values  for  the  other  letters,, 
we  get : — 


12 


n  =  -c 


22 
^x21 


/32  x  6000      ._.  ooc/> 

V       448 ■"  3'76  revs-  Per  sec-  =  225'6  Per  mm- 


Note. — Students  should  refer  to  the  author's  Text-Book  on  Steam  and 
Steam  Engines,  Lecture  XVII. ,  for  a  discussion  of  the  effects  of  the  inertia 
of  the  moving  parts  of  an  engine. 
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Lecture  XXII. — Questions. 

1.  Define  the  terms  moment  of  inertia  and  radius  of  gyration  of  a  body. 
Find  the  moment  of  inertia  of  rectangular  lamina— first,  with  respect  to 
one  edge ;  secondly,  with  respect  to  a  diagonal. 

2.  An  axis  is  drawn  through  the  centre  of  gravity  of  a  body  whose  mass 
is  M ;  a  second  axis  is  drawn  parallel  to  the  former  and  at  a  distance.  A, 
from  it.  If  I  denotes  the  moment  of  inertia  of  the  body  with  resect  to 
the  first  axis,  show  that  the  moment  of  inertia  with  respect  to  the  second 
axis  is  I  +  M  h'2.  A  fine  wire  of  uniform  thickness  is  bent  into  the  form 
of  a  circle  whose  radius  is  r ;  find  its  moment  of  inertia  with  respect 
to  an  axis  passing  at  right  angles  to  the  plane  of  the  circle  through  a 
point  in  the  circumference.  (8.  &  A.  Theor.  Mechs.  Adv.  Exam.,  1878.) 
Ans.  4 Mr2. 

.  3.  State  and  prove  the  theorem  of  moments  of  inertia  for  parallel  axes. 
Find  the  moment  of  inertia  of  a  cylinder  about  a  line  perpendicular  to  its 
axis  through  its  mid  point.     (S.  &  A.  Theor.  Mechs.  Hons.  Exam.) 

4.  A  wheel  and  axle  are  composed  of  the  same  specific  gravity.  The 
wheel  is  4  feet  radius,  and  6  inches  thick.  The  axle  is  6  inches  radius  and 
4  feet  long.     Find  radius  of  gyration  of  the  whole  about  the  axis.    Ans. 

k  =   JVY25  =  2-67  ft. 

5.  The  rim  of  a  flywheel  is  rectangular  in  section,  6  inches  wide,  outside  and 
inside  radii  6  and  5  feet  respectively.  The  nave  is  cylindrical,  2  feet  long 
and  1  foot  in  diameter.  There  are  eight  cylindrical  spokes  of  4  inches 
diameter.     Find  the  radius  of  gyration  of  the  wheel.     Ans.  3*75  ft. 

6.  Show  that  the  kinetic  energy  of  a  body  revolving  with  an  angular 
velocity,  »,  about  a  given  axis  is  4 1*2,  where  I  denotes  the  moment  of 
inertia  of  the  body  with  reference  to  the  axis.  A  flywheel  has  a  mass  of 
30  tons,  which  may  be  supposed  to  be  distributed  along  the  circumference 
of  a  circle  8  feet  in  radius ;  it  makes  20  revolutions  a  minute ;  tind  its 
kinetic  energy  in  foot-pounds.  (Adv.  Theor.  Mechs.  Adv.  Exam.,  1883.) 
An*.  295,000  ft.  -lbs. 

7.  Find  the  moment  of  inertia  of  a  rectangular  lamina  about  an  edge. 
A  retangular  lamina,  whose  shorter  edges  are  4  feet  long,  turns  round  one 
of  its  longer  edges  50  times  a  minute.  It  weighs  441  lbs.;  tind  its  kinetic 
energy.     (S.  &  A.  Theor.  Mechs.  Adv.  Exam.,  1888.)    Ans.  1008*3  ft. -lbs. 

8.  When  a  rigid  body  turns  round  an  axis,  what  relation  exists  between 
its  angular  velocity -and  its  kinetic  energy  ?  A  rod  of  uniform  density  can 
turn  freely  round  one  end ;  it  is  let  fau  from  a  horizontal  position  ;  what 
is  its  angular  velocity  when  it  reaches  its  lowest  position  ?    Prove  your 

equations.     (S.  &  A.  Theor.  Mechs.  Adv.  Exam.,  1878.)    Ans.  «  =  Aj-~' 

9.  How  do  you  estimate  the  total  energy  possessed  by  a  body  when 
moving  with  both  translation  and  rotation?  Find  the  velocity  of  the 
centre  (1)  when  a  hoop,  (2)  when  a  disc,  and  (3)  when  a  sphere  rolls  down 

an  inclined  plane  of  height,   h.      Ans.   (1)  v  =»  ^JgK    (2)  v  =  2jt/^r*' 
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10.  Sketch,  and  explain  the  principle  of  the  action  of,  a  fly-press  for 
stamping  metals.  If  a  velocity  of  5  feet  per  second  is  given  to  the  balls 
of  such  a  press,  and  their  motion  is  stopped  after  the  screw  has  made  one- 
quarter  of  a  turn  from  the  time  that  the  die  touches  the  metal,  the  pitch 
of  the  screw  being  $  inch ;  find  the  weight  of  the  balls,  so  that  the  pressure 
exerted  may  be  4,000  lbs.     Ana.  26 '67  lbs.  each. 

11.  Two  weights  of  100  lbs.  each  are  placed  at  the  ends  of  the  arms  of  a 
fly-press,  and  are  moving  with  a  velocity  of  12  feet  per  second.  How 
many  foot-pounds  of  work  must  be  expended  in  bringing  them  to  rest  ? 
Hence  explain  the  mechanical  action  of  the  fly-press  as  a  machine  for 
punching  or  stamping  metals.     Arm.  450  ft.  lbs. 

12.  In  a  fly-press  there  are  two  weights,  each  of  60  lbs.,  placed  at  the 
^      ends  of  an  arm  which  drives  the  screw  ;  and  the  velocity  of  each  weight  at 

the  instant  of  striking  the  blow  is  10  feet  pet*  second.  The  die  at  the  end 
of  the  screw  moves  through  -fa  inch  in  coming  to  rest ;  what  mean  statical 
pressure  does  it  exert  on  the  metal  subjected  to  the  operation  of  stamping  ? 
An*.  22,500  lbs. 

13.  In  a  fly-press  for  stamping  metals  a  ball  of  70  lbs.  is  placed  at  each 
end  of  the  lever  attached  to  the  head  of  the  screw.  At  the  moment  of 
striking  the  blow  the  weights  have  a  velocity  of  550  feet  per  minute,  and 
the  die  at  the  end  of  the  screw  indents  the  metal  to  a  depth  of  -fa  inch 
before  coming  to  rest.  What  would  be  the  mean  statical  pressure  exerted 
on  the  metal?    (S.  &  A.  Exam.,  1893.)    Am.  26,468*75  lbs. 

14.  Prove  that  the  kinetic    energy  of    a  train  of    railway  carriages 

moving    with    velocity,   v,   is|W  +  w(l+  -5)  |2~  ft.  lbs.,  where  w 

J  denotes  the  weight  of  the  wheels  and  axles ;  W  the  weight  of  the  rest  of 
the  train ;  r  the  radius  of  the  wheels,  and  k  the  radius  of  gyration  of  a 
pair  of  wheels  about  their  axis,  the  units  being  feet,  lbs.,  and  seconds. 
Determine  the  acceleration  with  which  the  train  would  freely  descend  an 
incline  of  inclination, «. 

15.  Describe  and  show  by  the  necessary  sketches  the  construction  of  a 
fly-press  for  punching  holes  in  iron  plates.  In  such  a  press  the  two  balls 
weigh  30  lbs.  each,  and  are  placed  at  a  radius  of  30  inches  from  the  axis 
of  the  screw,  the  screw  itself  being  of  1  inch  pitch.  What  diameter  of 
hole  could  be  punched  by  such  a  press  in  a  wrought-iron  plate  of  i  inch  in 
thickness  ;  the  shearing  strength  of  the  metal  being  22*5  tons  per  square 
inch  ?  (Consider  that  the  balls  are  revolving  at  the  rate  of  60  revolutions 
per  minute  when  the  punch  comes  into  contact  with  the  metal,  and  that 
the  resistance  of  the  plate  is  overcome  in  the  first  sixteenth  of  an  inch  of 
the  thickness  of  the  plate.)     (S.  &  A.  Adv.  Exam.,  1890.)    An*.  1*12  ins. 

16  A  pendulum  bob  weighing  20  lbs.  is  suspended  by  a  wire,  the  length 
from  the  point  of  suspension  to  the  centre  of  the  bob  being  16  feet.  The 
pendulum  swings  through  an  angle  of  30°  on  each  side  of  the  vertical ; 
find  its  potential  energy  when  in  the  highest  position,  and  its  velocity  when 
passing  the  lowest  point.  (S.  &  A.  Adv.  Exam.,  1895. )  Ans.  42  88 ft.  lbs. ; 
1372*16  ft.  per  second. 
\  17.  A  flywheel  weighs  10,000  lbs.,  and  is  of  such  a  size  that  the  matter 
y  composing  it  may  be  treated  as  if  concentrated  on  the  circumference  of  a 
circle  12  feet  in  radius ;  what  is  its  kinetic  energy  when  moving  at  the 
rate  of  15  revolutions  a  minute  ?  How  many  turns  would  it  make  before 
coming  to  rest  if  the  steam  were  cut  off  and  it  moved  against  a  friction  of 
400  lbs.  exerted  on  the  circumference  of  an  axle  1  foot  in  diameter? 
(S.  &  A.  Theor.  Mechs.  Adv.  Exam.,  1886.)  Am.  55,520  ft. -lbs.;  44*2 
turns. 
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18.  The  sectional  area  of  the  rim  of  a  cast-iron  flywheel  is  12  square 
inches,  and  the  mean  radius  (or  radios  of  gyration)  is  25  inches ;  what  is 
the  kinetic  energy  at  150  revolutions,  per  minute  ?  What  moment  of  con- 
stant magnitude,  and  acting  through  one-quarter  revolution,  would  increase 
the  speed  to  155  revolutions  per  minute  at  the  end  of  the  quarter  revolu- 
tion? What  would  be  the  length  of  a  solid  wrought-iron  shaft,  5  inches 
in  diameter,  rotating  at  the  same  speed  and  having  the  same  kinetio 
energy?    (C.  &  G.  Mech.  Eng.  Hons.  Exam.,  1884.)    Ans.  35, 707, 000 ft. -lbs. 

19.  Prove  the  formula  for  the  energy  stored  up  in  a  flywheel  on  the 
supposition  that  the  whole  of  the  material  is  collected  in  a  heavy  rim  of 
given  mean  radius.  Apply  the  formula  to  show  (1)  the  effect  of  doubling 
the  number  of  revolutions  per  minute;  (2)  the  effect  of  doubling  the 
weight ;  (3)  the  effect  of  increasing  the  mean  radius  in  the  proportion  of 
3  to  2.     (S.  &  A.  Exam.,  1890.) 

20.  The  rim  of  a  flywheel  weighs  9  tons,  and  the  mean  linear  velocity  of 
its  mass  is  assumed  to  be  40  feet  per  second;  how  many  foot-tons  of  work. 

v_/  are  stored  up  in  it  ?    If  it  be  required  to  store  the  additional  work  of 
9  foot-tons,  what  should  be  the  increase  of  velocity  ?    Ans.  225  ft.  -tons ; 
■079  ft.  per  second. 

21.  A  flywheel  weighs  2{  tons,  and  its  mean  rim  has  a  velocity   of 
v   40  feet  per  second.     If  the  wheel  gives  out  10,000  foot-pounds  of  energy, 

how  much  is  its  velocity  diminished?     (S.  &  A.  Exam.,  1888.)    Ans.  1*455 
ft.  per  second. 

22.  A  flywheel  weighing  5  tons  has  a  mean  radius  of  gyration  of  10  feet. 
>•      The  wheel  is  carried  on  a  shaft  of  1 2  inches  diameter  and  is  running  at 

65  revolutions  per  minute ;  how  many  revolutions  will  the  wheel  make 
before  stopping  if  the  coefficient  of  friction  of  the  shaft  in  its  bearing  is 
r0*065?     (Other  resistances  may  be  neglected.)     (S.  &  A.  Adv.  Exam., 
1896.)     Ans.  354*66  turns. 

23.  A  particle  of  given  mass  moves  with  a  given  velocity  in  a  circle  of 
..given  radius  ;   state  what  is   known  as  to  the  force  which  acts  on  the 
particle.      Prove  the  statement.      (S.  &  A.  Adv.  Theor.  Mechs.  Exam., 
1896.) 

24.  If  a  locomotive  weighing  55  tons  runs  round  a  curve  of  1,200  feet 
•radius  at  20  miles  per  hour,  what  is  its  centrifugal  force?  How  much 
higher  in  level  should  the  outer  rail  be  laid  than  the  inner  rail  in  order 
that  the  resolved  part  of  the  weight  of  the  locomotive  should  balance  this 
centrifugal  force  without  pressure  being  exerted  by  the  outer  rail,  the 
gauge  being  4  feet  84  inches?  (C.  8c  G.  Mech.  Eng.  Hons.  Exam.,  1884.) 
Ans.  2760*6  lbs. ;  1  *27  inches. 

25.  Prove  that  a  railway  carriage  running  round  a  curve  of  radius,  r, 

Zjpr- ,  where  a  is  the  distance 


Vgra 
~2h' 


between  the  rails,  and  h  the  height  of  the  centre  of  gravity  of  the  carriage 
above  the  rails. 

26.  Show  that  by  raising  the  outside  rail  of  a  railway  track  in  going 
round  a  curve  the  tendency  of  the  train  to  leave  the  rails  is  diminished, 
and  that  if  6  be  the  inclination  of  the  floor  of  the  carriage  to  the  horizontal, 

when  there  is  no  lateral  pressure,  tan  0  =  — ,  where  r  is  the  radius  of  the 

gr 

-curve,  and  v  the  velocity  of  the  train.     Hence  show  that  on  a  5-foot  track, 

round  a  curve  of  one-eighth  of  a  mile  radius,  that  for  a  mean  velocity  of 

30  miles  an  hour  the  outside  rail  ought  to  be  raised  5J  inches  above  the 

.level  of  the  inside  rail. 
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27.  A  body  moves  in  a  circle  with  a  uniform  velocity,  show  that  it  must 
be  acted  on  by  a  constant  force  tending  towards  the  centre,  and  find  the 
magnitude  of  the  force  in  terms  of  the  radius  of  the  circle,  and  of  the 
mass  and  velocity  of  the  body.  A  body  weighing  24  lbs.  fastened  to  one 
end  of  a  thread  4  feet  long  is  swung  round  in  a  circle  of  which  the  thread 
is  the  radius  ;  what  will  be  its  velocity  when  the  tension  of  the  thread  is  a 
force  of  20  lbs.?  (g  =  32).     Am.  32  ft.  per  second. 

28.  A  segment  of  a  flywheel  with  the  arm  to  which  it  is  attached  weigh* 
3,500  lbs.,  and  the  mass  of  the  portion  may  be  taken  as  collected  at  a 
distance  of  8  feet  from  the  axis  of  the  wheel,  which  makes  40  revolutions 
per  minute.  What  is  the  force  tending  to  pull  away  the  segment  and 
armfrom  the  boss  of  the  wheel  ?  ¥im~Bto<i&pvigjlJbo^^  of 
tWw|n»la^*Hclfc-'f6^^               (S.  &   A.   Hons.   Exam.,  1889.)    Am. 

29.  Show  that  the  stress  per  square  inch  on  the  rim  of  a  flywheel  is 
equal  to  the  momentum  of  the  amount  of  rim  (per  square  inch  of  section) 
which  passes  a  fixed  point  in  the  unit  of  time.  Find  the  limiting  speed  of 
periphery,  the  material  being  such  that  a  bar  of  uniform  section  900  feet 
long  may  be  supported  by  tension.  (S.  &  A.  Mach.  Const.  Hons.  Exam., 
1885.)     Ans.SOjgT. 

30.  A  flywheel  20  feet  in  diameter  makes  80  revolutions  per  minute. 
Find  the  stress  in  its  rim  due  to  centrifugal  forces,  assuming  that  it  is 
unaffected  by  the  connection  with  the  arms.  The  weight  of  a  cubic  foot 
of  the  material  forming  the  rim  is  500  lbs.  What  is  the  maximum  speed 
at  which  the  wheel  can  be  safely  run  if  the  tensile  strength  of  the  material 
has  not  to  exceed  6,000  lbs.  per  square  inch  ?  Am.  762  lbs.  per  sq.  in.  'r 
224 '5  revs,  per  min. 

31.  When  the  fly-wheel  of  a  certain  traction  engine  lessens  in  speed 
from  150  to  140  revolutions  per  minute,  there  is  a  loss  of  kinetic  energy 
(on  the  motion  of  the  whole  engine  as  well  as  the  fly-wheel)  of  25,000 
foot-pounds. 

If  the  speed  is  160  revolutions  per  minute,  how  far  will  the  engine- 
travel  up  an  ascent  of  1  in  100  before  coming  to  rest,  if  engine  and  truck 
together  weigh  30  tons,  and  there  is  a  constant  frictional  resistance  on 
a  level  road  of  20  lbs.  to  the  ton  ?    (S.  &  A.  Adv.  Exam   1897. ) 

32.  The  centre  of  gravity  of  a  body  of  100  lbs.  is  revolving  at  15  ins. 
from  an  axis,  at  250  revolutions  per  minute.  What  is  its  centrifugal 
force?    Prove  the  Rule.     (S.  &  A.  Adv.  Exam.,  1897.) 
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LECTURE  XXIII. 

-Contents.  —  Governing  of  Engines  —  Watt's  Governor  —  Action  of 
Watt's  Governor — Theory  of  Watt's  Governor— Conical  Pendulum  — 
Example  I. — Common  Pendulum  Governor — Crossed- Arm  Governor — 
Parabolic  Governors — Galloway's  Parabolic  Governor — Porter's  loaded 
Governor — Theory  of  Porter's  Governor —  Example  II. — Spring  loaded 
Governors — Prodi's  and  Hartnell's  Spring  Governors  — Macfarlane's 
Safety  Governor — Willans'  Spring  Governor— Pickering  Governor — 
Governing  by  Throttling  and  Variable  Expansion — Shaft  Governors 
— Relays — Knowles'  Supplemental  Governor — Inertia  Governors  — 
Flywheels — Balancing  Machinery — Weston  Self-balancing  Centrifugal 
Machine — Questions. 

"Governing  of  Engines.* — For  many  purposes  to  which  engines 
are  applied,  it  is  necessary  that  they  should  maintain  a  uni- 
form speed.  Owing  to  variations  of  load  and  of  pressure  on  the 
piston,  they  must  have  some  regulating  device,  in  order  to 
accomplish  this  object.  Fluctuations  of  the  speed  of  a  steam 
•engine  are  of  two  kinds.  (1)  Those  which  occur  during  the 
time  of  a  revolution,  and  are  periodic,  being  caused  by  the 
varying  pressure  on  the  piston,  and  obliquity  of  the  connecting 
rod.  (2)  Those  which  are  due  to  change  of  load,  or  boiler 
pressure,  and  are  not  periodic.  To  control  the  first  of  these  as 
far  as  possible,  an  engine  is  fitted  with  a  Flywheel,  and  for  the 
second  a  Governor  is  also  required. 

*  The  following  is  a  list  of  books  and  papers  treating  of  governors  and 
governing: — 

Paper  on  "The  Electrical  Regulation  of  the  Speed  of  Steam  Engines,"  by 
P.  W.  Willans.     Proc.  Inst.  C.E.,  1885,  vol.  lxxxi.,  p.  166. 

Paper  on  "A  New  Method  of  Investigation  applied  to  the  Action  of 
Steam  Engine  Governors,"  by  Prof.  Dwelshauvers-Dery  of  Liege,  trans- 
lated by  Michael  Longridge.     Proc.  Inst.  C.E.,  1888,  vol.  xciv.,  p.  210. 

Taper  on  "The  Cyclical  Velocity- Variations  of  Steam  and  other  Engines," 
by  H.  B.  Ransom.     Proc.  Inst.  G.E.,  1889,  vol.  xcviii.,  p.  357. 

Paper  on  ( '  The  Application  of  Governors  and  Flywheels  to  Steam  Engines," 
by  Prof.  Dwelshauvers-Dery,  translated  by  Bryan  Donkin.  Proc. 
Inst.  C.E.,  1891,  vol.  civ.,  p   196. 

Paper  on  "  Flywheels  and  Governors,"  by  H.  B.  Ransom.  Proc.  Inst.  C.E., 
1892,  vol.  cix.,  p.  330. 

Paper  on  "Steam  Engine  Governors  and  their  Insufficient  Regulating 
Action  with  Extreme  Variations  of  Load,"  by  Prof.  Dwelshauvers-Dery, 
translated  by  Bryan  Donkin.     Proc.  Innt.  G.E.,  1892,  vol.  ex.,  p.  276. 

Paper  on  "A  Method  of  Testing  Engine  Governors,"  by  H.  B.  Ransom. 
Proc.  Inst.  C.E.,  1893,  vol,  cxiii.,  p.  194. 
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A  governor  is  a  piece  of  mechanism  which  regulates  the 
amount  of  steam  supplied  to  the  engine,  to  suit  the  work  it  is- 
doing,  whereas,  as  explained  in  the  previous  Lecture,  a  fly- 
wheel acts  in  virtue  of  its  inertia,  so  as  to  distribute  throughout 
a  whole  revolution  the  energy  developed  in  the  cylinder.  The 
governor  can  have  no  effect  whatever  on  the  periodic  variations 
of  speed,  since  it  can  only  act  during  the  time  that  steam  is 
being  admitted  to  the  cylinder.  With  regard  to  the  irregular 
fluctuations  of  speed,  due  to  a  change  of  load,  the  flywheel  .makes 
them  more  gradual  and  thus  gives  the  governor  time  to  act. 
A  great  many  varieties  of  governors  have*  been  invented 
since  the  introduction  of  the  steam  engine,  such  as  hydraulic,, 
centrifugal,  inertia,  and  electrical  governors.  By  far  the  greatest 
number,  however,  depend  for  their  action  on  centrifugal  force 
and  inertia,  and  since  these  form  useful  examples  of  the  practical 
application  of  the  principles  enunciated  in  the  previous  Lectures, 
we  shall  now  confine  our  remarks  to  such  governors. 

Watt's  Governor. — One  of  Watt's  important  inventions  was 
his  conical  pendulum  governor,  as  applied  to  his  double-acting 
engine.*  This  governor  consists  of  two  arms,  A  A,  carrying 
heavy  balls,  BB,  and  pivoted  on  a  pin,  P,  passing  through 
the  centre  of  the  vertical  spindle,  V  S.  The  upper  ends  of 
these  arms  are  bent,  as  shown  on  the  figure,  and  are  connected 
by  short  links,  LL,  to  the  sleeve,  S.  This  sleeve  is  free  to- 
move  vertically  on  the  spindle,  V  S,  but  is  made  to  rotate  with 
it  by  a  feather,  F,  and  corresponding  keyway.  This  sleeve  acts 
on  one  end  of  the  bell  crank,  B  C,  and  thus  moves  the  rod  con- 
Paper  on  "  The  Mechanical  and  Electrical  Regulation  of  Steam  Engines," 

by  John  Richardson.     Proc.  Inst.  C.E.,  1895,  vol.  cxx.,  p.  211. 
Paper  on  '*  Governing  of  Steam  Engines  by  Throttling  and  by  Variable 

Expansion,"  by  Capt.  H.  R.  Sankey.     Proc.  Inst.  M.E.,  1895,  p.  154. 
Paper  on  "  Steam-Engine  Governors,"  read  before  the  Manchester  Associa- 
tion of  Engineers,  by  C.  F.  Budenberg,  M.Sc.     See  77ie  Practical 

Engineer,  17th  April,  1891,  vol.  v.,  p.  258. 
A  series  of  articles  on  "Engine  Governors,"  by  R.  G.  Blaine,  M.E.,  in* 

The  Practical  Engineer,  beginning  13th  June,  1890,  vol.  iv.,  p.  386r 

and  ending  24th  April,  1891,  vol.  v.,  p.  277. 
Article  on  "  ANew  Shaft  Governor,"  by  E.  J.  Armstrong,  in  The  Practical 

Engineer,  26th  July,  1895,  vol.  xii.f  p.  71. 
Article  on  "  Shaft  Governors,"  by  E.  T.  Adams,  in  the  Electrical  World  of 

.    New  York.    July,  181)6. 
See  Index  for  Governors  in  Gas,  Oil,  and  Air  Engines,  by  Bryan  Donkin, 

published  by  Charles  Griffin  &  Co. 
TJie   Steam    Engine,   by  D.   K.    Clark    (Blackie    &    Son),  chap,  v.,   on 

Governors,  p.  65,  half- vol.  iii. 
*  See  the  Author's  Text- Book  on  Steam  and  Steam  Engines,  Lecture  II., 
for  a  descriptuj}  °*  Watt's  engines.     Also  Lecture  XIX.,  Volume  L,  of  this- 
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book  for  an  uluatration  of  same. 
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nected  to  the  throttle  valve  oiYthe  engine.  The  vertical  spindle 
may  be  driven  by  the  engine  by  meajl  of  a  Jlelt  or  rope  passing 
round  a  pulley  keyed  on  it,  or  bjpevel  wheels,  as  shown  at 
BW.  In  order  to  relieve  the  pin/ P,  the  arms  are  driven  by 
the  guides,  G  G,  which  are  fixed  to/the  vertical  spindle. 

Action  of  Watt's  Governor The  governor  is  so  adjusted,  that 

when  the  engine  is  working  at  its  normal  speed,  the  balls  rotate 
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Watt's  Pendulum  Governor. 


at  a  certain  distance  from  the  vertical  spindle,  and  thus  the 
throttle  valve  is  kept  sufficiently  open  to  maintain  that  speed. 
Should  the  load  be  decreased,  the  speed  of  the  engine,  and  there- 
fore that  of  the  governor  balls,  naturally  becomes  greater.  This 
causes  an  increase  of  the  centrifugal  force  of  the  balls,  and 
therefore  they  diverge  further,  thereby  pulling  down  the  sleeve, 
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and  partially  closing  thAhrottle  valve,  which  diminishes  the 
supply  of  steam  and  th^Kower  developed  by  the  engine.  On 
the  other  hand,  should  fe  ioad  be  increased  the  reverse  action 
takes  place,  the  balls  co/ne  closer  together,  the  sleeve  is  raised, 
the  throttle  valve  opened  wider,  and  more  steam  admitted  to 
the  engine.  It  will  thus  be  seen  that  a  change  of  speed  must 
take  place  before  the  governor  begins  to  act ;  further,  that  for 
any  permanent  change  in  the  work  to  be  done,  there  is  a  per- 
manent alteration  of  speed.  For  each  particular  load  on  the 
engine,  the  throttle  valve  will  be  opened  by  a  definite  amount, 
which  will  be  different  for  different  loads,  and  each  position  of 
the  valve  has  a  corresponding  position  of  the  governor  balls. 
But,  as  will  be  shown  further  on,  each  position  of  the  balls 
corresponds  to  a  definite  speed,  so  that  there  will  be  a  particular 
speed  for  each  different  load. 

Theory  of  Watt's  Governor — Conical  Pendulum.— Let  the  balls 

/ 


Theory  of  Watt's  Governor. 

be  rotating  about  the  vertical  spindle  with  a  uniform  velocity. 
Then  the  several,  forces  acting  on  the  different  parts  of  the 
instrument  are  in  equilibrium  with  each  other.  The  arms,  A, 
will  describe  the  surface  of  a  cone,  B  P  B,  whose  height  is 
P  C,  and  for  a  given  velocity  of  the  balls  there  will  be  a  definite 


/ 
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height  of  this  cone.     It  will  be  sufficient  to  consider  one  ball 
and  arm,  since  what  is  true  for  one  will  be  true  for  the  other. 

Let  w  —  Weight  of  one  ball  in  lbs. 
„     v  -  Velocity  of  balls  in  feel  per  second. 
„     h  =  Height,  PC,  of  cone  in  feet. 
„      I  ob  Slant  height,  PB,  of  cone  in  feet. 
„     r  =  Radius,  B  C,  of  base  of  cone  in  feet. 
„    T  =  Tension  in  one  arm,  A. 

There  are  three  forces  acting  on  the  ball,  B,  viz. : — 

rl)  The  weight,  w,  of  the  ball  acting  vertically  downward. 

[2)  The  centrifugal  force,  wv2  -r  g  r,  acting  in  its  plane  of 
rotation,  and  in  the  direction  C  B. 

(3)  The  tension  in  the  arm,  A,  acting  in  the  direction  B  P. 
These  three  forces  keep   the  ball  in  equilibrium,  and  can, 

therefore,  be  represented,  in  magnitude  and  direction,  by  the 
three  sides  of  a  triangle  taken  in  order.  If  we  draw  a  triangle, 
having  its  sides  parallel  or  perpendicular  to  the  directions  of 
these  forces,  the  lengths  of  the  sides  of  this  triangle  will  be 
proportional  to  the  forces  respectively.  Now,  such  a  triangle 
exists  in  the  figure  itself — viz.,  the  triangle  P  0  B — the  sides  of 
which  are  parallel  to  the  three  forces  : — 


ii 


W  V2  ,  V2 


Hence,  h  :  r  =  w  :    —  =  1  : 

gr  gr 

h  =  — «-,  and—  =  A/- 

v      v  g 


V* 


If  i  =  time  in  seconds  of  one  complete  revolution  of  balls, 
n  «  number  of  revolutions  per  second. 

Then,  t  v  =■  2  *  r,  and  n  =  -. 

Substituting  these  in   the   previous    equation    we    get    the 
following  important  formulae : — 

That  is,  the  period  of  rotation  is  proportional  to  the  square  root  of 
the  height  of  the  cone. 

^  n=T=2^Vi (n> 


V 
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Or,  if  N  be  the  number  of  revolutions  per  minute  ■■  60  n,         * 

Then,  »-?Vi- TO 

That  is,  the  number  of  revolutions,  or  the  speed  of  the  engine 
or  governor,  varies  inversely  as  the  square  root  of  the  height  of 
the  con4T 

Equation  (IIa)  may  be  written  in  this  useful  form  : — 

.       30^      1    <    2936. 

h  =  ~j£  x  5ji  =  -jyr: feet-     •    •    (lJ*) 

Or,  the  height  of  the  cone  depends  only  on  the  speed  of  rotation, 
and  varies  inversely  as  the  square  of  the  numbef  of  revolutions. 

Let  the  speed  of  the  governor  be  altered  from  N1  to  N2 
revolutions  per  minute,  then  the  heights  of  the  cone  ^corre- 
sponding to  these  speeds  are  : — 

f        2936       JL        2936 

Therefore,  for  a  change  of  speed  from  N1  to  Ns  revolutions  per 
minute  the  height  of  the  cone  will  be  altered  by  the  amount : — 

™o*/l  I"*       2936(NI~N})        /TTTV 

If,  however,  the  height  of  the  governor  be  kept  constant,  and 
equal  to  h  =  zznsb  *ke  centrifugal  force  will  change  from  — - 

wvt  tor  if^  N?        to  r  at®  N  • 

to    -    ,  or  from'    ym to  — ?wv — >  aQd  the  difference  will 

gr*  900  g  900  g 

produce  a  tension,  or  a  thrust,  in  the  links  L  L.     If  T2  be  the 

tension,  or  thrust,  in  one  link  L;  I,  lv  l2  the  lengths  of  BP, 

ED,  P E ;  and  4,  Qv  02  their  inclinations  to  the  vertical,  then 

by  taking  moments  about  P,  we  have  : — 


wrir2 


T2  x  ^  oos(4  +  h  ~  90)  - -^(Ni^ND  x  h, 

UP>  *  ~  900Z2^sin(4  +  4)" 

Now,  the  vertical  force  acting  on  the  sleeve,  which  is  avail- 
able  for  overcoming  friction,  and  may  be  called  the  working 
ejfort  for  that  change  of  speed,  is  the  vertical  components  of 

7 
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the  stresses  in  the  two  links   LL     These  two  stresses  „  are 
equal 

•#.   The  working  effort  =  2  T2  cos  ^ 


»  » 
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™  450  J2  #  sin  (^  +  fg) 

""  450  J2  (7  sin  (^  +  02) 

2  w  r  cos  ^  (N«  ^  Nf )  TvV 

It  is  usual  for  P  E  and  E  H  to  be  made  equal  in  length,  and 
then  (Jx  =  B2  nearly,  unless  H  K  be  great.     In  that  case  : — 

The  working  effort ^i^N? 

»      "     J2sin*2NJ 

q;Zain*(N»~N;)     r    •    •    •    •  (*▼•) 
^        "  »      "         J2sin*2NJ 

If,  farther,  6= 42,  which  will  always  be  the  case  when  the  sleeve 
is  attached  to  the  arm  below  the  point  of  suspension,  as  in  the 
next  form  of  governor,  then : — 

The  working  effort  -         ^ '^ — ^ (IV*) 

It  should  be  noted,  however,  that  this  is  the  effort  exerted 
by  the  governor  when  it  is  just  starting  to  move.  The  working 
effort  becomes  smaller  and  smaller  as  the  balls  rise,  until,  when 
the  balls  have  attained  the  position  corresponding  to  the  new 
speed,  it  is  nil. 

The  movement  of  the  sleeve,  corresponding  to  an  alteration 
in  the  height  of  the  cone,  is  best  determined  graphically  by 
drawing  the  centre  lines  of  the  arms  and  links  to  scale  for 
different  positions  of  the  balls. 

Example  I. — Find  the  rise  of  the  balls  of  a  pendulum  gov- 
ernor, when  its  speed  is  increased  from  60  to  62  revolutions 
per  minute.  Find  also  the  height  of  the  cone  of  revolution 
at  the  lower  speed,  and  the  working  effort,  if  the  balls  weigh 
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22  lbs.  each,  and  each  arm  is  jointed  to  the  link  at  two-thirds 
of  its  length  below  its  point  of  suspension. 

Her  ■,  Nj  =  60,  N2  =  62,  rise  of  balls  =  ^  -  hv  w  -  22,  and  j-  =  |. 
Therefore,  from  equation  (III)  we  get: — 

A,  -*,-  2936(^|)=  2936  (g^g). 

A2  -  A2  =  0518  foot  or  -62  inch. 
Also  from  equation  (II&): — 

.    _  2936      2936 
^  ~~    N?    *  3600" 

/?!  =  -816  foot  =  079  inches. 

And  from  equation  (IV&)  : — 

The  working  effort  =  ^i^_5L) 

22  x  3  (62a  -  60*) 
"  2  x  60s 
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2-237  lbs. 


In  this  case,  as  we  assume  /,  =  l2  and  ^  =  02,  the  travel  of 

the  sleeve  will  be  twice  the  rise  of  the  point  where  the  link 

joins  the  arm,  and  this  will  be  two-thirds  of  the  alteration  in 

height. 

2  4 

.-.  Travel  of  sleeve  =  2  x  g  (^  -  h2)  =  ^  x  -62  =  -827  inch. 

Common  Pendulum  Governor. — A  common  modification  of 
Watt's  governor  is  shown  by  the  following  figure.  Here,  the 
arms  A  A,  carrying  the  balls  B  B,  instead  of  being  jointed 
together  by  a  pin  passing  through  the  vertical  spindle  V  S,  are 
pivoted  at  M  and  N  to  a  cross-piece,  C  P,  which  is  rigidly  con- 
nected to  the  spindle.  The  links  L  L,  carrying  the  sleeve  S, 
are  attached  to  the  arms  at  the  points  E  and  F. 

The  formula?  deduced  for  Watt's  pendulum  governor  are 
equally  applicable  to  this  case.  The  only  thing  requiring 
special  attention  here,  is  the  height  of  the  cone  of  revolution. 
The  vertex  of  the  cone  is  always  at  the  point  where  the  centre 
lines  of  the  arms  meet.  In  this  case,  the  arms  terminate  at  M 
and  N,  which  are  at  a  short  distance  from  Y  S,  and  thus  the 
-vertex  of  the  cone  will  be  a  variable  point  on?  the  centre  line  of 
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the  vertical  spindle.  When  the  balls  are  in  the  position  shown 
by  the  full  lines,  the  vertex  is  at  P,  and  the  height  of  the  cone 
is  P  C ;  but,  when  the  balls  move  into  the  new  position,  shown 
by  dotted  lines,  the  vertex  of  the  cone  is  at  P',  and  the  height 
of  the  cone  is  PC 

The  effect  of  suspending  the  arms  at  a  short  distance  from 
the  vertical  spindle,  is  to  cause  the  movement  of  the'  sleeve  to  bo- 
less  for  a  given  variation  in  the  height  of  the  governor,  than 
would  be  the  case  were  the  centres  of  suspension  in  the  vertical 
spindle.  It  will  be  apparent  from  th«  figure,  that  the  effective 
variation  of  height  is  C  C  =  (P  C  -  P'  C)  -  P  F  =  (A,  -  A,> 
-  PP',  instead  of  h^  -  Aj,  as  in  the  previous  case.     Hence,. 

> 
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this  governor  is  less  sensitive  than  the  former,  since  the  speed 
must  vary  between  greater  limits  for  a  given  movement  of 
the  sleeve.  The  sensitiveness  of  a  governor  depends  on  the 
movement  given  to  the  sleeve  for  a  given  variation  in  speed, 
and  also  on  the  smallness  of  the  time  taken  by  the  governor 
in  adapting  itself  to  its  new  position.  In  order,  therefore,  to 
increase  the  sensitiveness  of  this  form  of  governor  it  is  necessary 
that  the  points  M  and  N"  should  be  as  near  the  vertical  spindle 
as  possible. 

Crossed-Arm  Governor.  —  The  special  feature  in  which  this 
governor  differs  from  the  former  ones  is,  that  the  arms  are 
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&  from  pins  placed  on  the  opposite  aides  of  the  spindle 
to  that  of  their  balls.  From  an  inspection  of  the  figure,  it  will 
be  apparent  that  crossing  the  arms. in  this  manner  causes  a 
greater  movement  of  the  sleeve  for  a  given  variation  in  the 
height  than  in  the  pendulum  governor.     The  rise  of  the  balls  in 

CC'-PC-FO'  +  PF-  (A,  -  jy  +  PP'. 
The  sensitiveness  of  this  governor  is  therefore  mnoh  greater 
than  either  of  the  two  previous  forms.     By  properly  propor- 


X' 

Pi 


Crossed- Arm  Govsrhor. 
-turning  the  lengths  of  the  arms  and  X  M,  bo  that  the  balls  move 
out  and  in,  along  a  curve  which  is  approximately  a  parabola, 
this  governor  may  be  made  almost  isochronous,  and,  therefore, 
-extremely  sensitive.*  It  will  be  noticed  that  the  sleeve  of  the 
*  A  governor  is  aaid  to  be  isorfti-onotie  wheD  its  spud  of  rotation  (and, 
therefore,  toe  height  of  the  cone)  ie  the  same  for  all  positions  of  the  balls 
-within  its  range. 


102  LECTORS   XXIII. 

governor  shown,  has  a  circular  rack  OR,  which  gears  with  a 
pinion  on  the  throttle  valve  spindle. 

Parabolic   Governors.* — Governors  have  been  so  constructed 
that  their  balls  were  guided  to  move  in  a  truly  parabolic  path, 
and  thus  be  absolutely  isochronous,  but  owing  to  their  com- 
plication  they  have   not  come   into   general  use.     With   any 
centrifugal  governor,  the  speed  must  increase  somewhat  before 
the  extra  centrifugal  force  is  able   to 
overcome    the    friction     resisting    the 
motion  of  the  links,  sleeve,  valve,  &c, 
and    if   it    be    absolutely   isochronous, 
whenever  the  friction  is  overcome  the 
balls  would    rise   right  up  to  the    top 
of  their  range,  and  remain  there  until 
the    speed    has    fallen    sufficiently   for 
gravity  to  reassert  itself  and  overcome 
the  friction,  which   would  now  tend  to 
keep  the  balls  up.     They  would  then 
come  down  to  the  bottom  of  their  range, 
and    there  would    thus    be    continual 
hunting.     Such  a  governor  would  there- 
fore be  wanting  in  stability  or  stead  i- 

Galloway's  Parabolic  Governor From 

the  illustration  it  will  be  seen,  that  in 
this  tyjie  two  cylindrical  rollers  take 
the  place  of  the  ordinary  balls  in  the 

previously  mentioned  governors.  These 
rollers  are  suspended  at  each  end  by 
links  from  a  crosshead  fixed  to  the  top 
of  the  governor  spindle,  and  naturally 
rise  and  fell  in  circular  arcs  with  these 
links  as  radii.  They  move  along  para- 
bolic slots  cut  in  a  weight  W,  which 
Loadxd  Parabolic  rotates  with  the  spindle,  but  is  free  to- 
Governor,    _  rjse        d  fall  a]  the  ^^      B     thift 

bi  Galloways,  Ln.  .    ..     °  .     -  .,      '     .  . 

arrangement,  the  moment  of  the  centri- 
fugal force  of  the  rollers  is  balanced  by  that  of  the  weight  at 
nearly  the  same  speed  for  all  positions.  Hence,  this  governor 
may  be  considered  practieally  insochronous.  To  the  bottom  of 
.the  slotted  weight  there  is  sometimes  attached  a  sleeve  termi- 

*  See  the  Appendix  to  Thr  Steam  Engine,  by  Prof.  Rankine  (Chas. 
.Griffin  ft  Co.),  and  Chapter  XV.  of  Practical.  Treatise  on  the  Steam 
Engine,  by  Arthur  Eigg  (B.  ft  F.  Spoil),  for  descriptions  of  guided 
parabolic  governors. 
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listing  in  a  collar,  which  engages  the  forked  lever  connected 
to  the  throttle  valve,  or  expansion  gear;  but  in  this  case,  a 
central  spindle  G  S,  which  is  carried  up  inside  the  main  governor 
spindle,  rises  and  falls  with  the  weight  W,  and  acts  directly  on 
an  equilibrium  valve.  The  governor  is  driven  through  gearing 
contained  in  the  cast-iron  box  seen  at  the  foot  of  the  vertical 
column. 

Porter's  Loaded  Governor. — From  equation  (IV)  and  Ex- 
ample I.  we  see  that  the  simple 
pendulum  governors  possess  a 
comparatively  small  working 
effort,  unless  the  balls  are  very 
heavy.  To  overcome  this  objec- 
tion Porter  made  the  balls 
smaller,  and  loaded  the  sleeve 
with  a  heavy  weight.  This  in- 
creases the  height  of  the  cone, 
corresponding  to  any  particular 
speed,  and  all  tbe  forces  con- 
cerned, and  thus  gives  a  greater 
working  effort.  It  can  be  used 
both  in  connection  with  throttle 
valves  and  some  forms  of  ex- 
pansion gear.  To  minimise  the 
oscillations  of  the  ordinary 
Porter  governor,  Messrs.  Clayton 
&  Shuttle  worth  have  made  a 
cylindrical  hole  in  the  top  of 
the  central  weight,  and  fixed  a 
piston  on  the  vertical  spindle, 
thus  forming  a  simple  air  cushion. 

Theory  of  the  Porter  Governor. 
— Each   of  the  balls  is  in  equi- 
librium under  the  action  of  four 
forces  acting  in  a  plane  passing 
through    the    axis    of    rotation. 
These  forces  are : — (1)  the  weight 
of  the  ball  w,  (2)  the  centrifugal 
force  wc't  gr,  and  (3)  the  tensions  in  the  two  links,  Tj  and  Tj. 
Let  A  B  C  D  A  be  a  polygon  representing  these  forces,  A  B 
being  parallel  and  equal  to  T„  B  C  to  it,  C  1)  to  Tj,  and  D  A 
to  the  centrifugal  force.      If  B  C  be  produced  to  meet  A  D 
in  E,  then  0  E  is  equal  to  the  vertical  component  of  T,„  and 
must  therefore  be  equal  to  half  the  load  W,  since  this  weight 
is  supported  by  tbe  vertical  components  of  the  tensions  in  the 
two  bottom  links. 
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Aonos  or  TBB  Porter  Gotibnor. 
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If  the  inclination  of  the  links  B  P,  B  H  to  the  vertical,  be  tx 
and  62  respectively,  and  the  heights  CP,  CD  be  denoted  by 
h  and  ky  then,  the  other  letters  being  the  same  as  before,  we 

have : — 

•; 

T,  sin  0,  +  Ta  sin  L  ** . 

*  *  a  *  Q  y 

■Tjcos^  -  «  +  iW.or^  -  ^^. 
And,  T2cos  *2  -  J  W,        or  T2  =  A^. 

w  +  ±W  -  A      iw   •   .      «>«" 

.\ ^ —  sin  A  +  -* — z  sin  4,  -s  — . 

cos  $x  l      cos  02         2       ^  r 

**  f 

But,         tan  6X  -  j;        tan  02  •  ^j  and  t>  =  2«rrfk 

u>  x  4  «r*  r2  n1 


(•+iW)J  + JWj 


0r 


Or,  (»  +  i  W)  j Jj-' 


9 

*  *  4*»n»tc      jW 
g  k 

„      .  N  .        450  (2  a;  +  W)oA 

Or,  since  «  -  (K)t  A  =  «» N' W  ft  -  450  Wg 


00 


This  governor  is  usually  constructed  with  all  four  links  of 
equal  length;  then  k  =  h,  and  $x  =  02  =  *>  very  nearly,  unless  the 
distance  HK  is  great,  and  in  our  further  investigations  we 
shall  assume  that  this' is  so. 

In  this  case  we  have : — 

T,8in*  +  T2sin*=  — . 


T,  oo.  <  -  .»  +  J  W,  or  T^  -  fe^Q, 


COS  & 
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And, 


T2cos*  =  £W,  or 


T    -&L 

x*  _  coat 


•   • 


(w  +  £W)tan0  +  £Wtantf  = 


wv 


But,  tan  4  =  *  and  v  =  2  «rrw. 
Hence,        (w  +  W) ,-  = . 


Or, 


IT 


IV  +  W    900g\  w  +  W    2936 
Z  "     a;     x  **  N2  7     a;      x  N2 


(VI) 


We  might  also  have  arrived  at  this  result  by  putting  h  for  k  v 
in  equation  (V). 

If  the  speed  of  rotation  change  from  Nx  to  N2  revolutions 
per  minute,  the  corresponding  heights  of  the  governor  will  be : — 


w  +  W       900  g 


,  .        w  +  W       900  £ 
and  h2  -  — S~  x  ^Nf  • 


The  alteration  in  the  height  of  the  cone  of  revolution  would 
therefore  be : — 


0/  +  W      900flr  X/N2~NJ, 
q;  +W/Nl^Nj\ 


(VII) 


Or,  h1~h2  -  2936 


With  the  arrangement  of  links  usually  adopted  in  this 
governor,  the  travel  of  the  sleeve  is  twice  the  change  in  the 
height  of  the  balls  and  equal  to  2  (hl  ^  h2). 

Using  the  simpler  equation  (VI)  we  see  that: — 

_       ir3  N2  w  h 

And,  therefore,  if  the  speed  alter  from  Nx  to  N2  revolutions 

per  minute,  the  load  necessary  to  keep  the  height  of  the  cone 

,  /     w  +  W      900  g\ 
constant,  and  equal  to  h,  (  = x    a    *  j,  will  change  from — 


W    =    T^k r    W    tO    W      =    r— 7T7^ —    W. 


900  g 


900  g 
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But  if  the  actual  load  be  W,  the  difference  W  w  W  is  avail- 
able for  overcoming  friction  and  moving  the  valve.  This  may 
be  called  the  working  effort  for  that  change  in  speed,  and  is 
equal  to: — 


Or,     W  ~  W 


w  +  w       900^ 
*rw x  ^fa(N5~Nf) 


w 


900  g 


.-.        W'rW«(a;  +  W)^f (VIII) 

Example  II. — The  balls  of  a  Porter  governor  weigh  4  lbs. 
each,  and  the  central  weight  36  lbs.  If  all  the  links  are  of 
equal  length,  find  the  height  of  the  governor  when  revolving 
240  times  per  minute.  If  the  speed  increase  to  248  revolutions 
per  minute  what  will  be  the  working  effort  and  the  rise  of  the 
balls  and  the  sleeve  ? 

Here,  N\  -  240 ;  N2  -  248 ;  w  =  4 ;  and  W  »  36. 

.      /ttt^          t        w  +  W       2936 
From  equation  (VI),         ax  = x  , 


Or,  *!- 


4  +  36  2936 


4  240  x  240* 

hx  =  -51  foot  or  6-12  inches. 

From  equation  (VIII),  )  Nj  -  N? 

The  working  effort,      J        -  (w  +  W )       N  J      ' 

j>  »  —  v*  +  °°/        240^       ' 

=  271  lbs. 

And  from  equation  }  ,  Q      w  +  W/Nf  -  Nf\ 

(VII),  J*i- *a  =  ^6  — S~  V  NfNJ  > 

r>  i        i        ooo*  '4  +  36       2482  -  240* 

Or,  h^  -  h2  =  21Mb  x  — j —  x  2402  x  248* 

hx  -  h2  =  0324  foot  or  -389  inch. 
Travel  of  sleeve  =  2  (/^  -  h2)  =  2  x  -389, 

=  -778  inch. 
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On  comparing  these  results  with  those  of  Example  I.,  it  will 
be  noticed  that  while  both  governors  weigh  about  the  same, 
the  loaded  governor  has  a  working  effort  of  about  20  per  cent, 
greater  than  that  of  the  Watt  governor,  but  its  travel  and 
height  are  less.  It  will  also  be  seen  from  equations  (III)  and 
{VII),  by  putting  N2  =  cNx,  where  c  is  a  constant,  that  the 
•change  in  height  corresponding  to  a  given  percentage  variation 
in  speed  gets  smaller  as  the  speed  increases. 

Spring  Loaded  Governors.— Soon  after  the  introduction  of  the 
Porter  governor,  Mr.  John  Richardson,  of  Messrs.  Robey  &  Co., 
Lincoln,  designed  one  in  1869,  in  which  a  spring  was  substituted 
for  the  weight.  This  improvement  produces  a  greater  working 
•effort  with  less  weight,  bulk,  and  cost  A  spring  has  less  inertia, 
and  acts  much  more  quickly  than  a  weight,  and  it  has  also  a 
•certain  amount  of  cushioning  action.  A  governor  loaded  with  a 
spring  can  act  in  any  position,  whereas  one  with  a  weight  must 
work  vertically.  The  equations  for  a  spring  governor  may  be 
■obtained  in  the  same  way  as  for  the  weighted  governor,  but  the 
load  W  will  be  different  for  different  positions  of  the  balls, 
owing  to  the  varying  compression  of  the  spring. 

Proell  and  Hartnell's  Spring  Governors.* — The  first  of  the 
two  following  figures  illustrates  the  well-known  Proell  spring 
governor.  It  will  be  observed  that  a  helical  spring,  contained 
in  a  cylindrical  case,  surrounds  the  governor  spindle,  and  bears 
upon  the  inn,er  ends  of  the  two  bell  crank  levers,  which  are  con- 
nected to  the  arms  carrying  the  governor  balls.  The  dotted 
lines  show  the  positions  of  the  balls  for  a  speed  above  the 
normal.  As  they  move  out  to  this  position  the  spring  is  com- 
pressed and  the  sleeve  is  raised.  It  will  further  be  noticed  that 
the  links  are  so  proportioned  that  the  balls  diverge  in  nearly  a 
straight  line.  Consequently,  when  working  vertically,  the  balls 
<lo  not  move  either  with  or  against  gravity. 

It  will  be  observed  that  there  are  no  less  than  three  pin  joints 
on  each  side  of  the  Proell  governor  above  the  sleeve,  at  each  of 
which  there  must  be  friction.  In  Hartnell's  governor,  illustrated 
by  the  next  figure,  there  is  but  one.f 

Here,  the  governor  balls  are  fixed  directly  to  the  outer  ends 
of  the  bell  crank  levers,  the  inner  ends  of  which  be  ir  upon  a 
•collar  on  the  upper  end  of  the  movable  tube  or  sleeve,  MS. 

*  The  figure  of  Proell  s  governor  is  from  The  Proc.  Inst.  C.E.,  vol.  cxx., 
Session  1895-96,  by  kind  permission  of  the  Council,  from  a  paper  read 
by  John  Richardson,  M.Inst.C.E.,  on  "The  Mechanical  and  Electrical 
Regulation  of  Steam  Engines/'  which  the  student  should  consult. 

tSee  Lecture  XVIII.  of  the  Author's  Text- Book  on  Steam  and  Steam 
Engines  for  a  description  of  an  engine  to  which  this  governor  is  applied. 
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Between  the  top  of  this  collar  and  the  upper  end  of  the  hollow- 
casting  H  0,  which  is  keyed  to  the  top  of  the  governor  spindle, 
there  is  placed  a  strong  helical  spring.  The  lower  end  of  M  S  has 
a  double  collar  engaged  by  a  forked  lever,  which  works  another 
lever  connected  to  the  drag  link  D  L,  actuating  the  expansion 
valve  rod.  In  the  discussion  on  Mr.  Richardson's  paper  already 
referred  to,  Mr.  Kuhne  states  that  a  Proell  governor,  weighing 
about  2  cwts.,  developed  a  working  effort  of  21  lbs.  for  an 
increase  of  2  per  cent,  in  the  speed,  and  that  a  Porter  governor 
to  do  the  same  would  weigh  f  ton.  Also,  that  the  force  required 
to  compress  the  spring  when  the  balls  were  quite  open  was 
1,781  lbs. 

Macfarlane's  Safety  Governor.— This  governor  is  fitted  inside 
the  steam  passage,  and  acts  directly  on  the  grating  throttle 
valve  C.  There  are  two  weights  D,  working  on  centres  at  E, 
which  move  the  sliding  piece  F,  attached  to  the  throttle  valve 
spindle  G.  This  spindle  is  forced  to  the  right  by  the  spring  H, 
placed  inside  the  governor  spindle  I,  and  is  pulled  to  the  left  as 
the  balls  fly  out.  The  governor  spindle  passes  through  the 
stuffing  box  T,  and  is  driven  by  the  pulley  X.  In  addition  to 
the  throttle  valve  there  is  a  stop  valve  K,  and  seat  O  ;  and  the 
bearing  L  for  the  throttle  valve  forms  part  of  this.  From  the 
left  of  the  two  small  figures  it  will  be  seen  that  the  holes  in  C 
and  L  are  opposite  to  each  other  when  the  engine  is  working 


Normal  Position  of  Throttle 
Valve. 


Closed  Position  of  Throttle 
Valve  if  Belt  Breaks. 


normally,  but  should  the  speed  increase,  C  is  pulled  to  the 
left  and  cuts  off  towards  that  side.  Should  the  belt  which  drives 
the  governor  slip  or  break,  or  the  governor  stop  from  any  cause, 
the  throttle  valve  is  forced  to  the  right  by  the  spring  and 
shuts  off  steam  completely,  as  shown  on  the  other  figure.  The 
stop  valve  is  shown  closed  in  the  large  figure. 

Willans'  Spring  Governor.* — In  the  previous  cases,  the  pressure 
of  the  spring  has  to  be  transmitted  through  the  pin  joints  of  the 

*  For  a  description  of  Willans'  central- valve  triple  expansion  engine,  to 
which  this  governor  is  fitted,  see  Appendix  III.  of  the  Eleventh  Edition  of 
the  Author's  Text- Book  on  Steam  and  the  Steam  Engine. 
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governor  arms,  and 
thereby  causes  more 
friction  and  wear 
and  tear  than  would 
be  the  case  if  the 
springs  were  directly 
connected  to  the 
balls.  In  Willans' 
governor,  as  will  be 
seen  from  the  figure, 
the  balls  are  con- 
nected directly  by  a 
helical  spring  A,  on 
each  aide  of  the  gov- 
ernor spindle.  An- 
other spring  F,  is 
clamped  at  its  upper 
end  to  the  throttle- 
valve  spindle  G,  and 
hooked  at  its  lower 
end  to  the  bracket 
carrying  the  bell 
crank  lever  E.  This 
spring  pulls  the 
valve  rod  down- 
wards, in  opposition 
to  the  springs  A, 
and  thus  pushes  the 
sleeve  against  the 
toes  N  N  (shown 
dotted),  of  the  gov- 
ernor arms.  By  ad- 
justing the  tension 
in  F,  by  the  nut  M, 
the  governor  can  be 
set  to  the  required 
speed  while  the  en- 
gine is  running.  It 
will  be  noticed  that 
this  governor  works 
horizontally,  and  is 
driven  directly  by 
one  end  of  the 
shaft. 


Will*nh'  Spkino  Loai>kd  Govemtor. 
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Pickering  Governor.  —  A  very  simple  and  direct  acting 
governor  which  has  been  introduced  for  small  electric  light 
engines  is  shown  by  the  next  figure.  Here  the  balls  are 
supported  by  flat  springs,  which  act  directly  on  the  throttle- 
valve  spindle.     There  is  also  an  auxiliary  spring,  as  seen  just 


Pickering  Governor,  by  Ta  notes,  Ltd. 

below  the  driving  spindle,  actuated  by  a  thumb  screw  and  worm 
wheel,  which  enables  the  attendant  to  adjust  the  speed  of  the 
engine  whilst  running. 

Governing  by  Throttling  and  Variable  Expansion.— Prior  to 
1876,  governors  generally  controlled  steam  engines  by  actuating  a 
butterfly  throttle  valve  of  the  form  shown  in  the  figure.  This 
valve,  although  simple  in  construction,  is  difficult  to  fit  so  as  to 
remain  steam  tight,  and  hence  the  double-beat  valve  as  in  the 
next  illustration,  or  still  better,  a  grating  piston  valve  like  that 
shown  attached  to  the  Willans'  governor,  has  been  adopted  in 
preference.  The  ordinary  butterfly  throttle  valve  is  not,  as  at 
one  time  supposed,  a  balanced  valve,  since  the  action  of  a  fluid 
rushing  past  an  oblique  plane,  is  such  as  to  cause  a  greater 
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pressure  on  the  forward  edge  and  thus  tend  to  close  the 
valve.  A  good  throttle  valve  should  be  able  to  entirely  stop 
the  admission  of  steam  to  the  cylinder. 

Recently,  many  patents  have  been  taken  out  for  controlling 
the  speed  of  an  engine  by  altering  the  point  of  cut-off.  In 
most  cases,  this  enables  the  engine  to  work  more  economically ; 


Thkottle  Valve. 


Doeblk-Beat  Valve. 


but  as  shown  by  Captain  Sankey  in  his  paper  on  "Governing 
of  Steam  Engines  by  Throttling  and  by  Variable  Expansion," 
read  before  the  Institute  of  Mechanical  Engineers,  in  April, 
1895,  the  indicator  diagrams  obtained  from  engines  governed 
by  this  method  are  often  "cloaks  for  exaggerated  initial  con- 
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densation,"  and  it  may  be  found  that  the  actual  feed  water  used,, 
is  less  with  ordinary  throttling  than  with  variable  expansion. 
Throttling  the  steam  varies  the  amount  supplied  by  varying 
the  pressure,  while  the  volume  used  remains  constant.  On 
the  other  hand,  automatic  expansion  supplies  the  steam  at  a. 
constant  pressure  but  alters  the  volume  used  per  stroke. 

The  point  of  cut-off  may  be  controlled  either  by  means  of  a 
separate  expansion  valve,  or  by  acting  directly  on  the  main 
valve  or  valves.  In  the  first  case,  there  are  two  eccentrics 
which  work  the  main  and  the  expansion  valves.  As  will  be 
seen  from  the  illustrations  of  the  Hartnell,  and  Clayton  «fc 
Shuttleworth's  governors,  the  stroke  of  the  expansion  valve 
is  altered  by  a  drag  link  and  a  block  connected  to  the  governor 
sleeve.  In  the  second  case,  when  a  slide  valve  is  used,  either 
the  throw  or  the  position  of  the  main  eccentric  is  varied  by  a 
shaft  governor,  and  no  second  eccentric  is  required.  With  "  trip- 
gear  "  the  governor  automatically  releases  the  admission  valve* 
sooner  or  later,  according  to  the  load  on  the  engine.* 

Shaft  Governors. — A  large  number  of  these  have  been  designed, 
but  the  following  illustrations  will  serve  to  show  their  general 
principle  and  action.  A  circular  casting  is  keyed  to  the .  crank 
shaft,  and  carries  on  one  side  a  pair  of  symmetrically  arranged 
weights  jointed  thereto  at  one  end,  but  whose  other  ends  are- 
free  to  move  in  a  plane  perpendicular  to  the  shaft  against  the 
resistance  of  the  interposed  helical  springs.  On  the  other  side 
of  this  casting  there  is  fixed  a  pair  of  straps  embracing  a  cir- 
cular disc  carrying  the  eccentric  which  works  the  valve.  The- 
centre  of  this  disc  is  some  distance  from  the  centre  of  the 
shaft  and  that  of  the  eccentric.  The  governor  weights  have- 
bosses  which  pass  through  slots  in  the  circular  casting,  and 
are  connected  by  links  to  studs  on  the  disc.  In  moving  out- 
wards by  centrifugal  force,  these  weights  compress  the  springs 
and  rotate  the  disc,  thus  changing  the  position  of  the  eccentric,, 
and  varying  the  cut-off  of  the  slide  valve. 

Relays.f — Except  in  the  case  of  "  trip  gear,"  the  effort  required 
to  work  the  throttle  valve,  or  expansion  gear,  may  be  consider- 
able, and  can  only  be  satisfactorily  supplied  by  a  relay — that  is, 
by  making  the  engine  itself,  or  steam  from  'the  boiler,  or  water 
pressure,  or  electro-magnetic  mechanism,  move  the  valve,  while 

*  See  Lecture  XVIII.  of  the  Author's  Text-Booh  on  Steam  and  Steam 
Engines  for  illustrations. 

tSee  Engineering,  1st  January,  1886,  p.  4,  for  a  description  of  Hides- 
steam  relay  governor.  Also  "Regulation  of  Steam  Engines,"  by  John 
Richardson,  Proc.  Inst  C.E.,  vol.  cxx.,  1895,  Part  IL,  for  description, 
and  discussion  on  electrical  and  other  relays  for  governors. 
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the  governor  has  simply  to  control  the  relay.  In  most  relays 
that  have  been  used  for  governing,  the  governor  starts  the 
relay,  and  then  the  latter  goes  on  without  any  control,  until  the 
position  of  the  governor  is  altered,  and  it  is  set  into  motion  in 
the  opposite  direction.  All  such  relays  necessarily  have  the 
fault  of  hunting,  but  this  is  not  so  for  one  of  the  steering-gear 
type.  The  governor,  as  it  were,  informs  such  a  relay  when  to 
move  and  how  far,  and  the  extent  of  the  change  in  the  height  of 
the  governor  cone  determines  the  travel  of  the  relay. 


Governor  with  Relay  for  Compound  and  Triple  Expansion 
Engines,  by  Davey,  Paxman  &  Co. 

The  steam  relay  shown  is  applied  by  Messrs.  Davey,  Paxman 
&  Co.  to  compound  and  triple  expansion  engines.  The  weigh- 
shaft  W,  which  works  the  expansion  gears  of  all  the  cylinders, 
*  is  connected  with  the  piston  of  the  small  relay  cylinder  0.  The 
relay  valve  R  V,  which  admits  steam  to  this  cylinder,  is  worked 
by  the  floating  lever  L,  and  allows  steam  to  enter  at  its  middle 
and  exhaust  at  its  ends.  The  lower  end  of  the  floating  lever 
is  attached  at  L,  to  the  crosshead  of  the  relay  piston  rod,  and  its 
upper  end  through  the  links  K,  <fec.,  to  the  governor  sleeve, 
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while  the  small  piston  valve  of  the  relay  is  connected  to  an 
intermediate  point.  It  will  thus  be  seen  that  when  the  governor 
balls  rise,  R  V  will  move  to  the  left,  and  so  admit  steam  to  the 
left  of  the  relay  piston.  This  forces  the  piston  inwards,  and 
pushes  the  eccentric-rod  end  of  the  drag  link  further  from  the 
block  attached  to  the  engine  valve  rod,  and  therefore  reduces 
the  travel  of  the  valve  and  the  power  of  the  engine.  In  addition, 
as  the  relay  piston  moves  one  way  or  the  oth-r,  it  rotates  the 
floating  lever  L,  about  its  upper  end,  and  brings  R  Y  back  to 
its  mid  position,  and  so  automatically  comes  to  rest.  By  this 
means,  the  relay  piston  and  main  slide  valves  are  made  to  follow 
all  the  motions  of  the  governor,  and  the  amount  of  the  motion 
of  the  relay  piston  will  depend  on  the  change  in  the  height  of 
the  balls.  The  governor  itself  has  very  little  work  to  do,  since 
it  has  only  to  move  the  small  valve  RV.  By  means  of  the 
weigh  shaft  W,  and  levers  attached  to  it  the  valve  rods  of  all 
the  cylinders  are  moved  simultaneously,  in  the  same  way  as  the 
one  shown.  Minor  adjustments  of  the  speed  may  be  made 
while  the  engine  is  running  by  altering  the  tension  in  the 
spring  S,  by  means  of  a  worm  and  worm  wheel  on  the  end  of 
the  spindle  H. 

Knowles'  Supplemental  Governor.* — Another  method  is  that 
invented  by  Knowles.  Here  two  governors  are  used,  a  large 
one  to  control  the  valve  in  the  ordinary  way,  and  a  smaller  one 
to  alter  the  length  of  the  rod  connecting  the  first  one  to  the 
valve.  This  is  effected  by  fitting  two  friction  cones  to  the  sleeve 
of  the  smaller,  or  supplemental,  governor,  and  having  a  third 
between  them,  which  will  gear  with  one  or  other  if  the  governor 
rises  or  falls  by  more  than  a  prescribed  amount.  The  valve  rod 
is  in  two  parts,  having  a  right-  and  left-handed  screw  respectively 
at  their  adjacent  ends,  and  the  nut  which  joins  these  screws  is 
rotated  by  the  third  friction  cone.  This  governor  has  been  ex- 
tensively employed  in  spinning  mills,  where  the  fluctuations  in 
load  are  neither  great  nor  sudden,  but  where  the  speed  must 
remain  very  constant. 

Inertia  Governors,  f — For  small  gas  engines,  which  always 
receive  a  full  charge  of  gas  during  each  cycle  or  none  at  all,  a 
form  of  governor  known  as  the  inertia  governor,  has  been  found 
suitable.  In  the  one  first  illustrated,  the  gas  valve  is  opened 
by  a  valve  opener  V  O,  which  is  actuated  through  the  lever  L,  by 
the  cam  C,  fixed  on  the  side  shaft  S.  On  the  lower  end  of  the 
valve  opener  there  is  a  bell  crank  B  C,  engaging  a  slot  on  the 

*  See  the  Practical  Engineer,  vol.  v.,  p.  205,  March  27,  1891. 
+  See  Gas,  Oil,  and  Air  Engines,  by  Bryan  Donkin,  for  other  forms  of  gas 
engine  governors. 
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governor  weight  W.  This  weight  is  supported  by  a  spring 
fixed  to  a  bracket  on  the  Lever  L.  As  the  lever  is  moved  up- 
wards, the  inertia  of  the  weight  W,  causes  it  to  lag  behind,  and 
thus  compress  the  spring,  but  the  latter  is  so  adjusted  that  as 
long  as  the  sp^ed  does  not  exceed  the  normal,  B  C  is  not  moved 
down  sufficiently  to  cause  VO  to  miss  the  gis  valve  spindle. 


Inertia  Governoe  for  Stockport  Gas  Engine. 


C  for  Cam. 

8  „   Side  shaft. 
R  „   Roller. 

7  „   Fulcrum, 


B  for  Bracket. 

V   „    Inertia  weight. 

J  „  Bell  crank. 
0  „  Valve  opener. 


If,  however,  the  speed  should  rise  above  the  normal,  the  inertia 
of  the  weight  is  sufficient  to  press  B  G  down  far  enough  to  cause 
V  0  to  pass  to  the  right  of  the  spindle,  and  then  no  gas  is  ad- 
mitted for  that  cycle.  As  the  direction  of  the  thrust  necessary 
to  open  the  valve  passes  through  the  centre  of  the  pin  supporting 
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Inertia  Governor  for  Otto  Gas 
Engine. 


the  bell  crank  BO,  it  is  received  direct  from  the  lever  L,  and 
does  not  affect  the  governor  weight  W. 

Another,  and  simpler  form  of  inertia  governor,  as  used  in  small 

Otto  gas  engines,  depends  for 
its  action  on  the  inertia  of  a 
small  weight  W,  and  adjust- 
ing weight  A  W.  The 
vibrating  arm  V  A,  is  driven 
by  the  link  L,  from  a  pin  on 
the  end  of  the  side  shaft  S  S, 
and  causes  the  valve  opener 
VO,  and  the  weight  W,  to 
move  backwards  and  for- 
wards. The  centre  of  gravity 
of  the  weights  and  valve 
opener  being  to  the  right  of 
the  pin  P,  the  point  of  V  O 
is  pressed  against  the  flat  of 
the  gas  valve  spindle.  The 
effect  of  the  inertia  of  these 
weights  acts  below  P,  and 
therefore  tends  to  turn  VO 
downwards  when  P  is  moved  to  the  left.  The  position  of  AW 
is  so  regulated  by  the  adjusting  nuts  A  N,  that  when  the  speed 
exceeds  what  is  desired,  the  latter  tendency  will  predominate 
and  cause  the  end  of  V  O  to  pass  below  the  valve  spindle  and 
leave  the  valve  unopened. 

Flywheels. — We  have  already  mentioned  that  the  function  of 
the  flywheel  is  to  take  up  and  give  out  energy  so  as  to  minimise 
the  fluctuations  in  speed  due  to  the  periodic  changes  in  the 
crank  effort,  and  also  to  reduce  the  suddenness  of  other  changes 
in  the  speed  of  the  engine. 

In  the  previous  Lecture  we  found  an  expression  for  the 
tension  per  square  inch  in  the  rim  of  a  flywheel  due  to 
centrifugal  force,  and  saw  that  it  was  independent  of  the 
cross  area  of  the  rim.  The  highest  speed  at  which  a  fly- 
wheel can  be  run  with  safety,  will  therefore  depend  upon  the 
tensile  strength  and  the  density  of  the  material  of  which  it 
is  made,  for  it  is  evident  that  we  cannot  make  it  able  to  go- 
faster  by  enlarging  the  cross  area  of  the  rim,  since  that  increases 
the  total  stress  in  exactly  the  same  proportion  as  it  increases 
the  total  strength.  Consequently,  for  very  high  speeds  it  is 
necessary  to  select  a  material,  and  so  dispose  of  it,  as  to  have 
the  greatest  possible  strength  for  a  given  mass.  Hitherto,  fly- 
wheels have  usually  been  made  of  cast  iron,  either  moulded  and 
cast  in  one  piece,  or  built  up  in  several  segments ;  but  recently, 
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they  have  been  made  of  wrought  iron  or  steel,  so  as  to  offer  & 
much  greater  resistance  to  bursting,  either  by  the  method  sug- 
gested by  Prof.  Sharp,*  or  by  winding  steel  wire  into  an 
annular  trough  made  of  steel  plates  at  a  definite  distance 
from  the  crank  shaft. 

Balancing  Machinery.!— If  a  flywheel  be  not  accurately 
balanced,  it  will  cause  wobbling  stresses,  which  produce  vibration 
and  wear,  and  which  become  greater  as  the  speed  is  increased. 
Owing  to  the  recent  demand  for  high-speed  machinery,  such  as 
sugar-drying,  cream  separating,  hydro-extracting,  and  electric 
light  machinery,  the  attention  of  engineers  has  been  specially 
directed  of  late  to  the  necessity  for  more  perfect  balancing,  with  a 
view  to  reducing  vibration  and  its  attendant  noise,  tear,  and  wear. 
Even  in  the  case  of  express  trains,  it  has  been  found  advisable 
to  balance  the  carriage  wheels.  This  is  done  by  placing  their 
axles  and  their  wheels  on  a  framing  with  springs  of  exactly 
the  same  kind  as  those  to  be  used  on  the  carriage  for  which* 
they  are  intended,  and  running  them  at  their  highest  speed  ofj 
say,  60  to  70  miles  per  hour.  Pieces  of  clay  are  placed  upon  the 
inside  of  their  rims  until  they  run  perfectly  smoothly.  These 
lumps  are  then  replaced  by  pieces  of  cast  iron  or  lead  of  the 
same  weight,  and  the  process  repeated  until  as  perfect  a  balance 
as  possible  has  been  obtained. 

In  works  where  the  importance  of  balancing  machinery  is- 
recognised,  the  machine  to  be  balanced  is  placed  upon  a  testing 
table  and  run  at  gradually  increasing  speeds.  At  each  speed 
the  balance  is  made  as  perfect  as  possible,  by  trial,  in  a  manner 
similar  to  that  just  described  for  railway  carriage  wheels,  until 
the  maximum  working  speed  has  been  reached,  and  the  whole 
is  capable  of  running  practically  free  from  vibration  even  when, 
not  secured  by  bolts  or  clamps. 

A  common  method  of  balancing  pulleys  in  the  workshop  is 
to  mount  them  on  a  shaft,  or  mandril,  which  is  then  placed  on. 
two  parallel  and  perfectly  level  straight  edges.  This  is  a 
delicate  method  of  procuring  a  statical  balance,  but  it  does 
not  follow  that  there  is  a  true  dynamic  balance,  as  there 
may  be  a  centrifugal  couple,  which  will  cause  vibration,  and: 
needless  pressure  on  the  bearings.     To  take  a  simple  case,  con- 

*  See  Prof.  Sharp's  pamphlet  on  "  A  New  System  of  Wheel  Construc- 
tion *  (Technical  Publishing  Go.,  Manchester),  and  a  paper  on  "Fly- 
wheels," by  John  Gait,  C.E.,  M.E.,  Proc.  Canadian  Electrical  Assoc. , 
Montreal,  1894. 

+  See  Proc.  Inst.  Eng.  and  Shipbuilders  in  Scotland,  January,   1891, 
for  a  paper  on  '*  Centrifugal  Action  in  Practical  Work,"  by  John  Laidlaw. 
Also,  Proc.  N.E.  Coast  hut.  of  Eng.  and  Shipbuilders,  vol.  xii.,  1896,  for  a*. 
paper  on  "  An  Investigation  into  the  Force  tending  to  produce  Vibration, 
in  High-Speed  Engines,"  by  J.  M.  Allan. 
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sider  a  crank  shaft  with  two  cranks  180°  apart.  The  static 
balance  may  be  perfect  if  the  cranks  are  similar ;  yet,  it  is  clear  that 
"the  centrifugal  forces  of  the  two  cranks,  although  equal,  parallel, 
and  opposite  in  direction,  are  not  in  the  same  straight  line,  and 
therefore  form  a  couple  in  a  plane  passing  through  the  axis  of 
the  shaft.  The  plane  of  this  couple  revolves  with  the  cranks, 
and  it  consequently  tends  to  make  the  axis  describe  a  double 
cone  in  space,  the  common  vertex  of  this  cone  being  at  the 
centre  of  gravity  of  the  whole  rotating  mass.  Similarly,  with  a 
pulley  there  may  be  an  excess  of  material  on  one  side  at  one 
extremity  of  a  diameter,  and  at  the  other  extremity  an  excess 
on  the  other  side,  which,  while  the  static  balance  is  perfect, 
cause  a  centrifugal  couple,  and  set  up  objectionable  vibrations  at 
a  high  speed.  The  final  adjustment  of  the  balance  of  a  wheel 
or  pulley  should  therefore  always  be  made  at  the  highest  speed 
at  which  it  is  intended  to  run.  In  order  to  have  a  statical 
balance  about  an  axis,  it  is  sufficient  that  the  axis  should  pass 
through  the  centre  of  gravity  of  the  whole  mass,  but  for  a  perfect 
dynamic  balance,  it  must  also  pass  through  the  centre  of  gravity 
ot*  every  section  taken  at  right  angles  to  the  axis.  It  is  possible, 
however,  in  some  cases  to  have  the  body  as  a  whole  balanced 
without  this  last  condition,  but  in  such  cases  there  will  be 
several  centrifugal  couples  whose  resultant  is  zero,  but  which 
tend  to  bend  the  shaft  at  several  places. 

Weston  Centrifugal  Machine.  —  As  a  useful  application  of 
centrifugal  force,  and  an  example  of  a  self-balancing  high-speed 
machine,  we  here  illustrate  the  Weston  centrifugal  for  drying 
sugar.  The  first  figure  gives  a  general  view  of  a  pair  of  30-inch 
centrifugals  suspended  from  the  house  framing,  with  sugar- 
breaker,  pug  mill,  swivel  shoot,  and  molasses  gutter.  The 
baskets  of  these  machines  are  driven  at  1,200  revolutions  per 
minute,  and  give  an  output  of  12  to  16  tons  of  dried  raw  sugar, 
or  12  to  20  tons  of  dried  refined  sugar,  per  day  of  ten  hours, 
and  require  about  seven  horse-power  to  drive  them. 

In  order  to  charge  the  machine,  the  valve  at  the  bottom  of 
the  pug  mill  is  opened,  so  as  to  allow  the  sugar  to  gravitate 
down  the  scoop  into  the  basket  B,  seen  in  the  vertical  section. 
When  a  sufficient  charge  has  been  given,  the  pug  mill  valve  is 
closed,  and  the  basket  started  rotating  by  a  friction  pulley  of 
the  kind  shown  in  Lecture  VIII.,  p.  136  of  Vol.  I.  The  belt 
which  drives  the  pulley  P,  connected  to  the  spindle  S,  thus 
gradually  brings  the  speed  up  to  its  normal.  The  centrifugal 
force  causes  the  water  and  molasses  to  pass  through  the  numer- 
ous holes  in  the  periphery  of  the  basket  into  the  monitor  case 
MO,  from  whence  it  escapes  by  the  discharge  pipe,D  P;  while 
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Vertical  Section  of  Weston  Centrifugal. 
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the  sugar  forms  a  wail  around  the  inside  of  the  basket.     When 
the  sugar  is  dried,  the  friction  grip  of  the  driving  pulley  is 
relieved,  and  the  brake-strap  applied  to  the  brake  pulley  B  F, 
so   as  to  bring   the   basket  and   its 
contents  quickly  to  rest     The  con- 
ical cover,  or  discbarge  valve  D  V,  is 
then  raised  and  hung  on  the  brake 
pulley,  as  seen  in  dotted  Hues.     The 
wall  of  sugar  is  broken   down   and 
swept  through  the  central  opening 
into  the  conveying  trough  T.     It  is 
then  forced  along  this  trough  by  a 
large  screw  to  wherever  it  may  be 
wanted. 

The  basket  is  not  compelled  to  re- 
volve about  a  fixed  axis,  but  is  per- 
mitted to  choose  its  own  centre  of 
rotation  by  the  use  of  elastic  bearings. 
By  allowing  the  revolving  basket  to 
oscillate  within  certain  limits,  it 
assumes  as  its  centre  of  gyration  the 
centre  of  gravity  of  the  basket  and 
its  contents,  and  so  becomes  self- 
balancing.  This  reduces  to  a  mini- 
mum the  power  required  to  drive  the 
machine,  severe  stresses,  wear  and 
tear,  and  the  vibrations  transmitted 
to  the  building.  By  referring  to  the 
sectional  view  of  the  spindle,  it  will 
be  easily  understood  how  this  is  ac- 
complished. A  strong  block  B,  is 
bolted  to  the  overhead  beam,  and 
inside  this  block  are  placed  two  india- 
rubber  buffers  1 1,  the  upper  of  which 
sustains  the  suspended  spindle  S,  by 
a  nut  and  washer.  This  spindle  does 
not  rotate,  but  it  carries,  at  its  lower 
end,  a  series  of  washers  which  support 
the  bearing  F,  fixed  to  the  outer  re-     ~ „_    ~ ,_ 

,_,  ■      i,  mi.  11  t>  i       SECTION     OF     SPINDLE     AHD 

volving  spindle.     The  pulley  P,  and  Bearinos  for  Wbstok 

brake  pulley  B  P,  are  attached  to  the  Ckntriedqal. 

upper  end  of  this  outer  spindle,  and 

the  perforated  basket  to  its  lower  end.  The  hollow  portion  of 
this  spindle  is  filled  with  oil,  so  that  the  bearing  F  runs  in 
an  oil  bath,  and  is  always  well  lubricated. 
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There  are  many  other  applications  of  this  principle,  such  as  in 
hydro-extractors,  cream-separators,  4c.  The  next  illustration 
shows  a  modification  of  the  above  machine  adapted  for  extracting 
oil  from  engine  waste,  turnings,  screws,  &c,  or  drying  crystals 
and  ores.  The  material  to  be  dried  is  put  into  the  hollow  pan  A, 
which  is  then  rotated  at  about  2,000  revolutions  per  minute. 
The  oil,  or  water,  escapes  through  the  narrow  opening  between 
the  upper  and  lower  parts  of  the  pan  at  B,  into  the  outer  casing 
D,  and  thence  to  the  spout  E.     The  pan  is  emptied  by  lifting  it 
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bodily  from  the  top  of  the  spindle  and  turning  it  upside  down. 
It  rests  on  a  leather-faced  disc  on  the  top  of  the  spindle,  and  is 
kept  central  by  a  continuation  of  the  same,  which  fits  easily 
into  a  recess  in  the  bottom  of  the  pan.  This  arrangement 
permits  of  a  little  slip  at  starting,  by  which  the  driving  belt  ia 
relieved  from  any  sudden  or  severe  stress.  The  spindle  is 
similar  in  construction  to  the  one  just  described,  but  inverted, 
so  that  this  machine  is  also  self-balancing. 


QUESTIONS.  129 


Lectubb  XXIEL—  QUESTIONS. 

1.  The  governor  and  flywheel  of  an  engine  have  both  the  purpose  of 
regulating  its  speed.     Explain  how  their  actions  in  this  respect  differ. 

2.  Explain  the  principle  of  WttiCa  pendulum  governor,  and  state  its 
advantages  and  defects.  Various  methods  have  been  proposed  for  im- 
proving this  form  of  governor;  discuss  the  action  of  any  such  modern 
apparatus  with  which  you  are  acquainted. 

3.  What  are  the  principal  essentials  of  a  good  steam  engine  governor  ? 
Sketch,  in  outline,  any  one  form  of  governor  with  which  you  are  acquainted, 
and  explain  to  what  extent  it  is  satisfactory  according  to  the  conditions 
which  you  have  laid  down,  or  how  it  might  be  improved. 

4.  Sketch  the  ordinary  pendulum  or  ball  governor  of  a  steam  engine. 
Mark  on  your  drawing  some  particular  line  whose  length  is  related  to  the 
number  of  revolutions  of  the  balls.  State  the  relation  as  nearly  as  you 
know  it.     If  the  line  referred  to  be  shortened  in  proportion  of  2  :  3.  how 

much  would  the  number  of  revolutions  be  increased?    Ans.   ^/3  :  J 2.. 

5.  Sketch  an  ordinary  Watt's  governor,  and  explain  its  action  upon  the 
valve  with  which  it  is  connected.  Why  is  it  an  improvement  to  shift  the 
points  of  suspension  so  that  the  arms  cross  each  other  ? 

6.  Explain  the  advantages  of  the  crossed-arm  governor  for  a  steam- 
engine.  Find  the  height  of  the  cone  when  the  engine  is  making  40 
revolutions  per  minute,  and  prove  the  formula  on  which  you  rely.  (S.  and 
A.  Adv.  Steam  Exam.,  1891.) 

7.  Define  the  term  "isochronous"  as  applied  to  governors.  How  may 
isochroniflm  be  approximately  obtained?  Prove  the  formula,  connecting 
the  height  of  the  cone  of  revolution  and  the  number  of  revolutions  per 
raxiute,  for  a  simple  pendulum  governor.  (S.  and  A.  Adv.  Steam  Exam., 
1892.) 

8.  Sketch  the  pendulum  governor  as  Watt  made  it.  From  the  balls  of 
a  common  governor,  whose  collective  weight  is  A,  there  is  hung  by  a  pair 
of  links  (of  lengths  equal  to  the  bail-rods)  a  load,  B,  capable  of  sliding  up 
and  down  the  spindle.  Compare  the  loaded  and  common  governor  as 
regards  sensitiveness,  the  weights  of  the  arms  or  links  being  neglected. 
(S.  and  A.  Adv.  Steam  Exam.) 

9.  Find  an  expression  for  the  height  of  the  cone  in  a  loaded  governor 
when  rotating  at  a  given  number  of  revolutions  per  minute.  Show,  by  a 
sketch,  the  connection  of  the  governor  with  a  throttle  valve.  By  what 
arrangement  may  the  tendency  to  over-sensitiveness  be  corrected  ?  (S.  and 
A.  Hons.  Steam  Exam.,  1891.) 

10.  Find  the  height  of  a  simple  or  "Wfctt"  governor  revolving  at  80 
revolutions  per  minute.  If  the  same  governor  had  a  weight  of  40  lbs. 
attached  to  the  sleeve,  the  balls  weighing  3  lbs.  each,  what  should  be  its 
height,  supposing  the  same  speed  to  be  maintained,  and  the  link  work  to 
be  such  that  the  sleeve  rises  twice  as  fast  as  the  balls  ?  Neglect  the  weight 
of  the  connecting  links.     (S.  and  A.  Adv.  Steam  Exam.,  1895.) 

11.  Find  the  height  of  a  simple  conical  pendulum  revolving  at  80  revolu- 
tions per  minute.  It  a  loaded  governor,  making  240  revolutions  per 
minute,  had  a  weight  of  20  lbs.  attached  to  the  sleeve,  the  balls  weighing 
2  lbs.  each,  what  would  be  its  height,  the  vertical  motion  of  the  baUs  being 
half  that  of  the  sleeve?    (S.  and  A.  Adv.  Steam  Exam.,  1894.) 

12.  Sketch  and  describe  any  spring  loaded  governor,  and  compare  the 
action  of  the  spring  with  that  of  a  weight. 
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13.  What  objection  is  there  to  regulating  the  speed  of  an  engine  by  the 
throttle  valve  ? 

14.  Explain  what  is  meant  by  automatic  expansion  gear,  showing 
wherein  lie  its  special  advantages  in  the  economic  working  of  an  engine. 
Sketch  such  an  arrangement  and  its  connections.  (S.  and  A.  Hons.  Steam 
Exam.,  1894.) 

15.  Explain  by  the  aid  of  the  necessary  sketches  the  construction  of 
either  the  Armington-Sims  or  the  Westinghouse  high-speed  flywheel 
governor  and  valve  gear.  Show  clearly  how  in  these  arrangements  the 
throw  and  angle  of  advance  of  the  eccentric  are  varied,  whilst  the  lead  is 
kept  constant.  (S.  and  A.  Hons.  Steam  Exam.,  1895.)  (Robey's  and 
Ransoms,  Sims  &  Jefferies'  shaft  governors  are  similar  to  those  asked  for.) 

16.  What  special  benefit  is  obtained  by  adding  a  relay  to  a  governor? 
Sketch  and  describe  a  relay  which  automatically  follows  up  the  motion  of 
the  governor. 

17.  Sketch  Knowles*  supplemental  governor  and  describe  its  action. 

18.  Describe  the  pendulum  governor  of  the  Otto  engine,  and  point  out, 
by  reference  to  sketches,  the  manner  in  which  it  acts.  (S.  and  A.  Adv. 
Steam  Exam.,  1889.) 

.   19.  Explain  clearly  the  arrangement  by  which  the  speed  of  an  Otto  engine 
is  regulated  (S.  and  A.  Adv.  Steam  Exam.,  1891.) 

20.  Describe  any  form  of  inertia  governor  used  for  regulating  the  speed 
of  a  gas  engine. 

21.  Describe,  with  proper  sketches,  a  form  of  vibrating  pendulum 
regulator  as  fitted  to  an  Otto  gas  engine,  and  explain  how  it  acts,  and 
is  made  adjustable.  Assuming  that  the  pendulum  is  actuated  by  the 
rotation  of  the  gas  and  air  valve,  describe  the  mechanism  conuecting  the 
■end  of  the  valve  with  the  pendulum,  showing  that  it  forms  a  well-known 
combination  in  linkwork.     (S.  and  A.  Hons.  Steam  Exam.,  1894.) 

22.  Explain  why  it  is  necessary  to  balance  high-speed  machinery,  and 
•describe  the  most  approved  method  of  doing  so. 

23.  What  primary  law  in  mechanics  asserts  itself  when  some  revolving 
piece  of  machinery  moves  at  a  high  velocity,  and  is  unbalanced  ?  A  weight 
of  1  lb.  is  placed  on  the  rim  of  a  wheel  2  feet  in  diameter,  which  revolves 
upon  its  axis  and  is  otherwise  balanced.  The  linear  velocity  of  the  rim. 
being  30  feet  per  second,  what  is  the  pull  on  the  axis  as  caused  by  the 
weight  of  1  lb.?    Ana.  284  lbs. 

24.  Explain  by  sketches  and  description  how  railway  carriage  wheels  for 
•express  trains  and  their  axles  are  balanced.  Give  your  reasons  for  and 
against  the  common  workshop  expression  that  a  perfect  statical  balance  ia 
not  one  when  the  machine  is  run  at  a  high  speed. 
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LECTURE  XXIV. 

Contents. —Graphic  Statics — A  Framed  Structure— Classification  of 
Frames — Firm  Frames — Deficient  Frames — Redundant  Frames— Con- 
ditions of  Equilibrium— Bow's  Method  of  Lettering — Solution  of  a 
Triangular  Frame — Reciprocal  Figure  for  a  Joint—Definition  of  a 
Strut — Definition  of  a  Tie — Stress  Diagram — Determination  of  the 
Kind  of  Stress  in  a  Bar—Firm  Quadrilateral  Frame — Firm  Tri- 
angular Frame — Firm  Frame — Firm  Frame  with  Mansard  Outline— 
Questions. 

Graphic  Statics  is  the  Science  and  Art  of  determining  by  scale 
drawings  the  total  stresses  in  the  various  parts  of  a  structure. 
The  forces  transmitted  through  each  part  of  a  structure  may  be 
ascertained  either  by  calculation  or  by  graphical  construction. 
The  former  method  is  extremely  tedious,  except  in  very  simple 
cases,  whereas  the  latter  is  not  only  rapid,  but  also  affords  a 
self-evident  means  of  checking  the  accuracy  of  the  solution. 

Definition. — A  Framed  Structure  consists  of  an  assemblage 
of  rigid  bars,  so  arranged,  that  the  stresses  in  them  are  principally 
push  or  pull  and  by  the  use  of  which,  external  forces  may  be 
transmitted  or  modified. 

A  structure  is  different  from  a  machine  in  so  far  as,  the 
former  transmits  force  while  the  latter  transmits  energy.  This 
means  that  the  parts  of  a  structure  are  assumed  to  be  at  rest 
while  those  of  a  machine  must  be  in  motion. 

In  this  section  we  assume  the  following,  unless  otherwise 
stated : — 

(1)  That  the  point  of  crossing  of  two  or  more  bars  is  a  joint 
and  perfectly  frictionless. 

(2)  That  all  the  members  or  bars  are  able  to  withstand 
either  push  or  pull. 

(3)  That  each  bar  is  incapable  of  being  perceptibly  deformed 
under  the  action  of  the  stress  it  may  have  to  carry. 

For  the  complete  specification  of  a  force,  we  must  know  the 
following  four  elements : — 
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(1)  The  point  or  place  of  application. 

(2)  The  lineof  action — i.e.,the  line  along  which  the  force  is  acting. 

(3)  The  direction  or  way  the  force  acts  along  its  line  of  action. 

(4)  The  magnitude— *.c,  the  number  of  units  of  force. 
Classification  of  Frames.— (1)  Finn  Frames  are  those  which 

have  just  sufficient  bars  to  prevent  change  of  shape,  and  any 
bar  may  therefore  be  lengthened  or  shortened  without  stress- 
ing any  of  the  other  members. 

^2)  Deficient  Frames  are  those  which  have  not  sufficient  bars 
to  prevent  deformation,  and  the  joints  must  therefore  be 
made  stiff  in  order  to  resist  change  of  form. 

(3)  Redundant  Frames  are  those  which  have  mare  bars  than 
are  necessary  to  resist  distortion.  In  frames  of  this  kind  we 
cannot  alter  the  length  of  certain  bars  without  stressing  one  or 
more  of  the  other  members.  Further,  the  frame  may  be  self 
stressed  if  the  redundant  bars  be  badly  fitted,  and  the  stresses 
in  the  various  members  are  indeterminate  unless  their  yield- 
ingness  be  taken  into  account. 

Conditions  of  Equffibrium.-- There  must  be  no  translation. 
This  is  assured  if  the  diagram  of  external  forces  is  a  closed 
polygon. 

There  must  be  no  rotation.    This  is  satisfied  if: — 

(1)  The  external  foroes  have  no  resultant  moment  round 
every  point  that  may  be  chosen. 

(2)  The  line  of  action  of  the  resultant  of  all  except  two  of 
the  forces  passes  through  the  point  of  intersection  of  the  lines 
of  action  of  these  two  forces. 

If  a  number  of  external  forces  act  upon  a  structure  and  keep 
it  at  rest,  and,  if  we  have  to  determine  graphically  the  relations 
among  these  external  forces,  we  must  know  at  least : — 

Either. — All  the  elements  of  all  the  forces  except  one  and 
nothing  about  that  one. 

Or. — All  the  elements  of  all  the  forces  except  two,  and  about 
one  of  these  two  its  line  of  action.  About  the  other,  one  point 
in  its  line  of  action. 

In  the  former  case,  we  determine  the  resultant  of  all  the  given 
external  forces  by  any  method,  and  the  last  or  balancing  force 
(that  is,  the  one  we  know  nothing  about)  has  (1)  its  point  of 
application  anywhere  in  the  line  of  action  of  the  resultant,  (2)  its 
line  of  action  coincident  with  the  line  of  action  of  the  resultant, 

(3)  its  direction  or  way  opposite  to  that  of  the  resultant,  and 

(4)  its  magnitude  is  the  same  as  that  of  the  resultant. 
The  second  case  will  be  clear  by  a  reference  to  Fig.  1. 

B  A  is  the  resultant  of  the  external  forces,  1.2.3...(n-2), 
acting  on  the  body  or  frame.     D  C  is  the  line  of  action  of  the 
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(n-  I)**  force,  and  E  the  point  chosen  as  a  point  in  the  line  of 
action  of  the  n^  force. 

//  three  forces  act  upon  a  body  and  keep  it  at  rest  their  lines  of 
action  must  all  pass  through  one  point.  Thereby,  the  line  of 
action  F  E,  of  the  n*  force  may  be  determined,  since  it  must 
pass  through  O  the  point  of  intersection  of  B  A  with  D  0.  Then 
by  an  application  of  the  triangle  of  forces  the  magnitudes  and 
ways  or  directions  of  the  (n-  I)1*  and  n0*  forces  may  be  deter- 
mined. 

Bow's  Method  of  Lettering. — In  Fig.  2  we  have  an  example 
of  Bow's  method  of  lettering  a  system  of  forces.     It  will  be  seen 


1.2-3-«(n-Z) 


Kg.  1. — Relation  among  External 
Forces. 


Fig.  2.— Illustration  of  Bow's 
Method  of  Lettering. 


that  every  force  has  one  letter  on  each  side  of  its  line  of 
action.  This  is  in  order  to  name  the  force.  Thus,  we  speak  of 
the  forces  AB,  BC,0D,DE,  and  E  F.  Again,  each  letter  has 
been  used  twice,  excepting  A  and  F.  This  would  indicate  that 
one  force  was  awanting  or  required  to  be  determined  : — viz., 
the  force  A  F.  This  force  may  be  the  resultant  or  the  equi- 
librant  as  the  case  may  be ;  or,  if  on  drawing  the  polygon  of 
forces,  F  coincides  with  A  (that  is,  the  magnitude  of  F  A  is 
zero),  then  the  system  is  in  translationary  equilibrium. 

In  Fig.  3,  we  have  the  forces  acting  at  the  joints  of  the 
triangular  frame  X  Y  Z,  named  by  Bow's  method. 

The  forces  which  keep  in  equilibrium  the  joints  X,  Y,  and  Z, 
are:— 

For  the  joint  X — 

The  force  B  C  (all  the  elements  of  which  are  known). 
The  action  of  the  stress  *CD;  and, 
The  action  of  the  stress  D  B. 

*  As  is  usual,  in  treatises  on  this  subject,  the  word  atre$8,  throughout 
Part  IV.,  means  the  total  force  transmitted  by  the  bar,  and  not  the  force 
per  unit  of  cross  area. 


bow's  method  of  lettering. 
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For  the  joint  Z — 

The  action  of  the  stress  B  D ; 
The  action  of  the  stress  DA;  and, 
The  supporting  force  A  B. 

And  for  the  joint  Y — 

The  action  of  the  stress  A  D  ; 
The  action  of  the  stress  DC;  and, 
The  supporting  force  C  A. 

The  supporting  force  C  A,  has  been  represented  by  a  curved 
dotted  line  to  indicate  that  all  we  know  about  it  is,  its  point 
of  application. 

The  point  X  might  be  called  the  joint  BCD;  the  point  Y 
the  joint  CAD;  and  the  point  Z  the  joint  ABD,  since  the 
letters  naming  a  joint  have  been  used  to  name  the  forces  acting 
at  that  joint. 

In  Fig.  3,  we  have  used  the  letters  A,  B,  and  C  each  four 
times  and  the  letter  D  six  times.  In  practice,  this  is  avoided 
by  lettering,  as  indicated  in  Fig.  4.  Then  the  forces  and  bars 
will  have  the  same  names  as  before.     Success  in  graphic  solu- 


Kg.  3.— Bow's  Method  of  Letter- 
ing a  Triangular  Frame. 


Fig.  4. — Bow's  Method  nr 
Practice. 


tions  depends  in  a  great  measure  on  correct  lettering,  and  on 
correct  assumptions  having  been  made,  first,  with  regard  to  the 
total  number  of  external  forces  that  act  on  the  frame,  and 
second,  with  regard  to  what  is  known  about  the  various 
elements  of  these  external  forces. 

One  great  advantage  of  the  Graphic  Method  of  Solution  is, 
that  our  attention  is  always  being  directed  to  the  correctness  of 
any  assumptions  that  have  been  made.     If  the  Stress  Diagram 
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closes,  we  may  safely  consider  the  solution  to  be  correct  for 
the  assumptions  made ;  but,  if  it  does  not,  some  assumption  is 
wrong  or  something  has  been  left  out. 

Correct  lettering  is  accomplished  token  every  external  force  and 
every  bar  has  one  letter  and  only  one  on  each  side  of  it. 

All  the  external  forces  must  be  applied  at  the  joints  of 'tlie  frame, 
but  if  any  should  act  at  a  point  other  than  the  end  of  a  bar,  tlien 
two  equivalent  parallel  forces  must  be  applied  to  the  member  under 
consideration,  one  at  each  end.  By  equivalent  parallel  forces  is 
meant  two  force i  which,  applied  as  stated,  would  have  the  given 
force  as  their  resultant 

The  lines  of  action  of  the  external  forces  must  not  fall  inside  the 
frame,  but  must  be  drawn  outside,  as  in  Fig.  4. 


Fig.  5.— Sketch  of  Frame. 


Fig.  6. — Frame  Diagram. 


Solution  of  a  Triangular  Frame. — Giwn,  the  triangular  frame 
a  be,  and  the  force  P,  completely  specified  as  follows,  viz.  : — 

Its  point  of  application,  b  ', 
Its  line  of  action,  d  b ; 

Its  way  or  direction  from  d  towards  b ;  and, 
Its  magnitude,  P  lbs.     Also, 

The  line  of  action  of  one  of  the  supporting  forces,  a  e. 
And  finally,  a  point  c,  in  the  line  of  action  of  the  other 
supporting  force. 
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It  is  required  to  find  the  remaining  elements  of  the  supporting 
forces,  also  the  magnitudes  and  kind  of  stresses  in  the  bars. 

We  begin  by  drawing  the  Frame  Diagram  (Fig.  6)  to  scale. 
This  scale  should  be  as  large  as  possible,  say,  in  this  case, 
J  inch  representing  1  foot.  Then  letter  the  Frame  Diagram  by 
Bow's  method.  Now,  let  the  lines  of  action  of  the  forces  A  B 
and  B  0,  on  being  produced  meet  in  O.  Then  for  no  rotation, 
the  line  of  action  of  the  other  supporting  force  C  A  (as  indi- 
•cated  by  the  chain  dotted  line)  must  pass  through  O,  and  also 
through  the  joint  D  C  A,  as  given.  Thus  the  line  of  action  of 
the  force  C  A  is  determined. 

For  no  translation,  the  triangle  of  forces  is  applied,  and  will 
give  the  magnitudes  and  ways  of  the  supporting  forces,  as 
indicated  by  Fig.  7.  The  scale  used  should  be  as  large  as 
•convenient,  say  1  inch  representing  40  lbs. 


Fig.  7 —Diagram  tor  Fig.  8.—  Reciprocal  Figure 

External  Forces.  for  Joint  BCD 

Definition. — If  from  a  point,  a  number  of  lines  radiate,  and 
if  a  polygon  be  drawn  which  has  its  sides  either  all  parallel  to,  or 
all  at  right  angles  to  corresponding  radiating  lines,  then  this 
Polygon  is  called  the  Reciprocal  of  the  Point. 

Thus,  the  triangle  B  C  A,  Fig.  7,  may  be  called  the  reciprocal 
of  the  point  B  A  C  or  O,  in  Fig.  6. 

We  can  now  draw  the  reciprocal  figure  for  any  one  of  the 
joints  of  the  triangular  frame.  Because,  we  know  all  about  the 
external  forces  acting  at  each  of  these  joints ;  and  further,  not 
more  than  two  bars  meet  at  each  joint. 

If  more  tJian  two  bars  meet  at  a  joint,  tlien  we  must  know,  in 
addition  to  all  the  external  forces  acting  at  that  joint,  the  stresses 
in  all  tlie  bars  except  two,  before  the  reci[*rocal  can  be  drawn. 
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Fig.  8  is  the  reciprocal  figure  for  the  joint  BCD.  It  is  drawn 
to  the  same  scale  and  in  exactly  the  same  manner  as  Fig.  7, 
viz. : — B  0  parallel  and  equal  to  the  external  force  BC;  CD 
parallel  to  the  bar  C  D ;  and  D  B  parallel  to  the  bar  D  B. 

The  length  of  the  lines  CD  and  B  D,  in  Fig.  8  (measured  to 
the  same  scale  as  that  used  for  B  C)  determine  the  magnitudes 
of  two  forces  which,  acting  in  conjunction  with  the  external 
force  B  C,  would  keep  the  joint  BCD,  at  rest.  The  two  forces 
C  D  and  D  B,  are  the  actions  on  the  joint  of  the  stresses  in  the 
bars  C  D  and  D  B,  and  therefore  measure  the  magnitudes  of  the 
stresses  in  these  bars.  The  arrow-heads  give  the  ways  or  direc- 
tions along  the  line  of  centres  of  the  bars  of  the  actions  C  D 
and  D  B. 

Figs.  9  and  10  are  drawn  to  the  same  scale  and  in  the  same 
way  as  Fig.  8,  and  represent  the  reciprocals  for  the  joints  B  D  A 
and  ADC  respectively. 

From  Figs.  9  and  10  we  get  similar  information  regarding  the 
bars  A  D  and  D  B,  and  their  actions  on  the  joint  DBA,  and  the 
bars  C  D  and  D  A,  and  their  actions  on  the  joint  A  D  C,  to  that 
derived  from  Fig.  8  regarding  the  joint  BCD. 

In  the  reciprocal  figure  for  the  joint  B  CD,  Fig.  8,  the  way 


C 

Fig.  9. — Reciprocal  fob  Fig.  10.— Reciprocal  por 

Joint  B D A.  Joint  ADC. 

of  the  action  on  the  joint  BCD,  of  the  stress  in  the  bar  C  D,  is 
towards  the  left  and  upwards,  while  in  Fig.  10  the  way  of  the 
action  of  the  stress  in  the  same  bar  on  the  joint  ADC,  is 
towards  the  right  and  downwards. 

We  will  now  explain  the  cause  of  this  apparent  contradiction 
in  the  two  reciprocals.  The  reciprocal  for  the  joint  BCD,  shows 
that  the  way  of  the  action  on  the  joint  BCD,  of  the  stress  in 
the  bar  D  C,  is  towards  the  pin  B  C  D — that  is,  pushing  it. 
(This  is  indicated  in  Fig.  11  by  the  small  arrow.)  Then  from 
Newton's  third  law  the  pin  BCD,  must  push  the  bar  with  an 
equal  .and  opposite  force. 
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Pin  BCD. 


Pin  CAD. 


Fig.  11.— The  Bar  C  D. 


If  the  bar  D  C,  pushes  the  pin  B  C  D,  it  must  also  push  the 
pin  CAD.  For  this  reason,  that  no  bar  can  simultaneously 
push  a  pin  at  one  end  of  itself  and  pull  one  at  its  other  end 
This  is  what  the  reciprocal  for  the  joint  ADC,  indicates. 

Definition  of  a  Strut. — When  the  reciprocal,  for  a  joint 
indicates  that  the  way  of 
the  action  of  the  stress  in  ^ 
a  bar  is  towards  the  joint, 
then  that  bar  is  under 
compression  and  is  called 
a  stmt. 

On  reference  to  the  re- 
ciprocals for  the  joints 
B  D  A  and  A  D  C,  it  will 
be  seen  that  the  bar  D  A, 
is  pulling  at  the  pins 
BDA  and  ADC.  But, 
by  the  action  and  reaction 
law,  the  pins  will  pull  at 
the  ends  of  the  bar,  and  this  means  that  the  bar  D  A,  is  under 
tensional  stress  of  an  amount  measured  by  the  length  of  the 
line  D  A,  in  the  reciprocal  figures. 

Definition  of  a  Tie. — When  the  reciprocal  for  a  joint  indicates 
that  the  way  of  the  action  of  the  stress  in  a  bar  is  away  from  the 
joint,  then  that  bar  is  under  tension,  and  is  called  a  tie. 

In  Fig.  12,  the  reciprocals  for  the  three  joints  of  the  frame 
and  the  one  for  the  point  O,  have  been  combined  into  one 
diagram,  which  may  be  called  either 

the  Stress  Diagram  or  the  reciprocal  ^  q 

of  the  Frame  Diagram. 

Definition. — Two  figures  are  re- 
ciprocal when  every  point  in  the  one 
has  a  corresponding  reciprocal  in  the 
other. 

For  example,  the  point  C,  in  Fig.  12 
has  the  lines  D  C,  A  C,  and  B  C,  meet- 
ing in  it.  If  we1  refer  to  the  Frame 
Diagram,  Fig.  6,  we  find  that,  the  bar 
C  D,  the  force  B  C,  and  the  force  A  C, 
form  the  reciprocal  for  this  point  C 
in  Fig.  12. 

We  do  not  put  arrow  heads  on 
the  Stress  Diagrams;  they  would  lead 
to  confusion,  and  are  quite  unneces- 


Fig.  12.— Combination  oi  , 
the    Reciprocals,   ob 
Stress  Diagram. 
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sary.  Take  for  example  the  line  A  D,  Fig.  12,  from  the  reci- 
procal of  the  joint  ABD,  we  would  require  an  arrow  head 
pointing  from  D  towards  A ;  while,  from  the  reciprocal  of  the 
joint  ADC,  an  arrow  head  would  require  to  point  the  other 
way.  (The  double  arrow  on  the  line  A  D,  points  to  the  fact  that 
a  stress  has  no  way.) 

It  will  have  been  observed  : — 

(1)  That  when  Figs.  7,  8,  and  9  have  been  drawn  they  give 
all  the  information  that  was  intended  to  be  derived  from  drawing 
Fig.  10 — viz.,  Fig.  8  gave  the  magnitude  of  0  D,  and  Fig.  9  that 
of  DA. 

(2)  That  when  we  place  the  reciprocal  for  the  joint  ABD,  on 
the  reciprocal  for  the  point  O,  as  in  Fig.  12,  we  have  only  to 
join  D  to  0  in  order  to  complete  the  diagram. 

These  two  observations  point  out  that  we  have  too  much 
information ;  the  excess  is  due  to  the  finding  of  the  point  O. 
This  frame  is  one  of  a  class  where  we  may  find  the  stresses  without 
first  finding  all  the  elements  of  the  reactions  or  supporting  forces. 

Stress  Diagram. — We  shall  now  show  how  to  determine  the 
Stress  Diagram  direct  from  the  Frame  Diagram — i.e.y  without 
first  finding  the  reciprocals  for  the  joints,  and  combining  them 
into  one. 

it  is  quite  immaterial  as  to  which  way  we  go  round  a  structure 
— i.e.  (referring  to  Fig.  6),  whether  we  go  from  A  to  B,  and  then 
to  C,  or  the  other  way  round.  We  shall  find  it  to  be  an  advan- 
tage to  go  round  every  structure  in  the  same  way  as  the  hands 
of  a  watch.  By  doing  so  we  shall  find  that  the  Stress  Diagram 
will  always  lie  to  the  left  hand  of  the  external  force  polygon. 
This  will  enable  us  to  know  where  to  begin  the  external  force 
polygon  in  order  to  leave  room  for  the  Stress  Diagram. 

Referring  to  Fig.  6,  where  we  are  not  supposed  to  know 
either  the  point  O,  or  the  line  of  action  of  the  force  0  A,  let 
us  plot  out  therefrom  the  Stress  Diagram,  Fig.  12. 

(1)  Draw  BC,  in  Fig.  12,  parallel  to  the  line  of  action  of  the 
external  force  B  C  in  the  Frame  Diagram,  Fig.  6,  and  containing 
100  units,  to  some  convenient  scale,  say  1  inch  to  represent 
40  lbs.  The  correct  lettering  of  this  line  is  a  very  important 
part  of  the  work.  Since  we  are  going  round  the  frame  in  the 
direction  of  the  hands  of  a  watch — that  is,  from  B  to  0 — then  B 
must  be  put  at  the  top  end  and  C  at  the  bottom  end  of  the 
line  just  drawn  so  as  to  indicate  the  way  of  the  force  correctly. 
If  this  point  is  attended  to,  little  trouble  will  be  experienced  in 
drawing  the  diagrams. 

(2)  Draw  from  the  last  point  found  (viz.,  C)  a  line  parallel  to 
some  force  or  bar  which  has  C  as  one  of  the  letters  for  its  name  j 
for  example  C  D. 
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(3)  Draw  from  the  other  end  B  of  the  lino  B  C,  a  line  parallel 
to  the  bar  B  D,  and  mark  the  point  of  crossing  of  the  two  lines  D. 

(4)  Through  D,  the  last  point  determined,  draw  D  A  parallel 
to  the  bar  D  A,  and  from  some  of  the  other  points  found  draw  a 
line  parallel  to  a  force  whose  line  of  action  is  known.  Now, 
C  A  cannot  be  used  because  we  only  know  its  point  of  applica- 
tion, but  we  know  the  line  of  action  of  BA.  Then  drawing 
from  B,  in  Fig.  12,  a  line  parallel  to  the  line  of  action  of  the 
supporting  force  A  B,  we  determine  the  point  A. 

(5)  On  joining  C  with  A  we  obtain  a  line  parallel  to  the  line 
of  action  of  the  supporting  force  C  A,  and  the  length  of  this  line, 
C  A,  measures  the  magnitude  of  the  force. 

(6)  Measuring  the  lines  in  Fig.  12  with  the  scale  used  to  draw 
down  the  line  B  C,  we  obtain  the  magnitudes  of  the  stresses  in 
all  the  bars  and  of  the  two  supporting  forces. 

How  to  Determine  the  kind  of  Stress  in  a  Bar.— We  will  begin 
with  the  consideration  of  the  forces  which  act  on  the  left-hand 
joint — viz.,  the  joint  BD  A,  in  Fig.  12. 

Success  in  this  part  of  the  work  depends  almost  entirely  upon 
giving  to  each  bar  meeting  in  the  joint  under  consideration  its 
proper  name — i.e.,  by  letters  in  their  proper  order. 

Since  we  have  gone  round  the  external  forces  in  drawing  the 
Stress  Diagram  from  B  to  C,  <kc. — that  is,  in  the  direction  of  the 
hands  of  a  watch — we  must  go  round  each  joint  of  tJie  structure 
in  tJie  same  way  when  naming  tlie  bars  meeting  in  that  joint. 

The  bars  meeting  in  the  joint  BDA,  would  therefore  be 
called,  the  bar  B  D,  the  bar  D  A,  and  the  supporting  force  or 
reaction  A  B.  Having  thus  determined  the  name  of  the  bar, 
we  then  refer  to  the  Stress  Diagram  in  order  to  find  the  way 
in  which  the  stress  in  that  bar  acts  with  regard  to  the  joint. 

Take  for  example  the  horizontal  member  in  the  Frame 
Diagram,  Fig.  13  (this  member  is  called  the  tie  rod  or  tie 
beam,  since  it  ties  the  lower  ends  of  the  rafters  together),  its 
name  with  reference  to  the  joint  BDA,  is  DA.  Now,  in  the 
Stress  Diagram  D  is  on  the  left  of  A,  and,  therefore,  the  stress 
in  the  bar  D  A,  acts  from  left  to  right  (i.e.,  from  D  to  A)  with 
respect  to  the  pin  at  the  joint  BDA.  This  means  that  the 
bar  DA,  is  pulling  at  the  pin  BDA,  and  therefore  the  pin 
BDA,  pulls  at  the  bar,  thereby  putting  the  bar  into  tension. 

Similarly  the  stress  in  the  bar  B  D  (called  a  rafter)  acts,  so 
far  as  the  joint  B  D  A  is  concerned,  in  the  direction  indicated 
by  B  D  in  the  Stress  Diagram — that  is,  from  B  to  D.  The  bar 
B  D,  is  therefore  pushing  at  the  joint  BDA,  and  is  thus  put 
into  compression  by  the  reaction  of  the  pin  BDA. 

Bulk  to  Determine  the  Kind  of  Stress  in  a  Bar. — Take 
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the  letters  on  each  side  of  the  Bar  in  the  Frame  Diagram,  in 
the  same  order  with  respect  to  the  joint  on  which  the  Bar  acts, 
as  we  have  taken  the  letters  on  each  side  of  the  External  Forces 
acting  on  the  Frame.  Then  along  the  line  in  the  Stress 
Diagram,  which  is  named  after  the  Bar,  from  the  first  letter 


*\r>  BCD 


Pfn  BDA 


Pm  ADC 


Frame  Diagram. 


Stress  Diagram. 
Fig.  13. — Stress  Action  on  Pins. 

towards  the  second,  gives  the  way  of  the  stress'  action  with 
respect  to  the  joint  under  consideration.  If  the  way  is  towards 
the  joint  the  stress  in  the  Bar  is  Compression  or  Push,  and  the 
Bar  is  called  a  Strut.  If  the  way  is  away  from  the  joint  the 
stress  is  a  Tension  or  Foil,  and  the  Bar  is  called  a  Tie. 


FIRM    QUADRILATERAL   FRAME. 
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The  above  rule  may  also  be  applied  to  a  point  in  a  bar.  Take, 
for  example,  the  point  E,  in  the  tie  rod,  and  suppose  we  want  to 
find  how  the  left-hand  portion  of  the  tie  rod  acts  upon  the 
section  at  E.  Then  the  name  of  the  left-hand  portion  of  the 
tie  rod  with  respect  to  E  is  A  D,  and  from  the  Stress  Diagram  this 
acts  from  right  to  left — that  is,  away  from  E — and  is  therefore 
pulling  at  the  section. 


6  tons 


2  tons 


tons 


x\ 


Y//////7V//////////// 


1 


Fig.  14a. — Frame  Diagram. 
Frame  Solvable  without  knowing  all  about  Reactions. 

Notice  that  the  tie  rod,  with  respect  to 
the  left-hand  joint,  is  called  D  A,  and  with 
respect  to  the  right-hand  joint  would  be 
called  A  D,  and  similarly  with  any  other 
bar  in  the  frame. 

The  above  rule  for  the  kind  of  stress 
does  away  with  the  use  of  arrow-heads 
and  of  supplementary  diagrams. 

The  action  of  all  the  bars  on  the  pins 
of  the  frame  are  shown  in  the  small  dia- 
grams surrounding  the  Frame  Diagram  of 
Fig.  13. 

Firm  Quadrilateral  Frame.  — This  frame 
is  one  of  a  type  which  allows  a  solution  to 
be  found  without  having  first  determined 
all  the  elements  of  the  reactions. 

We  shall  assume  that  the  right-hand 
end  rests  on  rollers,  as  indicated  in  Fig.  1 4a. 
Consequently  the  line  of  action  of  the  re- 
action is  practically  vertical.  If  it  simply 
slides  instead  of  rolling,  then  the  reaction  is  inclined  to  the 
normal  at  an  angle  equal  to  the  angle  of  friction,  and  inclined 


Fig.  14&.— Stress 
Diagram. 
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to  that  side  of  the  normal  which  will  oppose  the  motion  of  the 
frame.  The  left-hand  end  of  the  frame  in  Fig.  14a  is  assumed 
to  be  anchored  to  the  wall  by  bolts,  «fcc.  All  we  know  about 
the  left-hand  reaction  is  its  point  of  application. 

If  we  suppose  both  ends  of  a  frame  to  be  anchored,  then  we 
only  know  the  points  of  application  of  the  reactions,  and  we 
assume  that  their  lines  of  action  are  parallel  to  each  other  and 
to  the  line  of  action  of  the  resultant  of  the  external  forces. 

We  begin  by  drawing  the  Frame  Diagram  to  as  large  a  scale  as 
possible,  and  then  indicate  the  external  forces  at  the  joints  by 
their  lines  of  action.  The  right-hand  read  ion  is  indicated  by 
vertical  line,  and  the  left-hand  reaction  by  a  dotted  curved  line, 
as  shown  in  Fig.  14a.  We  then  letter  the  diagram  according  to 
Bow's  method. 

In  drawing  the  Stress  Diagrams,  we  shall  always  go  round  the 
Frame  Diagrams  clockways. 

We  begin  by  drawing  a  line  parallel  to  the  line  of  action  of 
the  first  force  or  load  6  C.  This  line  should  contain  as  many 
units  of  length  as  BC  contains  units  of  force,  which  in  this 
example  is  2  tons.* 

Then  draw  0  D  parallel  to  the  line  of  action  of  the  load  C  D, 
and  containing  4  units  of  length  corresponding  to  the  4  tons 
load.  Next  draw  D  £  parallel  to  the  line  of  action  of  the  load 
D  £,  and  £  F  parallel  to  the  line  of  action  of  the  load  £  F, 
representing  8  units  and  4  units,  respectively. 

The  line  B  C  D  E  F  is  called  the  Line  of  Loads. 

In  order  to  complete  the  Stress  Diagram  we  shall  begin  with 
the  joint  C  D  G,  which  is  the  only  joint  of  which  we  have  suffi- 
cient data.  Draw  from  the  point  0  in  the  "  Line  of  Loads "  a 
line  parallel  to  the  bar  C  G,  and  from  D  a  line  parallel  to  the  bar 
D  G.  The  intersection  of  these  two  lines  is  called  the  point  G. 
From  G  draw  G  H  parallel  to  the  bar  G  H,  and  from  E  draw 
E  H  parallel  to  the  bar  E  H.  This  determines  the  point  H. 
Then  draw  H  A  parallel  to  the  bar  H  A,  and  from  F  draw  a  line 
parallel  to  the  line  of  action  of  the  reaction  F  A.  The  inter- 
section of  these  two  lines  fixes  the  point  A.  Joining  A  with  B 
gives  the  finishing  line  of  the  Stress  Diagram.  The  line  A  B  in 
the  Stress  Diagram  is  parallel  to  the  line  of  action  of  the  left- 
hand  reaction. 

By  applying  the  rule  for  the  kind  of  stress,  we  can  determine 
from  the  diagram  all  we  may  wish  to  know — e.g.,  with  respect 
to  the  top  right-hand  joint,  the  diagonal  member  is  called  H  G. 

*  The  scale  for  the  diagram  should  be  as  large  as  convenient.  A  rough 
guess  may  be  made  by  adding  all  the  loads  together,  and  assuming  that 
this  will  be  the  total  vertical  length  of  the  diagram. 


FIRM  TRIANGULAR   FRAME. 


U5 


On  reference  to  the  Stress  Diagram  we  see  that  the  way  of  its 
action  is  from  H  to  G  which  means  pushing  at  the  joint. 
Therefore,  the  diagonal  member  is  in  compression,  and  so  on  for 
the  other  members. 


Hon 


B 


N 


I  ton 


Fio.  16a.— Pram*  Diagram. 
Frame  with  Wind  Pressure. 


The  magnitudes  of  the 
stresses  are  measured  by 
the  lengths  of  the  lines  in 
the  Stress  Diagram. 

The  polygon  £  CDEFA 
is  called  the  polygon  of  ex- 
ternal forces. 

Firm  Triangular  Frame. 
—This  frame,  Fig.  15a,  can 
also  be  solved  without 
knowing  all  about  the 
reactions. 

The  right-hand  end  of 
the  frame  is  assumed  to 
be  resting  on  rollers,  while 
the  left-hand  end  is  an- 
chored to  the  wall.  The 
vertical  loads  on  the  Frame 
Diagram  represent  the 
action  of  gravity  on  the 
roofing,  such  as  slates,  (fee., 


Fio.  156. — Stress  Diagram. 


which  is  assumed  to  be  uniformly  distributed  over  the  surface. 
In  Fig.  15a,  the  rafters  are  shown  divided  into  three  equal 

10 


146 


LECTURE   XXIV. 


parts  called  bays;  and,  since  the  joint  at  each  end  of  a  bay  must 
earry  one  half  of  the  uniformly  distributed  load  over  that  bay, 


Fig.  16a. — Frame  Diagram. 
Firm  Frame  with  a  Quadrilateral  Part. 


Fig.  166.— Stress  Diagram. 


the  vertical  loads  will  have  the  pro- 
portions shown  by  the  numbers  on 
the  Frame  Diagram.  Wind  pressure 
is  also  assumed  to  be  uniformly  dis- 
tributed, and  is  reckoned  as  so  many 
lbs.  per  square  foot  normal  to  the 
rafters.  This  is  indicated  on  the 
right-hand  side  of  the  Frame  Diagram. 

Note. —  When  wind  pressure  acts 
on  the  rafter  which  is  anchored,  the 
stresses  in  the  members  of  the  frame 
are  more  severe  than  when  it  acts  on 
the  free  rafter.  This  should  be  re- 
membered when  designing  a  roof. 

Since  we  know  all  the  elements 
of  the  external  forces,  the  line  of 
loads  may  be  drawn  as  in  Fig.  145. 

Therefore,  in  order  to  complete 
the  Stress  Diagram  we  can  begin  at 
the  top  joint  of  the  Frame  Diagram 
where  only  two  members  meet. 
This  enables  us  to  find  first  the  point 
P  in  the  Stress  Diagram,  then  the 
point  Q,  and  so  on. 


FIRM  FRAME  WITH   MANSARD  OUTLINE. 
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Finn  Frame. — The    frame    represented    in  Fig.   16a    is    of 
the  same  class  as  the  two  preceding.     In  drawing  the  Stress 


Fro.  17a.— Frame  Diagram. 
Firm  Frame  with  Mansard  Outline. 


Diagram,  although  we  have  deter- 
mined the  point  N"  and  the  point 
M,  we  cannot  fix  the  point  P,  until 
we  obtain  the  point  O.  After  that, 
the  diagram  closes  in  the  usual 
way. 

Fiim  Frame  with  Mansard  Out- 
line.—  In  Fig.  17a  we  have  illus- 
trated a  frame  having  the  double- 
sloped  outline  of  the  Mansard  Roof. 
It  is  of  the  same  type  as  Fig.  16a, 
and  presents  the  same  peculiarity 
in  the  drawing  of  the  Stress  Dia- 
gram. Wind  pressure  is  indicated 
on  the  right-hand  rafters.  The 
forces  E  F  and  G  H  are  both  nor- 
mal to  the  bar  F  P.  They  should, 
however,  be  of  equal  value.  Also, 
the  forces  HK  and  LM  are  both 
perpendicular  to  the  bar  K  P. 


Fio.  176.— Stress  Diagram. 
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Lecture  XXIV.— Question*. 

1.  What  is  a  frame  or  framed  struct  are?  Distinguish  between  the 
three  different  kinds  of  frames. 

2.  Explain  in  yonr  own  words  Bow's  method  of  lettering  a  system  of 
forces,  with  two  examples. 

3.  What  is  meant  by  the  reciprocal  of  a  point,  and  a  pair  of  reciprocal 
figures  ? 

4.  Explain  how  you  would  represent  forces  in  a  diagram  so  as  to  deter- 
mine those  in  each  part  of  a  structure,  and  explain  the  principles  upon 
which  the  construction  depends. 

5.  State  a  rule  for  determining  the  kind  of  stress  in  a  bar. 

6.  Illustrate  and  explain  how  you  would  find  the  stresses  in  a  firm  quadri- 
lateral frame. 

7.  Illustrate  and  explain  how  you  would  find  the  stresses  in  a  firm  tri- 
angular frame. 

8.  Illustrate  and  explain  how  you  would  find  the  stresses  in  the  outline 
of  a  Mansard  frame. 
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Contents. — Substituted  Frames —King  Post  Truss— Right- Angled  Strut 
Truss — Roof  Truss — Load  at  an  Internal  Joint  of  a  Frame — Modified 
French  Truss — Bowstring  Truss — Questions. 

Substituted  Frames. — The  types  of  frames  illustrated  in  the  pre- 
vious Lecture,  although  not  practical  examples,  are  intended  to 
be  substituted  for  some  other  actual  form  in  order  to  determine 
the  reactions  therein,  since  the  reactions  do  not  depend  upon  the 
form  of  frame  carrying  the  roofing,  but  merely  on  the  distribution 
of  the  loads.  In  substituting  one  of  the  above  frames  for  a 
practical  one,  we  must  have  the  joints  of  the  substituted  frame 
coincident  with  those  of  the  given  one.  This  will  be  illustrated 
by  the  following  examples  : — 

King-Post  Truss. — In  Fig.  18  we  have  the  Frame  Diagram  of 
a  king  post  truss  with  wind  pressure  on  the  right-hand  rafter. 
In  this  case,  we  assume  both  rafters  to  be  anchored  to  the  walls. 
Therefore,  all  we  know  about  the  elements  of  the  reactions  are 


« 


Fig.  18.— Frame  Diagram  of  King  Post  Truss. 

their  points  of  application,  and  that  their  lines  of  action  are 
parallel  to  each  other,  as  well  as  to  the  line  of  action  of  the 
resultant  of  the  external  forces. 

Before  we  can  determine  the  Stress  Diagram  for  this  frame  we 
must  first  determine  the  reactions,  because  more  than  two  bars. 


KIKG-POST  TRUSS. 
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meet  in  each  of  the  joints  except  the  two  where  the  reactions 
act.  Consequently,  until  we  determine  all  the  elements  of  the 
reactions  we  cannot  begin  at  either  of  these  two  joints. 


Fig.  19.— Substituted  Frame. 

In  order  to  determine  the  reactions,  we  shall  substitute  a 
frame  similar  to  that  illustrated  in  Fig.  15a.     This  substituted 

B 

r 

c 


y^ V 

2«*. -  Xi V 

i 

Fig.  20.— Stress  Diagram  fob  Substituted  Frame* 
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frame  is  shown  in  Fig.  19.  In  practice,  this  frame  is  merely 
sketched  in  order  to  apply  the  proper  letter*.  The  dotted  lines 
are  drawn  in  the  Frame  Diagram,  or  the  set  square  is  simply 
made  to  pass  through  the  requisite  joints,  and  then  the  lines 
are  drawn  parallel  thereto  in  the  Stress  Diagram.  To  obtain 
Fig.  20  we  begin  by  drawing  the  line  of  loads.  Then,  we  find 
the  point  X,  when  a  line  from  the  point  X  drawn  parallel  to  the 
substituted  bar  X  Y,  and  one  from  the  point  C  parallel  to  the 
rafter  C  Y  fix  the  point  V.  Next  we  find  the  point  Z.  Now, 
the  line  of  action  of  the  resultant  of  the  external  forces  is 


'Fig.  21.— Stress  Diagram  fob  Kino  Post  Truss. 

parallel  i  to  the  line  joining  L  with  £.  Therefore,  the  point  A 
must  lie  on  this  line  since  the  reactions  L  A  and  A  £  are 
.  parallel  to  each  other  and  to  the  line  of  action  of  this  resultant. 
'Consequently,  we  find  the  point  A  by  drawing  through  the 
*  point  Z  a  line  parallel  to  the  bar  Z  A  so  as  to  intersect  L  B  in 
.the  point  A.  This  determines  all  the  remaining  elements  of  the 
.reactions,  viz.: — 

(1)  Their  lines  of  action  parallel  to  L  A  and  A  £. 

(2)  Their  ways  from  L  towards  A,  and  from  A  towards  £. 

(3)  Their  magnitudes  by  the  number  of  units  of  length  in  the 
I  lines  L  A  and  A  £. 

We  can  now  draw  the  Stress  Diagram  for  the  king  post  truss, 


I 


RIGHT-ANGLED  STRUT  TRUSS. 
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as  shown  in  Fig.  21,  from  which  the  particulars  for  the  various 
members  may  be  determined.  Comparing  Fig.  21  with  Fig.  20, 
we  see  that  nearly  all  the  lines  of  Fig.  21  lie  along  the  lines  of 
Fig.  20.  In  practice  we  simply  draw  Fig.  21  on  the  top  of 
Fig.  20. 

This  method  of  a  substituted  frame  introduces  fewer  errors 
due  to  drawing,  than  the  usual  method  of  the  funicular  polygon 
(which  will  be  illustrated  further  on),  because  we  make  use  of 
the  same  joints  of  the  frame  for  the  two  Figs.  20  and  21,  and 
the  same  line  of  loads. 

There  is  one  line  in  Fig.  21  which  will  check  the  accuracy  of 
the  Stress  Diagram.  In  drawing  the  diagram  we  begin  with 
the  point  M,  and  then  find  the  points  N,  O,  and  P.  The  line 
joining  P  to  H  will  then  be  parallel  to  the  rafter  PH,  if  the 
Stress  Diagram  is  correct. 

Right- Angled  Strut  Truss. — In  this  frame  we  have  introduced 
loads  at  the  lower  joints  as  well  as  roofing  weights  and  wind 


Fig.  22. — Frame  Diagram  for  Right- Angled  Strut  Truss. 


pressure.  We  also  assume  the  two  rafters  to  be  anchored  to  the 
walls,  as  indicated  -  by  the  two  dotted  curved  lines  L  M 
and  AB. 

We  must  first  find  the  reactions  before  we  can  draw  the  Stress 
Diagram.  In  finding  the  reactions  we  will  substitute  the  frame 
which  is  shown  in  Fig.  23. 

First  Method  of  Obtaining  Stress  Diagram  for  Original 
Frame. — Produce  the  lines  of  action  of  the  loads  at  the  lower 
joints  until  they  intersect  the  rafters.  These  points  of  inter- 
section are  considered  as  joints  in  arranging  the  substituted 
frame  and  the  lower  loads  assumed  to  be  acting  at  these  joints 
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as  shown  in  Fig.  23.     The  forces  /F  and  H  h  in  Fig.  23  are  the 
loads  N  A  and  M  N  in  Fig.  22  transferred  as  explained. 


Fig.  23.— Substituted  Frame. 


The  Stress  Diagram  for  the  substituted  frame  is  illustrated  in 
Fig.  24  and  presents  no  difficulty  requiring  explanation.  This 
diagram  gives  the  reactions  L  T  and  T  £. 


Fig.  24. — Stress  Diagram  for 
Substituted  Frame. 


Fig.  25.— Stress  Diagram 
for  Original  Frame. 


RIGHT-AXGLED  BTRUT  TRUSS. 
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In  order  to  draw  the  Stress  Diagram  for  the  original  frame 
which  is  illustrated  in  Fig.  25,  it  is  necessary  to  redraw  the  line 
of  loads  taking  them  in  their  order  as  in  Fig.  22.     That  is,  B  C, 


Fig.  26a. — Frame  Diagram. 
Substituted  Frame  for  Tof  Joint  Loads. 


CD,  DE,  EF,  FG,  GH, 

HK,  KL,  reaction  LM, 
MN,  NA  and  then  reac- 
tion AB.  The  drawing 
of  the  remaining  part  of 
the  Stress  Diagram  calls 
for  no  special  remark. 
(The  above  Stress  Dia- 
gram is  not  completed  for 
want  of  space.) 

Second  Method. — Take 
the  top  joint  and  the 
lower  joint  loads  separ- 
ately. In  Fig.  26  we  have 
the  substituted  frame  for 
the  top  joint  loads  and 
its  Stress  Diagram.  The 
Stress  Diagram,  Fig.  266, 
determines    the    reactions 


Fig.  266.— Stress  Diagram. 


L  W  and  W  B  due  to  the  loading  on  the  rafters. 

In  Fig.  27  we  have  a  frame  similar  to  the  one  illustrated  in 
Fig.  14a.  The  joint  A  N  S  is  any  point  in  the  line  of  action  of 
the  load  N  A  in  Fig.  22, and  the  joint  NMRS  any  point  in  the 
line  of  action  of  the  load  M  N  in  Fig.  22.  The  left  and  right 
hand  lower  ioints  of  Fig.  27  are  the  rafter  ends  in  Fig.  22 
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In  Fig.  27  the  load  T  A  is  the  reaction  W  B  found  in  Fig.  266 
reversed.     The  loads  A  N  and  N  M  are  the  loads  at  the  lower 


Fig.  27. — Substituted  Fbame  Diagram  for  Lower  Joint  Loads. 

joints  in  Fig.  22,  and  the  load  M  V  is 
the  reaction  L  W  of  Fig.  26b  reversed. 
Therefore,  if  we  draw  the  Stress  Dia- 
gram for  the  frame  of  Fig.  27  we  deter- 
mine the  reactions  due  to  all  the  loads 
of  the  original  frame  of  Fig.  22. 

In  Fig.  28  we  have  the  Stress  Dia- 
gram for  the  frame  of  Fig.  27.  The 
reactions  are  represented  by  the  lines 
V  U  and  U  T.  This  figure  has  been 
drawn  to  a  smaller  scale  than  Fig.  24, 
but  the  lines  V  U  and  U  T  of  Fig.  28 
contain  the  same  number  of  units  as 
L  T  and  T  B  of  Fig.  24. 

Roof  Truss.— In  Fig.  29  we  have  a 
frame  of  a  type  that  will  not  allow  of 
the  Stress  Diagram  being  drawn  in  a 
regular  manner,  but  only  in  a  step  by 
step  process. 

Fig.  30  shows  the  substituted   frame 
\ised  in  order  to  determine  the  reactions 
L  A  and  A  B,  and  in  Fig.  31  we  have  the  Stress  Diagram  fox 
both  Figs.  29  and  30. 

In  Fig.  31  we  draw  first  the  line  of  loads,  second  we  find  the 
point  O,  then  O  X  and  D  X  fix  the  point  X,  and  X  Y  and  K  Y 
fix  the  point  Y.  On  drawing  Y  A  parallel  to  the  bar  Y  A,  and 
L  A  parallel  to  the  line  of  action  of  the  reaction  at  the  right- 
hand  joint,  we  determine  the  reactions  L  A  and  A  B. 

The  point  O  is  the  same  in  both  Stress  Diagrams,  but  we 


Fig.  28.  —  Stress  Dia- 
gram tor  Frame  in 
Fig.  27. 
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cannot  determine  the  points  N  and  Q  until  we  have  found  the 
points  M  and   It.     The  point  M   is  found  by  drawing   DM 


Fig.  29.—  Frame  Diagram  of  Roof  Truss. 

parallel  to  the  rafter  D  M,  and  A  M  parallel  to  the  tie-bar  AM; 
then  M  N  and  NO  fix  the  point  N,  and  similarly  for  the  point 


Fio.  30.—  Substituted  Framx  for  Fio.  29. 

Q.     Again,  although  N  may  be  determined,  P  cannot  be  fixed 
until  we  have  found  Q. 

The  line  N  P  or  P  Q  forms  a  check  line. 

Note. — The  dotted  lines  of  Fig.  31  are  tlte  only  part  oftlie  Stress 
Diagram  for  the  substituted  frame  that  lias  not  been  required  for  the 
original  frame. 
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Load  at  an  Internal  Joint  of  a  Frame.— In  Fig.  32a  we  have  a 
frame  the  same  as  the  last  one,  but  with  a  load  applied  at  a 
joint  inside  the  frame.  This  load  is  represented  in  the  Frame 
Diagram  by  the  small  arrow  near  the  letter  P,  and  is  applied  at 
the  joint  O  P  Q  T. 

Note. — If  the  force  had  been  applied  at  a.  point  in  the  bar,  then 
equivalent  parallel  forces  applied  to  t/ie  joints  at  the  end  of  the  bar 
will  allow  a  solution  to  be  determined. 

To  obtain  a  solution  for  this  frame  loaded  as  shown,  intro- 
duce a  bar  with  its  centre  line  lying  along  the  line  of  action  of 


*  * = ' 


Fio.  31. — Stress  Diagram  fob  both  Roof  Truss  and 

Substituted  Frame. 


the  given  force.  Then,  where  this  bar  cuts  an  outside  member 
of  the  frame,  apply  a  force  having  all  its  elements  (except- 
ing the  point  of  application)  the  same  as  those  of  the  given 
load. 

The  introduced  bar  is  represented  in  Fig.  32a  by  the  dotted 
line  S  T,  and  the  applied  force  by  the  chain  dotted  line  M  A. 
The  force  M  A  will  have  the  same  action  on  the  members  of  the 
frame  through  the  bar  S  T,  that  the  load  at  the  joint  O  P  Q  T 
has,  therefore  the  load  must  be  left  out  after  M  A  is  applied. 

Note.  — The  introduced  bar  might  have  been  placed  between  the 
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joint  whert  the  load  is  acting  and  the  rafter,  and  the  equivalent 
Jorce  applied  at  the  rafter  end  of  the  bar.* 


Fig.  32a.—  Frame  Diagram. 
Roof  Truss,  with  Load  at  Internal  Joint. 


Fio.  32k— Stress  Diagram. 

*  The  student  should  work  this  method  as  an  exercise.  Some  of  the 
lines  of  the  Stress  Diagram  will  be  lowered  but  the  stresses  will  remain 
unchanged. 
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The  Frame  Diagram,  Fig.  32a,  is  loaded  similarly  to  the  frame 
of  Fig.  22.     The  reactions  are  therefore  found  in  the  same  way. 
After  the  external  force  polygon  has  been  drawn,  the  Stress 


Fig.  33a.— Frame  Diagram. 


Fig.  336.— Stress  Diagram. 
Frame  Requiring  Special  Methods  for  Solution. 

Diagram  may  be  completed  by  the  same  method  as  that  used  for 
the  frame  of  Fig.  29. 

Referring  to  the  Stress  Diagram  of  Fig.  32a,  we  see  that  the 
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bar  TS  exerts  the  same  pull  at  the  joint  TSMA  as  the  force 
M  A.  These  two  therefore  balance  each  other,  and  we  are  left 
with  the  pall  which  the  bar  S  T  exerts  on  the  joint  O  P  Q  T. 
This  pull  ST,  on  the  joint  OPQT,  is  identical  in  all  its 
elements  with  the  load ;  and  therefore,  the  stresses  in  the 
members  of  the  frame  will  be  identical  with  those  due  to  the 
original  load. 

Modified  French  Truss.— This  Truss  is  illustrated  in  Fig.  33a, 
and  presents  some  difficulties  in  its  solution.  We  first  deter- 
mine the  reactions  as  already  explained  and  draw  the  external 
force  polygon  as  in  Fig.  336.  Secondly,  we  draw  D  P  and  A  P 
parallel  to  the  bars  D  P  and  A  P  respectively.  This  fixes  the 
point  P.  But,  although  we  know  the  point  P,  we  can  get 
neither  Q  nor  R,  nor  any  other  point  but  X.  This  point  X, 
however,  does  not  help  us,  because  we  can  proceed  no  further 
by  aid  thereof  with  the  Stress  Diagram. 

First  Method  of  Obtaining  the  Stress  Diagram. — We 
know  that  the  point  R  lies  on  a  line  drawn  through  F  parallel 
to  the  bar  F  R  and  that  S  lies  on  a  line  drawn  through  H 
parallel  to  the  bar  H  S.  Now,  assume  a  point  R'  anywhere  on 
the  line  F  R  and  draw  R'  S'  parallel  to  the  bar  R  S  and  H  S' 
parallel  to  the  bar  H  S.  This  fixes  the  point  S'.  Then  S'  T' 
and  A  T'  fix  the  point  T',  and  R'  Q'  and  T  Q'  fix  the  point  Q\ 
Next  move  the  figure  R'  S'  Q'  parallel  to  itself  keeping  R'  on 
the  line  F  R  until  Q'  lies  on  a  line  drawn  through  P  parallel  to 
the  bar  P  Q.  This  is  done  by  drawing  Q'  Q  parallel  to  F  R  so 
as  to  intersect  P  Q  in  Q.  This  determines  the  point  Q.  Then 
Q  S  and  H  S  fix  S  and  Q  R  and  F  R  fix  R  and  so  on  for  the 
other  points. 

Second  Method. — Substitute  the  bar  Y  Z  (as  shown  by  the 
dotted  line  in  the  Frame  Diagram,  Fig.  33a)  for  the  two  bars 
Q  R  and  R  S.  This  bar  transfers  the  action  of  the  loads  at  the 
joint  GHSRFto  the  joint  PQTA;  and  therefore,  the  stress 
in  T  A  will  be  unaffected.  If  the  bar  H  S  had  been  divided  and 
similarly  braced,  then  a  bar  from  that  joint  to  the  joint  PQTA 
would  enable  a  solution  to  be  found. 

In  the  Stress  Diagram,  Fig.  335,  we  begin  by  finding  the 
point  P,  then  the  points  Y,  Z,  and  T  respectively.  Having 
found  the  point  T  we  can  then  proceed  to  find  the  other  points 
in  the  same  way  in  the  previous  cases. 

Third  Method. — First,  find  the  stress  in  the  bar  T  A,  by 
taking  one  of  the  sections  of  the  truss  and  thus  obtain  the 
resultant  of  the  loads  and  the  reaction  of  the  wall  on  that 
section.  Second,  ascertain  what  stress  in  T  A  combined  with 
the  reaction  of  the  other  section  of  the  truss  on  the  apex  will 
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balance  thii  resultant.  Fig.  34  represents  the  right-hand  section 
of  the  Truss  of  Fig.  33a.  There  is  no  wind  pressure  on  this 
side.  The  loading  consists  of  £  KL,  LM,  MN  and  N  O  in 
Fig.  33a.  The  resultant  K'  O,  Fig.  34,  of  these  four  loads  passes 
thmr>ng>»  the  centre  of  the  rafter  since  N  0  is  equal  to  £  K  Ij  and 
LM  is  equal  to  M  K. 


Fio.  34. — Loads  on  Right-Hand  Section* 

We  have  now  to  find  the  resultant  of  K'O  and  the 
reaction  O  A.  Draw  the  line  a  b  anywhere  cutting  the  lines  of 
action  of  the  forces  K'  O  and  O  A  as  shown  in  Fig.  34.    Through 

o  draw  c  d  at  any  angle  to  a  b.  Make  b  c 
represent  to  scale  the  force  K'  O  and  c  d 
to  the  same  scale  the  reaction  O  A.  'then 
join  a  with  c  and  through  d  draw  cZ/ paral- 
lel to  a  c,  so  as  to  intersect  a  b  produced 
in/.  Then  f  is  a  point  in  the  line  of 
action  of  the  resultant  of  the  forces  EL'  O 
and  OA.  Its  line  of  action  is  parallel 
to  the  lines  of  action  of  the  forces  K'  O 
and  OA,  and  its  magnitude  is  equal  to 
their  difference — that  is,  EL'  A  in  Fig.  35. 
Next  produce  the  centre  line  of  the 
bar  TA  in  Fig.  34  to  intersect  the  line 
of  action  of  K'  A,  the  resultant  of  the  two 
forces  K'O  and  OA.  Then  since  the 
resultant  K'A,  the  action  of  the  stress 
in  the  bar  T  A,  and  the  action  T  K'  (t.e.,  the  reaction  of  the 
left-hand  section  on  the  apex  of  the  frame)  form  a  system  of 


to 


lo 


Fio.  35* — Tbianole  of 
Fobcbb  on  Section. 
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forces  in  equilibrium.      The  line  of  action  of  the   force  TK' 
must  pass  through  the  apex  and  the  intersection  of  TA  and 


Fig.  36c— Fbame  Diagram.    Bowsxruw  Truss. 

K'  A,  consequently  an 
application  of  the  tri- 
angle of  forces  will  give 
the  value  of  the  stress 
in  TA.  This  is  shown 
in  Fig.  35,  where  K'  is 
the  centre  of  K  L  and 
the  other  points  are  points 
in  the  line  of  loads  as 
in  Pig.  336.  When  this 
is  known,  the  Stress  Dia- 
gram can  be  completed. 

Bowstring  Truss. — 
There  is  no  difficulty  in 
drawing  the  Stress  Dia- 
gram for  this  truss,  but 
if  we  commence  in  the 
usual  manner  by  drawing 
D  R  and  A  It,  by  the  time 
we  get  to  the  other  side, 
the  finishing  line  would  most  probably  not  be  parallel  to  its  cor- 
responding bar  in  the  Frame  Diagram.    This  is  due  to  the  short 
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length  of  the  bars  It  S,  S  T,  «fcc.,  in  the  Frame  Diagram  and  to 
the  stresses  in  them  being  large  compared  to  the  loading  on  the 
roof  as  shown  by  the  Stress  Diagram. 

We  get  a  very  much  better  diagram  by  determining  the  stress 
in  one  of  the  centre  ties — e.g.,  A  X,  by  aid  of  a  supplementary 
frame.  Therefore,  in  order  to  find  the  reactions,  the  wind  pres- 
sure may  be  supposed  to  act  on  a  surface  tangential  to  the  curve 
of  the  roof  at  the  joints ;  the  length  of  the  surface  being  equal 
to  the  sum  of  the  two  half  bays  on  each  side  of  the  joint.  The 
wind  pressure  at  each  joint  will  act  along  the  radial  line  at  the 
joint,  and  therefore  the  resultant  of  the  wind  pressures  must 
pass  through  the  centre  of  the  outer  curved  flange. 

The  point  3  in  the  Frame  Diagram,  Fig.  36a,  is  the  centre  of 
the  outer  curved  flange.  This  is  a  point  in  the  line  of  action  of 
the  resultant  wind  pressure.  This  line  is  parallel  to  the  line 
joining  B  with  K'  in  the  Stress  Diagram,  and  is  represented  by 
the  line  3—7  in  the  Frame  Diagram.  B  0,  C  E',  E'  G',  and 
G'K'  represent  the  wind  pressures  BC,  DE,  FG  and  HK 
and  therefore  B  K'  is  the  resultant  in  magnitude  and  is  parallel, 
to  its  line  of  action. 

If  the  roofing  is  uniform,  the  centre  of  the  curve  of  the  outer 
flange  will  be  a  point  in  the  line  of  action  of  the  resultant  load. 
Therefore,  the  resultant  of  the  wind  pressure  and  of  the  roofing 
weight  will  also  pass  through  the  point  3.  The  line  of  action  of 
this  resultant  will  be  parallel  to  the  line  joining  B  with  Q  in  the 
Stress  Diagram — i.e.,  along  the  line  3 — 6  in  the  Frame  Diagram. 
The  Truss  is  in  equilibrium  under  the  resultant  load  acting  along 
the  line  3 — 6.  The  line  of  action  of  the  right-hand  reaction  is. 
known,  and  the  point  of  application  of  the  left-hand  reaction  is 
also  known.  These  three  forces  must  pass  through  one  point. 
Therefore  the  line  joining  the  point  1  with  the  point  where  the 
line  3 — 6  cuts  the  line  2—5  will  give  the  line  of  action  of  the* 
left-hand  reaction.  But  as  the  point  of  intersection  of  the  lines 
3—6  and  2 — 5  would  be  far  off  the  paper  we  use  the  following 
construction : — Join  the  point  1  with  2,  2  with  3,  and  3  with  1 ; 
then  take  any  point  5  in  the  line  of  action  of  the  right-hand 
reaction  and  draw  5 — 6  parallel  to  2 — 3.  Then  draw  6 — 4 
parallel  to  3 — 1  and  5 — 4  parallel  to  2 — 1  so  as  to  intersect  6 — 4 
in  the  point  4.  If  the  point  1  be  joined  with  the  point  4  the 
the  line  1 — 4  will  pass  through  the  point  of  intersection  of  the* 
line  3 — 6  with  the  line  2 — 5.  The  line  1 — 4  is  therefore  the  line 
of  action  of  the  left-hand  reaction. 

In  the  Stress  Diagram,  Fig.  366,  draw  a  line  through  th? 
point  B  parallel  to  the  line  1—4,  so  as  to  intersect  the  line  Q  A 
in  the  point  A.  This  determines  the  reactions  and  enables  us  to- 
proceed  with  the  Stress  Diagram. 
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We  shall  first  determine  the  stress  in  X  A.  Assume  a  point 
9  anywhere  and  connect  it  as  indicated  by  the  chain  dotted  lines 
in  the  Frame  Diagram.  This  point  9,  when  connected  with  the 
joints  of  the  outer  flange,  forms  a  supplementary  frame  in 
equilibrium  under  the  following  forces : — 

(1)  The  wind  pressure. 

(2)  The  loads  CD,  E F,  G H,  KL  and  L  M. 

(3)  The  reaction  A  B. 

(4)  The  action  of  the  stress  M  Y  on  the  joint  LMYXW. 

(5)  The  action  of  the  stresses  in  Y  Z  and  Z  A  on  the  joint 
XYZA. 

In  the  meantime,  the  internal  bars  R  A,  R S,  ST,  T A,  on  to 
W  X  and  X  A  are  left  out  of  account. 

In  the  Stress  Diagram,  Fig.  366,  we  begin  by  drawing  A/ 
parallel  to  the  supplementary  bar  A/  and  D/parallel  to  the  bar 
Df.  This  fixes  the  point  /.  Then  fg  and  Vg  give  the  point 
g  and  so  on  until  the  point  m  is  obtained.  Now  draw  »Y 
parallel  to  the  bar  m  Y  (which  is  coincident  with  the  bar  X  Y) 
and  M  Y  parallel  to  the  bar  M  Y  this  fixes  the  point  Y.  In  a 
similar  way  Y  X  and  A  X  fix  the  point  X,  when  the  Stress  Dia- 
gram may  then  be  finished  in  the  usual  way.     This  method  gives 
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-    To  Illustratb  Example  I. 

a  more  accurate  estimate  of  the  several  stresses  than  by  following 
the  usual  direct  plan,  as  explained  at  the  beginning  of  this 
example.  Moreover,  this  construction  is  perfectly  general  in  its 
application  and  may  be  used  to  determine  the  stress  in  any  one 
bar  of  a  frame. 

Example  I. — A  is  a  point  in  a  wall  10  feet  vertically  over 
another  point  £.     From  A  and  B  there  project  two  horizontal 
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bars,  A  C,  BD  (the  former  being  10  feet  and  the  latter  6  feet 
long),  and  D  is  joined  by  two  bars  with  A  and  C.  If  a.  weight 
of  15  cwts.  be  hung  from  C,  find  the  stresses  on  all  the  bars,  and 
show  which  are  in  tension.  Find  also  the'  resultant  stress  on 
the  point  A.     You  may  neglect  the  weights  of  the  bars. 

Answer. — In  the  figure  we  have  denoted  the  spaces  by  letters 
according  to  Bow's  notation.  To  obtain  the  Stress  Diagram  we 
must  draw  HK  parallel  to  the  force  HK  and  15  units  long. 
Then  make  H  M  parallel  to  the  bar  H  M  and  K  M  to  the  bar 
K M.  This  gives  us  the  point  M.  ML  parallel  to  the  bar  M L, 
and  K  L  to  the  bar  K  L,  fix  the  point  L.  H  L,  when  joined, 
gives  the  reaction  at  the  joint  A,  and  the  other  lines  the  stresses 
in  the  bars.  Their  values  are  marked  on  the  figure.  A  C  and 
A  D  are  in.  tension,  while  0  D  and  B  D  are  in  compression. 
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Lbcture  XXV. — Questions. 

1.  A  king  post  truss,  whose  height  is  on*fonrth  of  its  span,  is  loaded  at 
the  joints  with  vertical  loads  of  15,  30,  and  46  units  respectively.  Deter- 
mine the  nature  and  amount  of  the  stresses  in  each  member  of  the  frame. 
(S.  &  A.  Adv.  Exam.,  1896.) 

2.  A  roof  of  38  feet  span,  height  7  feet,  rests  on  king-post  trasses,  10  feet 
apart.  The  weight  of  the  roof  is  20  lbs.  per  square  foot.  Find,  the  stresses 
on  each  part. 

3*  If  the  above  roof  has  a  wind  pressure  of  40  lbs  per  square  foot  on.  one 
side,  find  the  stresses  on  each  part. 

4.  A  roof  of  the  form  shown  in  Fig.  22,  is  40  feet  span  and  10  feet  high. 
The  horizontal  tie-bar  is  S  feet  below  the  vertex.  Find  the  stresses  in  each 
part  when  loaded  with  2  tons  at  each  joint. 

5.  If,  in  the  previous  question,  the  maximum  wind  pressure  on  one  side 
be  2  tons  on  each  bay,  find  the  stresses  on  all  the  bars. 

6.  Suppose  both  ends  of  the  roof  truss  in  Fig.  29  are  anchored,  and  that 
in  the  substituted  frame  the  bar  X  Y  slopes  in  the  opposite  direction  to 
that  in  Fig.  30 ;  find  the  reactions  and  the  stresses  in  the  roof  truss. 

7.  Work  out  the  stresses  for  Fig.  32a  by  the  method  referred  to  in  the 
second  note. 

8.  Suppose  both  ends  of  the  modified  French  struss  in  Fig.  33a  are 
anchored,  and  that  the  substituted  bar  Y  Z  lies  across  the  spaces  Y  and 
W;  find  the  reactions  and  stress  (1)  neglecting  wind  pressure,  (2)  when 
wind  pressure  is  taken  into  account. 

91  Find  the  stresses  in  the  bowstring  truss,  shown  in  Fig.  36a,  when 
both  the  ends  are  anchored  (1)  without  wind  pressure,  (2)  when  wind 
pressure  is  taken  into  account. 

10.  The  following  figures  give  the  Frame  and  Stress  Diagrams  for  a 
French  Truss.  Verify  the  Stress  Diagram  and  redraw  it  in  the  manner 
explained  in  the  text. 

11.  Draw  the  Stress  Diagram  when  there  is  a  wind  pressure  of  4  tons  on 
the  left-hand  slope,  assuming  both  sides  of  the  roof  to  be  fixed  to  the  walls. 
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Illustrations  fob  Questions  10  and  11. 
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LECTURE  XXVI. 

Contents. — Deficient  Frames— Iron  King  Post  Truss — Queen  Post  Frame 
— Solution  of  the  Second  Method— Solution  of  the  Third  Method — 
Solution  of  the  Fifth  Method — Yieldingness — Questions. 

Deficient  Frames.— Iron  King  Post  Trass. — In  practice  the  foot 
of  the  king  rod  N  O  is  made  virtually  solid,  as  shown  by  the  full 
lines  in  Fig.  37a.    If  the  short  bars  N  A  and  O  A  are  made  freely 


Fig.  37a.— Frame  Diagram  for  Deficient  King  Post  Truss. 

jointed  at  N  O  A,  it  will  be  evident 
that  the  spaces  N  and  O  would 
change  their  shape  if  the  loads  at 
the  centre  of  the  rafters  were  un- 
equal. This  change  of  shape  is 
resisted  by  making  the  joint  NOA 
rigid. 

Since  the  bars  N  A  and  O  A  are 
very  short  compared  with  the  other 
members,  we  can  draw  the  Stress 
Diagram  as  if  the  frame  were  made 
as  shown  by  the  dotted  lines  in 
Fig.  37a.  The  full  lines  in  Fig. 
37b,  which  is  the  Stress  Diagram 

F.a.  37J.-Str.ss  Diagram  *or    of  Fi«-  *?«,  are  drawn  on  the  above 
Dkficiint  Kino  Post  Truss,      assumption. 


QUE**  POST  FBAMB. 
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If  8  line  of  section  be  drawn,  beginning  in  one  space  of  a 
Frame  Diagram  and  ending  in  another,  so  as  to  pass  through  * 
joint  or  cross  two  or  more  bars,  then  the  line  joining  the  points 
in  the  Stress  Diagram  named  after  the  beginning  and  end 
spaces  gives  the  resultant  of  the  stresses  in  all  the  bars  meeting 
in  or  crossing  that  line. 

The  strident  can  easily  verify  this  by  referring  to  the 
Stress  Diagram. 

In  Fig.  37a  a  shaded  line  is  Bhown  beginning  in  the  space  D 
and  ending  in  the  space  O.  Then  in  Fig.  376  the  chain  dotted 
line  D  O  is  parallel  to  the  line  of  action  of  the  resultant  of  the 
stresses  in  the  bars  DM,  M N,  and  N O.  The  length  of  the 
line  D  O  gives  the  magnitude,  and  from  D  to  O  the  way  of  the 
resultant  with  respect  to  the  top  side  of  this  section.  A  point 
in  the  line  of  action  of  this  resultant  may  be  found  by  drawing 
a  line  through  the  joint  D  £  F  N  M  parallel  to  the  line  joining 
D  with  N  in  the  stress  diagram  to  cut  the  bar  N  O  produced. 
The  line  D  N  is  the  resultant  of  the  stresses  D  M  and  M  N, 
which  must  pass  through  the  joint  DEFNM.  The  dotted 
line  OA  gives  the  resultant  of  the  stress  actions  in  the  bars 
O  P  and  P  A  on  the  imaginary  joint  N  O  A.  Therefore,  since 
the  bar  O  A  is  very  short,  the  force  acting  on  the  pin  at  the  end 
of  this  bar  will  be  approximately  represented  by  the  elements 
found  from  the  line  OA.  Similarly,  the 
dotted  line  N  A  gives  the  elements  of  the 
force  acting  at  the  end  of  the  short  bar 
NA. 

The  forces  acting  at  the  foot  of  the  King 
Bod  are  represented  by  Fig.  38.  These 
forces  produce  bending  and  tension  in  the 
parts  O  A,  A  N,  and  N  O. 

Queen  Post  Frame. — A  Queen  Post  Frame  is  represented  in  its 
normal  position  by  the  solid  lines  in  Fig.  39.     If  the  frame  be 


Fio.  38.— Foot  op 
King  Rod. 
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Ft<h  39.— Distortion  of  a  Fbjckly.  Jointed  Qubbn  Post  Frame. 
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freely  jointed,  it  would  be  deformed  into  the  shape  represented 
by  the  dotted  lines  by  a  single  force  B  C  applied  as  shown  at  the 
joint  NBCPO. 


Fig.  40a.— Frame  Diagram. 
Quern  F08T  Frame,  with  Part  of  Tik-Rod  Made  Continuous. 


This  change  of  shape  may  be 
resisted  in  several  ways,  such  as 
the  following : — 

(1)  By  a  diagonal  in  the  cen- 
tral parallelogram.  This 
diagonal  would  have  to 
stand  push  if  the  wind 
caught  the  frame  on  one 
rafter,  and  pull  if  the  wind 
pressure  were  on  the  other; 
or  the  stresses  might  be 
due  to  snow.  It  is  the 
usual  practice  to  put 
two  diagonal  ties  in  the 
parallelogram,  so  that  when 
a  push  comes  on  one  dia- 
gonal the  other  receives  it 
as  a  pull.  In  drawing  the 
Stress  Diagram  for  such  a 
frame,  if  a  push  comes  on  one  of  the  ties,  we  omit  that 
bar  and  take  the  other. 
(2)  By  making  the  bar  continuous  between  the  joints  M  0  A. 
and  PC  A,  and  therefore  able  to  resist  being  bent  into 
the  dotted  form  shown  in  Fig.  39. 


Fio.  406.— Stress  Diagram. 
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(3)  By  making  the  whole  tie-beam  continuous.     This  causes 

the  frame  to  become  redundant;  t.e.,  it  may  be  self 
stressed,  by  having  the  bars  M  O  and  O  P  of  unequal 
length,  or  badly  fitted. 

(4)  By  making  one  ratter  continuous. 

(5)  By  making  the  rafters  and  tie-beam  continuous.      This 

is  the  usual  form  in  actual  practice  and  causes  the 
frame  to  become  redundant. 

Solution  of  the  Second  Method.— The  reactions  are  ascertained 
by  a  Substituted  Frame  as  already  explained.  In  the  Stress 
Diagram,  Fig.  40b,  we  begin  by  drawing  D  N  and  F  N;  C  M  and 
AM;  NO  and  MO;  OP  and  HP  all  parallel  to  their  respec- 
tive bars.  Then  P  and  O  joined  with  A  give  the  finishing 
lines  of  the  Stress  Diagram.  The  lines  AP  and  AO  are  not 
parallel  to  the  bars  A  P  and  A  O.  This  indicates  that  there  is 
bending  in  the  continuous  part  of  the  tie-rod. 

In  Fig.  41,  the  forces  are  shown 
acting  on  the  part   of   the  tie-  O   1  P 

beam  which  is  continuous.     The       -    ,  I         ,    » - 

vertical  components  of  the  forces  a 

A  O  and  A  P  produce  bending  in    Flo#  41._Thk  Continuous  Pabt 
the  bar,  while  the  horizontal  com-  of  Tie-Beam. 

ponents  produce  tension. 

Solution  of  the  Third  Method. — Having  found  the  reactions 
and  drawn  the  External  Force  Polygon,  as  in  Fig.  42b,  we  can 
then  find  the  point  N.  We  observe  that  O  must  lie  on  the  line 
1$  O,  which  is  drawn  parallel  to  the  bar  N  O ;  M  must  lie  on 
the  line  D  M  drawn  parallel  to  the  bar  D  M,  and  P  on  the  line 
£  P  drawn  parallel  to  the  bar  K  P. 

On  reference  to  Fig.  39  we  see,  that  so  long  as  the  rafter  ends 
always  remain  in  the  same  horizontal  line,  the  joint  0  P  A  must 
go  down  as  much  below  the  horizontal  line  as  the  joint  M  O  A 
goes  above  it.  Therefore,  if  the  tie-beam  is  equally  rigid  along 
its  length,  the  push  required  to  distort  it  at  the  joint  O  P  A 
must  be  equal  to  the  pull  distorting  it  at  the  joint  M  O  A — that 
is,  OP  must  be  equal  in  length  to  MO  in  the  Stress  Diagram,  Fig. 
42b.  If  the  tie-beam  be  unequally  rigid,  then  the  push  and  pull 
will  be  in  proportion  to  the  rigidity  at  the  joints  O  P  A  and  M  O  A 
in  Fig.  39.  In  Fig.  42a  the  distorting  force  is  on  the  left-hand 
rafter,  and  therefore  the  joint  MO  A  will  go  down;  consequently 
M  O  is  subjected  to  push  stress. 

We  can  now  proceed  with  the  Stress  Diagram  in  Fig.  426. 
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Since  M  O  is  eqtial  in  length  to  O  P,  P  and  M  must  lie  where 
the  line  DM  intersects  the  line  KP.  Again,  OP  and  MO 
are  parallel  to  the  bars  O  P  and  M  O  respectively,  and  NO  is 


Fig.  42a.— Frame  Diagram. 
Queen  Post  Frame,  with  Continuous  Tie-Beam. 

parallel  to  the  bar  N  O. 
This  fixes  the  point  O. 
Joining  the  point  P  M  and 
the  point  O  with  A  we 
complete  the  stress  dia- 
gram. 

The  forces  acting  on  the 
tie-beam  are  illustrated  by 
Fig.  43.  The  force  OP 
and  the  vertical  component 
of  P  A  constitute  a  couple 
tending  to  produce  clock- 
wise rotation.  The  force 
M  O  and  the  vertical 
component  of  AM  form, 
another  couple  of  equal 
moment,  and  also  produce 
clockwise  rotation.  These 
two  couples  bend  the  beam, 
Fig.  426.— Stress  Diagram.  as  indicated  in   Fig.    39. 

The  horizontal  components  of  the  forces  A  M  and  P  A  produce 
tension  in  the  tie-beam. 

Now,  Buppose  the  rigidity  of  the  tie-beam  at  the  joint  P  O  A  to 
be  -8  of  its  rigidity  at  the  joint  M  O  A,  then  01  Px  must  equal  § 
of  Ox  Mr    We  must  remember  that  the  joint  O  P  A  is  always  as 
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much  above  as  MOA  is  below  the  horizontal  line.  A  con- 
struction to  determine  Mv  Fv  and  01  is  shown  by  the  dotted 
lines  in  Fig.  425.  The  point  2  is  taken  anywhere  in  the  line 
N  O.  The  line  2 — 5  is  drawn  perpendicular  to  line  N  O,  and 
the  line  K  P  is  produced  to  cut  the  line  2 — 5  in  the  point  4. 
Then  the  length  2 — 4  must  be  to  the  length  2 — 5  as  the  rigidities 
at  the  joints.  In  other  words,  the  line  2 — 5  is  three  when  2 — 4 
is  two,  and  therefore  4 — 5  is  equal  in  length  to  half  of  2 — 4. 
Now  join  point  5  with  point  1.  This  line  cuts  the  line  D  M  in 
the  point  M1,  and  by  drawing  Ml  Ox  parallel  to  the  bar  M  O, 
and  N  Ox  parallel  to  the  bar  N  O,  we  obtain  the  point  Ov 

The  finishing  lines  of  the  Stress 
Diagram,  Fig.  426,  are  obtained  by  fl"  f     O     jP 

joining   Mp   Fv  and   Ox  with  the    *"*  A  * 

point  A,  and  are  shown  by  the  chain       FiQ  ^_FojiC^  AcTINO 
dotted  lines.  „  Continuous  Tie-Beam. 

Solution  of  the  Fifth  Method* — In  this  arrangement  of  bars 
(Fig.  43a)  if  the  joint  FGHPON  descends  through  a  small 
distance  (say  1  inch)  then  the  joint  O  P  A  of  the  tie-beam  will 
descend  1  inch,  the  joint  A  M  O  will  go  up  1  inch  and  the  joint 
M  C  D  N  O  will  rise  1  inch.  Now,  all  this  will  take  place  irre- 
spective of  the  rafters  and  tie-beam  being  of  equal  or  of  unequal 
yieldingness. 

Yieldingness.--- Two  springs  mre  of  equal  yieldingnm,  when 
they  stretch  through  the  same  amount  under  equal  loads. 

One  spring  wonld  have  a  yieldingness  of  three  times  .another, 
if  the  first  extended  three  times  the  amount  that  the  second 
stretched  under  the  same  load. 

Further,  if  two  springs  of  equal  yieldingness  are  attached  to 
the  same  load,  so  that  they  each  extend  through  the  same 
amount ;  then  each  spring  will  carry  one  half  of  that  load.  But, 
if  two  springs  of  unequal  yieldingness  are  attached  to  the  same 
load,  so  that  they  each  extend  through  the  same  amount ;  they 
will  each  carry  a  share  of  the  load  inversely  proportional  to  their 
yieldingness.  Suppose  we  have  two  springs,  the  first  one 
stretches  say  1  inch  under  a  load  of  3  lbs.,  while  the  second 
one  extends  1  inch  under  1  lb. ;  then,  if  those  two  springs 
are  set  to  carry  a  load  of  4  lbs.,  they  will  each  extend  1  inch 
and  the  first  spring  will  carry  3  out  of  the  4  lbs.,  while  the 
second  will  carry  the  remaining  1  lb. 

The  above  remarks  apply  equally  to  bars  supporting  a  load 
"between  them,  whether  they  are  under  a  similar  kind  of  stress 
or  not.    Fox  example,  suppose  a  beam  is  jointed  to  a  rod  attached 
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to  a  rigid  point  above   it;  then,  their  yieldingness  would  be 
measured  by  the  amounts  they  would  each  come  down  under 


Fio.  43a.— Frame  Diagram. 
Quern  Post  Frame,  with  Rafters  and  Tie-Beam  Continuous. 

the  same  load,  as  applied 
to  each  separately  at  the 
point  where  they  are 
jointed  to  each  other. 

Referring  to  the  Frame 
Diagram,  Fig.  43a,  we 
shall  assume  in  the  first 
place,  that  the  yieldingness 
of  the  rafter  at  the  centre 
in  a  vertical  direction,  is 
the  same  as  the  yielding- 
ness of  the  tie-beam  at  the 
joint  O  P  A,  also  in  a  ver- 
tical direction.*  There- 
fore, whatever  is  the 
amount  of  the  vertical 
component  of  the  distort- 
ing force,  they  will  each  be 
subjected  to  the  same  stress. 
Before  we  can  do  anything  to  the  Stress  Diagram,  Fig.  436, 

we  must  first  find  what  amount  of  the  distorting  force  passes 

into  M  O  and  O  P  in  Fig.  43a,  on  the  assumption  that  the  rafters 

are  freely  jointed  at  their  centres. 
Figs.  44a  and  446  show  how  this  is  done.      In  the  Frame 

Diagram,  the  force  Q  G  is  the  difference  between  the  loads  C  D 


Fio.  436.— Stress  Diagram. 


*  This  does  not  mean  that  the  rafter  and  the  beam  have  equal  rigidity. 
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and  F  G  in  Fig.  43a,  and  G  H  is  the  same  as  in  that  figure. 
Now  draw  the  Stress  Diagram,  Fig.  446,  in  a  similar  manner  to 
Fig.  425.  That  is,  Q  G  and  G  H  are  drawn  to  the  same  scale  as 
tbe  line  of  loads  in  Fig.  436,  when  T  will  coincide  with  Q  Draw 
TU  parallel  to  the  bar  T  TJ,  QS  to  QS  and  H  V  to  H  V.  The 
pull  S  U  is  equal  to  the  push  U  V  ;  therefore  S  and  V  are  at  the 
intersection  of  Q  S  and  H  V.  Then  S  U  drawn  parallel  to  the 
bar  S  U  completes  the  Stress  Diagram,  Fig.  446. 

The  lengths  of  S  TJ  and  TJ  V,  give  the  stresses  in  the  Queen 
Bods  S  TJ  and  TJ  V,  on  the  assumption  that  the  yieldingness  of 
the  rafters  is  infinitely  large.  But,  the  rafters  have  the  same 
yieldingness  as  the  tie-beam  and  therefore  only  half  of  the  dis- 
torting forces  will  pass  to  the  tie-beam.  This  means,  that  the 
pull  in  the  Queen  Bod  M  O  and  the  push  in  the  Queen  Rod  OF, 
are  equal  to  one-half  of  S  TJ  and  TJ  V  respectively. 


Ox 

T  ^S. 
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H 
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Fio.  44a.—  Frame  Diagram.  Fig,  446.— Stress  Diagram. 

Frame  Carrying  Distorting  Forces  only. 

In  the  Stress  Diagram,  Fig.  436,  H  P,  and  C  Mp  are  drawn 
parallel  to  H  P  and  0  M  of  Fig.  43a  until  they  intersect.  M20 
is  drawn  parallel  to  M  O  and  A  X  is  a  horizontal  line  through  A. 
On  tbe  line  MxO  mark  off  two  points  O  and  M,  where  O  is  as 
much  above  A  X  as  M  is  below  it  and  the  distance  M  O  is  equal 
to  one-half  of  S  TJ.  This  fixes  the  points  M,  O  and  P  of  the 
Stress  Diagram,  because  P  coincides  with  M. 

Now,  draw  D  Nx  and  F  N\  parallel  to  the  bars  D  N  and  F  N 
until  they  intersect  at  Nr  Through  N,  draw  NXN  parallel  to  MjO. 
Then  draw  O  N  parallel  to  the  bar  O  N,  and  we  shall  have  found 
all  the  points  in  the  Stress  Diagram,  Fig.  436.  On  joining  C  with 
M;  HwithP;  DwithN;  F  with  N  ;  O  with  A;  M  with  A; 
and  P  with  A  we  finish  the  Stress  Diagram.  The  dotted  lines 
represent  the  Stress  Diagram  when  the  yieldingness  of  the 
rafters  is  less  than  that  of  the  tie-beam. 

Divide  S  TJ  into  two  parts,  having  the  ratio  to  each  other 
that  the  yieldingness  of  the  rafter  bears  to  the  yieldingness  of 
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the  tie-beam.  Then  02  M2  will  have  the  smaller  length  as  its 
value,  if  the  yieldingness  of  the  rafter  is  the  smaller;  and 
0>2  M«  will  have  the  larger  length  of  S  U  if  the  yieldingness  of 
the  tie-beam  is  the  smaller.  iPov  example,  let  the  tie-beam  be 
twice  as  yielding  as  the  rafter.  Then  divide  S  TJ  in  the  propor- 
tion of  2  to  1 — i*e.,  into  three  equal  parts — and  make  02  M2  equal 
to  one  of  the  three  parts ;  keeping  in  mind,  that  02  is  as  much 
above  A  X  as  M2  is  below  it. 
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Leotubk  XXVL— Questions. 

1.  Explain  and  prove  the  rule  for  obtaining  the  resultant  of  the  stresses 
in  all  the  bars  of  a  frame  crossing  any  given  section.  In  Fig.  37a  what  is 
the  resultant  of  the  stresses  in  the  oars  A  P,  PK,  and  also  in  the  bars 
AM,MN,andNF? 

2.  The  dimensions  of  an  iron  king  post  truss  for  a  roof  are : — Span,  20 
feet ;  height,  7  feet ;  distance  between  trusses,  8  feet.  The  roof  weighs  12 
lbs.  per  square  foot.     Find  the  stresses  in  each  part. 

3.  In  the  above  question  find  the  stresses  when  the  wind  causes  a  pres- 
sure of  30  lbs.  per  square  foot  on  one  slope. 

4.  Explain  the  differences  caused  in  the  stresses  by  the  different  methods 
of  completing  a  queen  post  frame.  Mention  some  of  the  advantages  and 
disadvantages  of  each. 

5.  A  queen  post  roof  has  a  span  of  30  feet,  and  is  10  feet  high.  The  roof 
weighs  10  lbs.  per  square  foot,  and  the  principals  are  10  feet  apart.  Find 
the  several  stresses  if  the  rafters  and  tie-beam  are  continuous. 

6.  If  there  is  a  wind  pressure  of  26  lbs.  per  square  foot  on  the  roof  in 
Question  5,  find  the  stresses  in  the  bars. 
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LECTURE  XXVII. 

Contents. — Wharf  Crane — Example  I. — Common  Jib  Crane — Balanced 
Jib  Crane — Derrick  or  Scotch  Crane— Foundry  Crane— Sheer  Legs — 
Example  II.  —  130-Ton  Steam  Crane— Tables  of  Dimensions  and 
Weights  of  130-Ton  Crane — Example  III.— Questions. 

Wharf  Crane. — Suppose,  as  in  Fig.  la,  that  a  single  movable 
pulley  carries  the  load  W.  Then,  neglecting  friction,  the  pull 
throughout  the  chain  will  be  one  half  of  W.  Again,  assume 
that  the  pull  of  the  chain  acts  at  the  centre  of  the  pulley  or 
barrel  round  which  it  may  be  passing.  In  the  Frame  Diagram, 
Fig.  la,  the  external  forces  acting  on  the  frame  are  all  duly 
indicated.  At  the  Jib  end,  there  are  two  forces — viz.,  the 
pull  of  gravity  D  £,  on  the  supported  mass,  acting  vertically 
downwards  and  the  force  CD,  due  to  the  pull  in  the  chain 
which  is  assumed  to  be  parallel  to  the  tie-rod  CH.  At  the 
top  end  of  the  vertical  post,  there  are  the  forces  B  C  and  A  B 

acting  as  shown,  which  are 
both  due  to  the  pull  in  the 
chain  on  the  pulley  at  the 
post  head.  There  is  also  a 
force  acting  at  the  centre  of 
the  barrel  along  the  crane 


Fio.  la.— Frame  Diagram.  Fig.  lb.— Stress  Diagram. 

x         Wharf  Crane. 

post.  This  force  must  be  transferred  to  the  footstep  as  shown 
and  is  called  EF  in  the  diagram.  There  is  also  a  pressure 
transmitted  by  the  sole  plate  to  the  vertical  post.    This  pressure  is 
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assumed  to  have  its  line  of  action  horizontal  and  is  lettered  G  A. 
Finally,  we  have  the  action  of  the  footstep  oil  the  lower  end  of 
the  vertical  post. 

*  The  three  forces  D  E,  F  G  and  CF  A,  must  form  a  system  in 
equilibrium.  Therefore,  since  the  lines  of  action  of  D  E  and 
G  A  are  known,  if  we  produce  them  to  meet  in  0,  then  the  line 
ot  action  of  F  G  is  known  because  it  must  also  pass  through  0. 

The  Stress  Diagram,  Fig,  15,  may  now  be  drawn.  Draw 
the  line  of  loads  A B,  BO,  CD,  D E,  and  E F.  Now,  draw 
F  G  parallel  to  the  line  of  action  of  the  force  F  G  and  A  G 
parallel  to  th*  line  of  action  of  the  force  A  G.  These 
close  the:  External  Force  Polygon.  Then  if  CH  and  EH 
l>e  drawn,  parallel  to  the  bars  C  H  and  E  H 
respectively  they  fix  the  point  H.  The  line 
joining  the  point  A  with  the  point  H  is  the 
linishing  line  of  the  Stress  Diagram.  This  line 
is  not  parallel  to  the  bar  AH  because  the  bar 
A  H  is  subject  to  bending. 

In  Fig.  2,  we  have  a  representation  of  the 
foices  acting  on  the  vertical  post;  from  which, 
vr%  can  determine  the  bending,  tension,  and 
compression  stresses  in  the  crane  post. 

The  lengths  of  the  lines  0  H  and  EH  in  the 
Stress  Diagram,  Fig.  16,.  give  the  stresses  in  the 
tie-rod  and  jib  respectively.  The  horizontal 
component  of  GF  gives  the  shear  on  the  bolts 
of  the  footstep  and  G- A  the  shear  on  the  bolts 
of  the  sole  plate 

Exakpcb  I. — In  a  wharf  crane  the  post,  tie-  Fig.  2.— Foboxs 
rod,  and' jib  measure  15,  20,  and  30  feet  respeo-      Acting  on 
tively,  what  would  be  the  nature  and  amount      1^Craki!BT 
of  the  stresses  in  each  of  the  three  members 
when  a  load  of  7  tons  is  suspended  over  the  pulley  at  the  jib 
head,  (1)  when  the  lifting  chain  passes  from  the  pulley  to  the 
drum  or  barrel  parallel  with  the  jib,  (2)  when  the  drum  is 
placed  so  that  the  chain  passes  from  the  jib  head  parallel  with 
the  tie-rod  ?    (S.  and  A.  Exam.,  1890.) 

Answer. — First,  draw  to  scale  a  Frame  Diagram  ABC,  as 
shown.  This  will  be  coincident  with  the  centre  lines  of  the 
different  members  of  the  crane. 

Case  (1). — Here  the  lifting  chain  passes  from  the  pulley  at  the 
jib  head1  parallel  to  the  jib,  and,  neglecting  the  friction  of  the 
pulley,  we  shall  have  two  equal  external  forces  at  the  joint  C 
due  to  the  tension  in  the  two  parts  of  the  chain. 

In  order  to  draw  the  Stress  Diagram,  we  may  first  proceed  to 
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determine  the  resultant  of  these  two  forces  and  consider  it  as  a 
single  external  force  applied  to  the  joint  C,  and  then  draw  the 
triangle  of  forces.  Or  we  may  at  once  draw  the  polygon  of 
forces  for  the  joint.  Thus,  draw  b  d  to  represent  the  load  of  7 
toes,  and  da  equal  to  bd>  and  parallel  to  C  A,  to  represent  the 
tension  in  that  part  of  the  chain  over  the  pulley ;  then  drawing 
a  c  and  b  c  respectively  parallel  to  A  0  and  B  C,  we  determine 
the  point  c,  and  therefore  the  magnitude  of  the  stresses  in  the 
jib  and  tie-rods.  These  will  evidently  be  compression  and  ten- 
sion respectively.  If  we  join  ba  we  obtain  the  resultant 
external  force  at  the  jib  head,  and  bac  will  be  the  triangle  of 
forces  determining  the  same  stresses  as  above. 

The  nature  and  amount  of  the  stress  in  the  post  will  depend 
on  the  mode  of  fixing  it.  It  is  evident  that  the  pull  b  c  in  the 
tie-rods  may  be  resolved  into  a  vertical  component  b  e,  producing 
tension  in  the  post,  while  the  horizontal  component  e  e  repre- 
sents the  force  tending  to  bend  the  post  round  A. 

Case  (2). — Here  the  chain  passes  from  the  pulley  parallel  to 
the  tie-rods.  We  proceed  as  before,  »nd  draw  b  d  to  represent 
the  pull  in  the  part  of  the  chain  above  the  pulley,  and  da  the 
pull  in  the  vertical  part  of  it,  then  a  c  and  6  c  drawn  parallel  to 
A  0  and  £  C  respectively,  determine  the  point  c,  and  represent 
the  stresses  in  the  jib  and  tie-rod.  Again  joining  b  a,  we  see 
that  this  represents  the  resultant  external  force  at  the  pulley. 
The  remainder  of  the  diagram  is  the  fame  as  in  Case  (1). 

The  magnitudes  of  the  different  stresses  are  shown  on  the 
diagrams,  and  enable  us  to  compare  the  relative  merits  of  the 
two  arrangements.  Thus,  if  we  suppose  the  load  to  be  sus- 
pended from  the  end  of  the  jib  without  the  intervention  of  a 
pulley,  we  get  b  d  c  in  Case  (1),  or  d  a  c  in  Case  (2)  as  the  corre- 
sponding Stress  Diagram.  The  effect  of  introducing  the  chain 
and  pulley  is  in  Case  (1)  to  increase  the  thrust  in  the  jib  by  7 
tons — i.e.y  the  pull  in  the  chain — without  affecting  the  pull  in 
the  tie-rods,  while  in  Case  (2)  the  effect  is  to  diminish  the  pull 
in  the  tie-rods  by  the  same  amount — 7  tons — without  increasing 
the  thrust  in  the  jib.  Thus,  other  things  being  equal,  Case  (2) 
is  the  better  arrangement. 

Common  Jib  Crane. — In  the  common  Jib  Crane  represented 
in  Fig.  3,  the  movable  pulley  has  one  sheave,  and  the  chain 
passes  direct  to  the  barrel  from  the  Jib-head.  The  barrel  is 
carried  by  the  cast-iron  framing.  There  are  two  tie-rods  in- 
clined at  an  angle  4  degrees  to  the  centre  line  of  the  crane  as 
shown  by  the  plan  of  the  tie-rods.  We  assume  the  cast-iron 
frame  to  be  freely  jointed  where  the  tie-rods  and  the  jib  meet 
it,  and  also  where  the  horizontal  part  meets  the  upright  post. 
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The  forces  acting  on  the  frame  of  the  crane  are-  indicated  in 
Fig.  4a.  At  the  Jib-head  there  are  the  two  forces  W  and  £  W. 
At  the  point  in  the  bar  G  H,  representing  the  centre  of  the 
barrel,  there  is  a  force  £  W,  indicated  by  the  dotted  line  and 
arrow  head     The  lines  of  action  of  the  dotted  force  and  the 


Fig.  3.*— Outline  Diagram  of  Common  Jib  Crane. 


force  B  C  are  coincident.     They  lie  along  the  line  joining  the 
ceiitre  of  the  Jib-head  pulley  and  the  chain  barrel. 

We  have  here  an  example  of  a  force  acting  at  a  point  in  a 
bar.     The  force  acting  at  a  point  in  the  bar  G  H  as  represented 

*The  Plan  of  the  Tie-Rods  of  this  crane  has  been  drawn  to  a  larger  scale 
than  the,  crane  itself. 
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by  the  chain  dotted  line,  is  replaced  by  the  two  equivalent 
parallel  forces  D  E  and  A  B  applied  aa  shown.  Their  magni- 
tudes will  be  inversely  as  the  lengths  into  which  the  bar  G  H  is 
divided  while  the  sum  of  their  magnitudes  is  £  W. 

Before  beginning  the  Stress  Diagram,  we  must  first  determine 
the  values  of  A  Band  DE.  Lay  down  a  line  to  measure  \  W 
and  divide  this  line  in  the  same  proportion  as  the  bar  G  H  is 
divided  by  the  line  of  action  of  the  dotted  force.  Then,  these 
two  parts  will  measure  to  the  same  scale  as  the  whole  line,  the 
respective  values  of  the  forces  A  B  and  D  E.  The  greater  force 
is  placed  at  the  end  of  ther  shorter  division  of  G  H. 

As  in  the  last  crane,  the  pull 
of  gravity  C  D  on  the  supported 
mass,  the  pressure  of  the  sole- 
plate  E  F  on  the  upright  and  the 
reaction  of  the  footstep  FA  on 
the  upright,  are  in  equilibrium 
and  therefore  their  lines  of  action 
all  pass  through   one  point   O. 


Fig.  4a.— Frame  Diagram.  Fig.  46.— Stress  Diagram. 

Common  Jib  Crakx. 

The  line  of  action  of  E  F  is  assumed  to  be  horizontal  and  the 
line  of  action  of  C  D  to  be  vertical.  In  the  Stress  Diagram,  Fig. 
46,  we  first  draw  A  B,  then  B  C,  C  D,  and  D  E.  This  completes 
the  line  of  loads.  Now,  from  E  draw  EF  parallel  to  the  line  of 
action  of  the  pressure  E  F  ;  and,  from  A  draw  A  F  parallel  to 
the  line  of  action  of  the  reaction  A  F.  These  two  lines  deter- 
mine the  point  F  and  complete  the  External  Force  Polygon. 
Then,  draw  B  H  and  D  H  parallel  to  the  tie-rod  B  H  and  the 
jib  D  H  respectively.  These  fix  the  point  H.  Draw  H  G  and 
E  G  parallel  to  the  bars  H  G  and  E  G.  This  fixes  the  point  G. 
On  joining  C  with  G  the  Stress  Diagram  is  completed. 

BH  in  Fig.  4o  represents  the  stress  on  the  tie-rod,  on  the 
assumption  that  there  is  only  one  tie-rod  lying  along  the  centre 
line  of  the  crane.     We  require,  therefore,  to  resolve  this  stress 
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into  two  components,  one  along  each  tie-rod.  This  is  done  in  the 
Stress  Diagram  by  drawing  from  H  and  from  £  lines  H  M  and 
B M  each  making  an  angle  with  BH  of  0  degrees.  Then  the 
lengths  of  HM  and  B  M  measure  to  scale  the  stresses  in  the 
tie-rods. 

Balanced  Jib  Crane. — The  balance  weight  B  W  acting  at  G,  is 
usually  mounted  on  rollers  in  order  that  it  may  be  moved  nearer 
to  the  central  post  A  when  the  load  W  is  reduced.  In  this  way 
the  moments  of  the  load  and  balance  weight  may  be  kept  in 
equilibrium  and  thus  prevent  any  undue  bending  action  on  the 


Fig.  5.— Balanced  Jib  Cranb. 

post  at  A.     We  may  here  remark  that  the  balance  weight  B  W" 
•at  G  and  the  load  W  at  C  are  not  necessarily  equal. 

A  single  movable  pulley  carries  the  load  W  and  therefore  the 
tension  throughout  the  chain  is  £W.  We  assume  that  bars 
join  B  with  D ;  D  with  A  ;  A  with  B ;  and  A  with  H.  These 
are  all  indicated  in  the  Frame  Diagram  of  Fig.  5".  The  line 
joining  the  centre  of  the  pulley  C  with  the  centre  of  the  chain, 
barrel  £  is  considered  as  the  line  of  action  of  the  stress  in  the 
chain.     From  the  plan  it  will  be  seen  that  there  are  two  tie-rods 
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inclined  to  each  other ;  these  rods  are  often  made  continuous 
from  0  to  H. 

The  load  of  £  W  acting  on  the  bar  F  G,  Fig.  6a,  is  divided  as 
explained  in  the  previous  example  into  forces  B  0  and  K  A.  If 
W  is  known,  we  can  find  on  completing  the  Stress  Diagram,  the 
magnitude  of  the  balance  weight  A  B  required  to  balance  the 
moment  of  the  load  W  about  the  joint  FGEEA.  Or,  if  the 
balance  weight  be  moved  nearer  the  crane  post  we  can  find  what 
weight  may  be  placed  in  the  crane  hook. 


Fig.  6a.-- Frame  Diagram.  Fig.  66.— Stress  Diagram. 

Balanced  Jib  Crane. 

We  begin  the  Stress  Diagram,  Fig  66,  with  the  line  B  C, 
then  €  D,  and  D  E.  We  next  find  the  point  H,  then,  G,  F,  A, 
and  finally  K. 

The  actual  stress  in  the  tie-rods  is  found,  by  drawing  H  M 
and  C  M  at  an  angle  with  H  C,  equal  to  half  of  the  real  angle 
between  the  tie-rods,  as  previously  explained.  From  F  and  B 
draw  F  P  and  B  P  inclined  to  F  B  at  half  the  angle  between  the 
parts  of  the  tie-rods  carrying  the  balance  weight.  If  the  tie-rods 
are  continuous,  then  H  M  and  F  P  are  parallel. 

Derrick  or  Scotch  Crane.* — In  Fig.  7,  AB  is  the  central 
upright  post,  capable  of  turning  round 
A  and  B.  B  0  is  the  jib  and  A  C  the 
tie-rod,  which  is  usually  a  chain  for 
raising  or  lowering  the  jib.  The  ver- 
tical post  A  B  is  kept  upright  by  the 
back  stays  A  E  and  A  Er  These 
stays  are  sometimes  anchored  to  the 
ground,  but  are  generally  attached  to 
the  bars  B  E  and  B  Er  Boards  are 
placed  over  these  bars  and  stones  or  pig 
iron  are  placed  thereon  to  act  as  counter- 


Fig.  7. — Derrick  Crane. 


weight  to  the  load  W.     This  crane  is  similar  to  that  in  Fig.  5,  in 

*  See  figure  at  end  of  this  Lecture. 
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that  back  balance  weights  are  used.  The  weights  in  Fig.  7  are, 
however,  not  required  to  be  made  movable  in  order  to  pro- 
duce a  moment  round  B  equal  and  opposite  to  the  moment 
of  W  round  the  same  point.  This  is  due  to  the  fact,  that 
the  under  sides  of  the  bars  B  E  and  B  E^  rest  upon  the  ground, 
and,  therefore,  no  matter  how  much  the  moments  of  the  balance 
weights  round  B  may  exceed  the  moment  of  the  load,  there  is 
no  bending  stress  produced  on  the  pivot  at  B. 

The  chain  carrying  the  load  W  is  usually  parallel  to  the 
tie-rod  A  C.  It  then  passes  round  a  pulley  at  A  and  down  to 
the  barrel  on  the  upright  post. 

By  reference  to  the  Stress  Diagrams,  Figs.  16  and  66,  the 
Stress  Diagram  for  Fig.  7  may  be  drawn.  When  the  plane  of 
the  triangle  A  B  C  in  Fig.  7,  coincides  with  the  plane  of  the 
triangle  ABE,  the  stress  in  A E  will  be  a  maximum,  the 
stress  in  AEX  will  be  theoretically  zero,  and  the  weight  required 
at  E  may  then  be  found.  Similar  considerations  will  give  the 
stress  in  A  Ex  and  the  weight  required  at  Er 

Let  the  plane  of  the  triangle  ABO  now  occupy  any  inter- 
mediate position  between  the  planes  of  the  triangles  ABE  and 
A  B  Er  Then  the  stresses  in  A  E  and  A  E15  may  be  found  by 
producing  the  plane  of  the  triangle  A  B  C  to  intersect  the  planes 
A E1 E  and  E1 B  E  in  AD  and  B  D.  Now  proceed  to  find  the 
stress  in  A  D  as  if  D  were  anchored  to  the  ground,  then  resolve 
this  stress  along  the  stays  A  E  and  A  Ex,  as  explained  for  the 
inclined  tie-rods  of  the  two  previous  examples.  The  angle 
Ej  B  E  is  usually  a  right  angle. 

Foundry  Crane. — The  Frame  Diagram,  Fig.  8a,  illustrates  the 
arrangement  of  the  parts  of  this  type  <of  crane.  The  pulley 
carrying  the  load  W  is  attached  to  a  small  bogie  running 
between  two  parallel  horizontal  beams.  The  external  forces 
acting  on  the  crane  are  F  G,  G  A,  A  B,  C  D,  E  F  (each  equal  to 
W),  B  C,  and  D  E.  The  external  force  A  B  balances  E  F,  and 
0  D  balances  G  A,  therefore  the  remaining  •external  forces  B  0, 
D  E,  and  FG  form  a  system  in  equilibrium.  Their  lines  of 
action  will  pass  through  one  point  O,  and  their  magnitudes  may 
be  determined  by  the  triangle  of  forces.  These  results  may  be 
made  use  of  in  drawing  the  Stress  Diagram,  Fig.  86.  Commence 
by  drawing  E  F,  F  G,  G  A,  and  A  B  all  equal  in  magnitude  to 
W,  and  parallel  to  their  respective  lines  of  action.  If  we  draw 
B  C  parallel  to  the  line  of  action  of  the  force  B  C,  so  as  to  inter- 
sect the  line  through  E  parallel  to  the  line  of  action  of  the  forces 
C  D  and  D  E  in  the  point  C,  then  by  marking  off  0  D  equal  to 
W  we  complete  the  external  force  polygon. 

The  stress  in  A  H  will  be  unaffected  by  raising  or  lowering 
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either  the  footstep  or  the  bearing  at  the  top,  so  long  as  the  line 
of  action  of  the  load  and  the  position  of  the  joints  1,  2,  and  3 
remain  unchanged     Let  ub  suppose  that  the  footstep  coincides 


Fig.  8a.— Frame  Diagram.  Fig.  8&— Strbm  Diagram. 

Foundry  CSrane. 

with  the  point  1,  and  the  bearing  at  the  top  with  the  point  3, 
then  the  line  of  action  of  tin  stress  ia€H  will  be  along  the 
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centre  line  of  the  bar  C  H,  while  the  line  of  action  of  the  foot* 
step  reaction  B  Cj  will  pass  through  the  point  1  and  the  centre 
of  the  pulley  carrying  the  load. 
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In  the  Stress  Diagram,  Fig.  8b,  draw  B  C,  through  the  point 
B  parallel  to  the  line  joining  the  point  1  with  the  centre  of  the 
pulley  carrying  the  load,  so  as  to  cut  the  line  C  1)  in  the  point 
C, ;  then  by  drawing  Cj  H  and  A  H  parallel  to  the  bars  C  H 
and  A  H  respectively,  *e  determine  the  point  H.  Finally,  C 
joined  with  H  finishes  the  Stress  Diagram.  When  the  pulley 
carrying  the  load  occupies  the  position  represented  by  the  point 
4,  then  C„  Dp  and  H2  (found  in  a  similar  manner)  are  the 
corresponding  points  in  the  Stress  Diagram. 

Fig.  9  represents  the  forces  acting  on   the   upright,  which 


Fig.  12.— Russell's  Patent  Sheer  Legs. 

produce  bending,  tension,  and  compressive  stresses,  for  the  case 
when  the  movable  pulley  is  at  the  end  of  the  horizontal  jib. 

In  Figs.  10  and  11,  if  the  maximum  bunding  moment  in  each 
case  be  the  same,  then  the  point  2  in  Fig.  8a  has  been  so  chosen, 
as  to  make  the  bending  moment  on  the  horizontal  jib  have  its 
least  value  whilst  the  pulley  carrying  the  load  passes  from  one 
end  of  the  jib  to  the  other.  (See  Qucs.  41  of  Hons.  S.  &  A. 
Exam,  in  Machine  Constn.,  1890.) 

Sheer  Legs. — A  common  appliance  for  lifting  engines  and 
boilers  into  ships  is  the  sheer  legs  or  sheers.     The  illustration 
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shows  one  that  has  been  erected  at  West  Hartlepool  by  Messrs. 
George  Russell  <fc  Co.,  of  Motherwell,  for  a  load  of  80  tons  over- 
hung 38  feet  6  inches.  It  consists  of  two  tubular  front  legs, 
each  105  feet  long,  swinging  upon  pins  at  their  lower  ends, 
and  connected  together  at  the  top,  which  is  supported  by  a 
hollow  stay  or  back  leg.  This  stay  is  fixed  to  the  gunmetal  nut 
of  a  forged  steel  screw,  which  rotates  inside  the  back  leg.  The 
screw  is  anchored  at  its  lower  end,  and  can  be  rotated  by  a 
hydraulic  engine.  As  the  screw  revolves  one  way  or  the  other, 
the  back  leg  is  shortened  or  lengthened,  and  the  top  is  moved  in 
or  out,  as  shown  on  Fig.  13.  The  total  horizontal  travel  thus 
given  to  the  load  is 
50  feet.  — - & 

Chains  worked  by 
a  pair  of  hydraulic 
engines  are  used  for 
lifting,  and  there  are 
separate  chains  for 
light  and  hea  v  v  loads. 
The  latter  chain  ope- 
rates a  six-purchase 
pulley  blo.k. 

In  Fig.  l^AjBis 
the  line  of  the  front 
legs  hinged  at  B,  and 
A2  0  that  of  the  back 
leg.  The  top  can 
move  between  Ax and 
A2  by  altering  the 
length  of  A  C.  The 
vertical  Aa  D  repre- 
sents the  load  on 
the  sheers  (80  tons), 
and  Ax  E  the  ten- 
sion   in    the    chain, 

(J  of  80  or  13^-tons  since  there  are  six  chains  supporting  the 
load).  Draw  £  F  parallel  to  Ax  D,  and  D  F  parallel  to  A1 E.  Then 
Ax  F  is  the  resultant  force  to  be  balanced  by  the  stresses  in  the 
legs  A2  B,  A}  C.  Draw  F  G  parallel  to  A1  C,  and  meeting  A  x  B 
produced,  if  necessary,  in  G.  Then  Aa  G  (160  tons)  is  the  com- 
pression transmitted  to  the  front  legs,  and  FG  (76  tons)  the 
tension  in  the  back  leg.  As  the  two  front  legs  are  not  parallel, 
-we  must,  in  order  to  determine  the  actual  stress  in  each,  draw  a 
second  figure,  as  shown  at  the  right-hand  side.  Here  H  M  is 
equal  to  half  A1  G,  and  KHM  and  LHM  are  each  half  the 

13 
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Fio.  13. —Combination  of  Frame  and  Stress 
Diagrams  for  Fio.  12. 
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angle  between  the  front  legs.     K  L  being  drawn  perpendicular 

to  H  M,  we  obtain  H  K  and  H  L  (82  tons)  as  the  compression 

in  each  leg. 

Example  II. — The  foot  of  a  uniform  derrick  pole  of  weight 

2  cwts.  rests  on  the  ground,  and  the  pole  carries  a  weight  of 

1£  tons  suspended  from  its  upper  extremity.     The  length  of  the 

pole  is  20  feet,  and  it  is  kept  in  position  by  a  guy  rope  fastened 

to  the  ground  10  feet  to  the  rear  of  the  foot  of  the  pole  and 

25  feet  in  length.    Find  by  construction  or  otherwise  the  tension 

of  the  guy  rope.  .  T 

°  *      r  Answer.  —  In 

the  figure,  LH 
is  the  derrick 
and  K  H  the  guy 
rope.  The  weight 
of  the  derrick  acts 
at  its  centre,  and 
may  be  replaced 
by  1  cwt.  at  each 
end,  so  that  the 
total  load  in  the 
upper  end  may  be 
taken  as  31  cwts. 
This  is  the  force 
A  B  on  the  Frame 
Diagram.  For 
the  Stress  Dia- 
gram draw  A  B 
parallel  to  the 
force  A  B  and 
equal  to  31  units. 
Make  BC  parallel 
to  the  pole  and 
AC  to  the  guy 
rope.  Then,  A  C  is  the  tension  in  the  guy  rope  and  is  equal  to 
25  cwts.  and  B C  (=  53  cwts.),  the  compression  in  the  pole. 

This  problem  could  have  been  solved  by  the  Principle  of 
Moments,  as  follows : — 

Let  T  be  the  Tension  in  the  guy  rope. 
„    w      „       Weight  of  the  pole. 
„    W     „       Weight  hung  from  pole. 

Drawing   LN  perpendicular  to  KH  and  taking  moments 
about  L  (in  the  first  figure),  we  have : — 


10ft 

Derrick  Pole. 
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Or, 


TxLN  =  WxLD  +  wxLE 


From  Euclid  IL,  12,  we  have : — 

KH2  =  KL2  +  LH2  +  2KL.LD 

T  ^     KH2-KL2-LH2     625-100-400    a  OK  ^ 
LD= n  ^r— = ~~ » 6*25  ft 


2KL 


20 


K< toft >L 

Stresses  in  a  Derrick  Pole. 

Also,     L  N  x  K  H  =  twice  triangle  L  K  H  =  H  DxKL 
Or,       LNxKH-^Lff-LD^xKL 


Or, 


Hence, 


KF 


LN=|V361=~«7-6ft. 


25' 


T  =  (30  +  l)7^-^ ^g—  =25-5  cwts. 
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130-Ton  Steam  Crane  *  (see  Frontispiece). — As  an  example  of 
a  very  large  crane,  we  have  illustrated  in  the  frontispiece  to  this 
volume  the  130-ton  steam  crane  erected  for  the  Clyde  Trustees 
at  Finnieston  Quay,  Glasgow,  by  Messrs.  Cowans,  Sheldon,  &  Co., 
Limited,  of  Carlisle.  A  similar  crane  has  also  been  put  up 
at  the  new  Cess  nock  Dock,  Glasgow.  The  jib  of  this  crane  is 
made  up  of  two  steel  tubular  girders  braced  together  by  diagonal 
and  cross  stays.  The  tension  rods  have  been  sawn  out  of  solid 
steel  plates,  and  were  not  heated  during  their  manufacture. 
They  are  connected  to  the  jib  by  stays  at  intervals  along  their 
length.  The  foot  of  the  j ib  is  att  ached  to  one  of  the  bottom  corners 
of  a  large  vertical  triangular  frame,  and  the  tension  rods  to  the 
upper  corner,  while  the  back  one  supports  the  balance  weight 
which  is  placed  between  the  two  sides  of  the  main  framing. 
The  boilers  and  engines  are  also  placed  within  this  framing, 
which  is  covered  in  so  as  to  form  an  engine-house.  The  whole 
is  fixed  on  the  top  of  a  circular  base,  which  can  rotate  around  a 
large  central  pin,  and  rests  on  steel  rollers  running  on  a  steel 
pathway  on  the  top  of  the  foundation.  There  is  also  a  roller  bearing 
between  the  base  and  top  of  the  centre-pin.  The  foundation, 
which  is  square  in  plan,  is  of  concrete  with  granite  corners  and 
cope,  and  is  supported  on  twenty-two  concrete  cylinders  sunk 
into  the  sand.  The  centre  piece  of  the  crane  is  fixed  to  the 
foundation  by  six  steel  bolts  cottered  to  washer  plates  in  a 
tunnel  inside  the  foundation. 

There  are  two  separate  lifting  blocks,  the  one  for  heavy,  and 
the  other  for  light  weights.  Each  of  these  can  be  raised  or 
lowered  at  two  different  speeds.  Separate  engines  are  provided 
for  each  of  these  blocks,  and  for  rotating  the  crane.  All  three 
sets  of  engines  have  two  cylinders  with  cranks  at  right  angles, 
so  as  to  start  from  any  position.  Steel  wire  ropes  are  used  for 
hoisting  instead  of  chains.  The  heavy  weights  are  taken  on  an 
eight-purchase  pulley  block,  and  the  light  weights  on  a  double- 
purchase  pulley  block.  All  the  gearing,  up  to  24  inches  dia- 
meter, is  of  cast  steel,  and  the  remainder  of  a  mixture  of  cast- 
iron  and  steel.     Gun-metal  bushes  are  used  throughout. 

The  crane  is  provided  with  a  160-ton  Duckham  hydrostatic 
weighing  machine,  and  was  tested  by  loading  it  with  150  tons  of 
steel  rails.  Its  radius  of  action  is  65  feet,  and  the  total  lift  is 
100  feet 

The  following  tables  show  some  of  the  leading  dimensions  and 
weights : — 

*  For  a  complete  description  of  this  crane  see  Engineering,  June  9, 1893. 
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130-TON  CRANE   AT  GLASGOW   HARBOUR. 

The  factors  of  safety  allowed  in  the  different  parts  are  : — 

Main  framing,  jib,  tension  rods,  &c.,    ...         6 
Wire  ropes,  .......         8 

Centre  holding  down  bolts,  to  allow  for  rusting,  .       12 
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Fig.  14. — Stress  Diagram  for  130-Ton  Crane.    (Test  Load,  150  Tons.) 

The  accompanying  figures  show  the  Stress  Diagram  for  the 
crane  when  loaded  with  150  tons,  or,  including  the  weight  of  the 
gin  block,  157  tons  in  all,  and  also  for  a  gross  load  of  71  tons. 
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Fig.  14  is  the  Stress  Diagram  as  worked  out  by  the  makers. 
Fig.  15a  represents  the  Frame  Diagram  and  Fig.  156  the  Stress 
Diagram  worked  out  for  the  Test  Load  as  we  have  treated  the 
previous  cranes — viz.,  all  in  one  figure. 

First,  find  the  values  of  the  Foroes  D  E  and  A  B  in  Fig.  15a 
as  already  explained.  Then  begin  the  Stress  Diagram  with  the 
force  A  B  and  follow  with  the  forces  BO,  CD,  D  E,  E  F  and 
FG.  Now  EL  and  GL  fix  the  point  LjBH  and  CH  the 
point  H;  HK  and  L  K  the  point  Kj  KN  and  G  N  the  point 
IN  ;  and  N  M  and  A  M  the  point  M. 


100'  Ion 


Fio.  15a.— Frame  Diagram. 


Fig.  156. — Stress  Diagram. 


130-Ton  Crane  Worked  out  as  in  the  Previous  Examples. 

The  stress  E  L  is  borne  by  the  two  tie-rods  and  L  O  and  E  O 
represent  the  stresses  in  each  tie-rod.  The  stress  G  L  is  divided 
over  the  two  jibs,  consequently  LP  and  GP  represent  the 
stresses  in  each  jib,  as  already  explained. 

The  stress  A  M  is  divided  over  half  of  the  holding  down  bolts 
and  N  M  over  the  other  half.  The  point  about  which  the  crane 
tends  to  topple  over  is  the  joint  KLGN. 

Example  III. — A  tripod  whose  vertex  is  A,  and  whose  legs 
are  AB,  AC,  AD,  of  lengths  8,  9,  and  10  feet  respectively, 
sustains  a  load  of  *2  tons.  The  ends  B,  C,  D  form  a  triangle, 
whose   sides  are  BC  =  7  feet,   C D  =  6  feet,  BD  =  8  feet,  find 
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by  graphical  construction  the  compressive  stress  in  each  leg. 
(S.  and  A.  Exam.,  1889.) 

Answer. — Hitherto  we  have  dealt  only  with  forces  in  one  plane, 
or  symmetrical  with  respect  to  one  plane.  Thus,  in  the  case  of 
the  sheer  legs,  in  determining  the  compression  on  the  front  legs, 
we  first  found  what  would  be  the  compression  on  an  intermediate 
leg  in  the  same  plane  as  the  two  replaced,  and  equally  inclined 
to  both.  This  hypothetical  leg  would  be  in  a  vertical  plane 
con t Mining  the  back  leg  and  the  externally  applied  force,  and 
evidently  the  stress  in  the  back  leg  would  not  be  affected  by 
the  substitution.     In  the  present  example  we  must  find  the 


Stresses  in  a  Tripod. 

corresponding  intermediate  leg,  so  that  if  the  load  be  supported 
by  it  and  the  third  leg,  the  stress  in  the  latter  will  not  be 
altered.  It  will  be  in  a  vertical  plane  containing  the  third  leg, 
and  will  be  represented  by  the  line  of  intersection  of  this  plane 
with  that  of  the  other  two  legs,  hence  the  following  solution  : — 
Draw  BCD  the  triangle  formed  by  the  feet  of  the  tripod ;  to 
find'the  plan  of  the  vertex,  draw  the  triangle  D  0  A,,  making 
C  Aj  andDA1  equal  to  C  A  and  D  A  respectively.  Similarly, 
draw  the  triangle  A2CB;  then  AXA  drawn  perpendicular  to 
C  D,  and  A2  A  drawn  perpendicular  to  C  B,  will  give  by  their 
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intersection  the  plan  of  the  vertex  A,  and  we  may  now  com- 
plete the  plan.  The  vertical  plane  containing  the  leg  A  E  will 
cut  the  line  D  C  in  a  point  H  lying  on  the  hne  B  A  produced  j 


Tripod  tor  Layihg  Pipes. 

then  A1  H  will  be  the  length  of  the  required  intermediate  leg. 
DrawAAsnt  right  angles  to  B  A  H,  and  make  HA,  =  HA,. 
Thus  we  get  A3H,  A3B,  and  the  applied  force  A3E  in*  one 
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plane.  The  stress  in  the  leg  AB  will  be  represented  by  A3G, 
and  the  resultant  stress  in  the  legs  AC  and  AD — ».«., the  stress 
in  the  hypothetical  leg  A  H  by  A  F.  Dividing  this  between 
the  actual  legs  by  the  triangle  of  forces  A[  M  K,  where  Al  K  = 
A  F,  we  get  the  stress  in  AG  represented  by  .»  K,  and  that  in 
AD  by  AaM.  The  respective  values  are  marked  on  the 
diagram. 

As  a  practical  example  of  the  use  of  a  tripod,  we  illustrate  a 
form  much  used — in  laying  water  and  other  mains — for  lowering 
large  pipes  into  position.  Two  of  the  legs  are  braced  together, 
and  carry  a  winch  which  may  be  used  in  conjunction  with  a 
block  and  tackle.  The  pipe  is  rolled  on  to  wooden  Learns  laid 
across  the  drain,  and  the  tripod  then  placed  in  position  over 
it  The  pipe  is  slightly  raised  by  means  of  the  winch,  and  the 
wooden  beams  removed,  when  the  pipe  may  be  lowered  with 
ease. 

We  also  illustrate  a  simple  hand  crane  as  used  by  contractors 
for  building,  &c  It  is  of  the  kind  discussed  in  connection  with 
Eg.  7. 


Hand  Dun  kick  Ckank, 
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Lecture  XX VI  [.—Questions. 

1.  In  a  model  of  a  crane  the  jib  is  3}  feet  long,  the  tie-rod  is  3  feet  long, 
and  is  fastened  to  a  point  1  foot  vertically  above  the  lower  end  of  the  jib, 
What  is  the  thrust  on  the  jib  when  a  weight  of  20  lbs.  is  hung  at  the  upper 
end  of  it?    Ana.  70  lbs. 

2.  In  a  wharf  crane  the  post,  tie-rod,  and  jib  measure  15,  20,  and  30  feet 
respectively,  what  would  be  the  nature  and  amount  of  the  stresses  in  each 
of  the  three  members  when  a  load  of  7  tons  is  suspended  over  the  pulley  at 
the  jib  head,  (1)  when  the  lifting  chain  passes  from  the  pulley  to  the  drum 
or  barrel  parallel  with  the  jib,  (2)  when  the  drum  is  placed  so  that  the 
chain  passes  from  the  jib  head  parallel  with  the  tie-rod?  (S.  and  A. 
Adv.  Exam.,  1890.) 

3.  In  a  hydraulic  wharf  crane  the  height  of  the  post  is  6  feet,  the  jib  is 
22  feet,  and  the  tie-rod  is  18  feet ;  find  the  horizontal  thrust  on  the  post 
when  5  tons  are  supported.  In  what  way  is  the  friction  which  opposes  the 
stewing  motion  reduced  to  a  minimum?    Ann.  12 '24  tons. 

4.  Find,  either  graphically  or  otherwise,  the  stresses  on  the  jib  and  tie- 
bar  respectively  of  a  crane,  whose  jib  measures  20  feet  in  length,  when 
the  tie-bar  and  post  are  16  feet  and  6  feet  in  length  respectively,  and  a 
weight  of  25  cwts.  is  suspended  from  the  end  of  the  jib.  The  line  of 
direction  of  the  chain  after  leaving  the  barrel  or  drum  runs  parallel  to  the 
tie-bar.  Also  calculate  the  pressure  on  the  end  of  the  handle  of  16  inches 
radius  when  the  weight  is  lifted,  supposing  the  drum  of  the  crane  to  be  15 
inches  in  diameter,  and  the  gearing  to  consist  of  a  pinion  of  12  teeth,  gear- 
ing into  a  wheel  with  72  teeth,  while  a  second  pinion  of  18  teeth  gears  with 
a  wheel  of  56  teeth.     (8.  and  A.  Adv.  Exam.,  1893.) 

5.  A  contractor's  portable  hand  crane  has  a  vertical  post  A  B,  to  which 
the  jib  A  C  is  inclined  at  45°,  and  the  tension  rod  B  C  makes  with  A  B  an 
angle  A  B  (J  of  120°.  The  back  stay  from  the  head  of  the  post  B  to  the 
extremity  D  of  the  horizontal  strut  A  D  is  inclined  at  an  angle  of  45°  to 
A  D.  Find  the  weight  of  the  counterbalance  required  at  D  to  balance  a 
load  of  10  tons  suspended  from  the  end  G  of  the  jib.  Determine  also  the 
nature  and  amount  of  the  stress  on  the  jib  A  C.  and  in  the  rods  B  C  and 
B  D  ?  (The  tension  in  the  chain  may  be  neglected. )  (S.  and  A.  Adv. 
Exam.,  1896.) 

6.  A  jib  foundry  crane  consists  of  a  vertical  post  A  B,  16  feet  long,  fitted 
with  pins  working  in  sockets  at  both  A  and  B.  From  the  upper  end  A  of 
the  post  extends  a  horizontal  member  A  D,  28  feet  in  length,  and  from  the 
foot  B  is  a  strut  B  C,  which  meets  A  D  at  a  point  16  feet  from  A.  A  load 
of  20  tons  being  suspended  from  D,  find  the  shearing  stress  on  the  pin  at 
A,  and  the  stress  along  the  strut  B  G.     (S.  and  A.  Adv.  Exam.,  1892.) 

7  A  sheer-legs  is  formed  of  two  sheer-poles  B  C,  D  C,  each  25  feet  in 
length,  and  secured  to  a  base-plate  in  the  ground  at  B  and  D.  The  wire 
guy  or  tension  rope  A  C  is  attached  to  the  ground  at  a  point  A,  which  is  60 
feet  distant  from  BD.  The  perpendicular  from  the  top  C  of  the  poles 
meets  the  ground  at  a  distance  of  10  feet  from  the  centre  of  the  line  B  D, 
which  is  15  feet  long.  Find  by  measurement  or  otherwise  the  tension  in 
tons  on  the  guy  when  a  weight  of  20  tons  is  suspended.  (S.  and  A.  Adv. 
Exam.,  1888.)    Ana.  11*3  tons. 
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Contents.— Reactions  on  a  Beam — First  Method— Resultant  of  the  Loads 
on  a  Beam — Reactions  on  a  Beam — Second  Method — Fink  Truss — 
Trapezoidal  Truss  of  Three  Panels — Trapezoidal  Truss  of  Five  Panels 
— Example  I. — Warren  Girder — Linville  or  N  Girder — Lattice  Girder 
— Reduudant  Frame — Five  Bay  Lattice  Girder— Lattice  Girder  loaded 
at  Top  Joints — Bending  Moment — Definition — Shearing  Force — Defini- 
tion— Cantilever  Uniformly  Loaded — Examples  II.  and  III.— Centre 
of  Gravity  of  an  Area — Moment  of  Inertia  of  an  Area — Proof —Engine 
Mechanism — Questions. 

Reactions  on  a  Beam. — First  Method. — First  Case. — In  the 
Frame  Diagram,  Fig.  la,  we  have  a  beam  with  five  concentrated 
loads  upon  it.  The  line  of  action  and  point  of  application  of  the 
left-hand  reaction,  and  the  point  of  application  of  the  right-hand 
reaction  are  known. 

We  commence  Fig.  16  by  drawing  the  line  of  loads,  BO,  CD, 
D  E,  E  F  and  F  G.  Then,  any  point  O  is  taken  and  joined  with 
all  the  points  in  the  line  of  loads  as  illustrated  in  the  figure. 
This  point  O  is  called  a  Pole  and  Fig.  16  a  Polar  Diagram. 

Since  the  point  of  application  of  the  right-hand  reaction  (Fig. 
la)  is  the  only  one  of  its  elements  which  is  known,  we  must 
begin  at  this  point  1  when  drawing  the  Funicular  Polygon 
12  3  4  5.  In  the  Polar  Diagram,  Fig.  16,  the  line  OF  comes 
between  the  loads  E  F  and  F  G-.  Then,  from  the  point  1,  in  the 
Frame  Diagram,  draw  the  line  1 — 2,  parallel  to  OF.  The 
line  1 — 2  begins  in  the  line  of  action  of  the  load  FG  and 
ends  in  the  line  of  action  of  the  load  EF — viz.,  the  two  loads 
between  which  the  line  O  F  lies  in  the  Polar  Diagram.  Between 
the  lines  of  action  of  the  loads  E  F  and  D  E,  draw  the  line  2 — 3 
parallel  to  the  line  OE  in  the  Polar  Diagram,  which  lies 
between  these  same  two  loads.  Similarly  draw  3 — 4  parallel  to 
O  D  and  4 — 5  parallel  to  O  C.  On  joining  the  point  5  with  the 
point  1  we  close  the  Funicular  Polygon.  This  closing  line  5 — 1 
has  one  end  5,  in  the  line  of  action  of  the  reaction  A  B,  and  the 
other  end  1,  in  the  line  of  action  of  the  reaction  A  G.  Therefore, 
if  a  line  O  A  be  drawn  parallel  to  this  closing  line  from  O,  it 
must  lie  between  the  reactions  in  the  line  of  loads,  just  as  the 
other  lines  radiating  from  O  have  done. 

If  we  draw  B  A  from  B  in  the  line  of  loads  parallel  to  the  line 
of  action  of  the  reaction  A  B,  so  as  to  meet  the  line  O  A  in  the 


RESULTANT  OF  THE  LOADS  OK  A  BEAM. 


207 


point  A,  then  A  joined  with  G  completes  the  external  force 
polygon. 

Second  Case. — If  the  two  ends  of  the  beam  had  been  anchored, 
then  the  lines  of  action  of  the  reactions  G  A  and  A  B  would 
have  been  parallel  to  each  other  and  to  the  line  joining  B  with 
G  in  the  Load  Diagram.     In  this  case  the  lines  of  action  of  the 


Fig.  la.— Frame  Diagram  and  Funicular  Polygon. 


reactions  would  be  drawn  on 
Fig.  la,  and  the  point  I  taken 
anywhere  in  the  line  of  the 
reaction  GA;  or  we  could 
begin  with  the  point  5  anywhere 
in  the  line  of  the  reaction  A  B, 
and  draw  the  Funicular  Polygon 
as  stated  above. 

If  the  load  FG  had  not 
existed,  we  would  still  have 
begun  at  the  point  1  for  the 
first  case.  The  line  O  F  would 
then  be  between  the  load  £  F 
and  the  reaction  FA.  In  the 
second  case  mentioned  above, 
the  solution  would  still  be  the 
same  as  before. 

Resultant  of  the  Loads  on  a 
Beam. — From  the  point  1  in  the 


Fig.  16.— Load  and  Polar  Dia- 
gram for  Determination  of  Ex- 
actions and  Resultant  Load. 


Frame  Diagram,  Fig.  la,  draw  the  line  1 — 6  parallel  to  the  line 
O  G  in  the  Polar  Diagram.  This  line  O  G  lies  between  the 
load  FG  and  the  resultant  GB.     Now  draw  the  line  5 — 6 
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parallel  to  the  line  O  B,  so  as  to  intersect  the  line  1 — 6  in  the 
point  6.  Then  the  point  6  is  a  point  in  the  line  of  action  of  the 
resultant  of  the  loads.  If  through  the  point  6  we  draw  a  line 
parallel  toBG,  then  that  line  will  represent  the  line  of  action 
of  the  resultant  load.  This  line  cuts  the  beam  at  the  point 
round  which  the  beam  would  balance.  The  magnitude  of  the 
resultant  is  represented  by  the  length  of  the  line  B  G. 


i 


B 


C 


,'* 


Fig.  2a.— Frame  Diagram. 


Fig.  26. — Load  and  Reaction  Diagram 
for  Determination  of  Reactions. 


If  we  wished  to  find 
a  point  in  the  line  of 
action  of  the  resultant 
of  the  loads  C  D,  D  E, 
and  E  F,  then  from  the 
point  2,  draw  a  line 
parallel  to  the  line  O  F, 
and  from  the  point  4  a 
line  parallel  to  the  line 
OC,  so  as  to  intersect 
the  first  line  from  the 
point  2.  This  point  of 
intersection  is  a  point 
in  the  line  of  action  of 
the  resultant  of  C  D, 
D  E,  and  E  F.  Its  line 
of  action  passes  through 
this  point  and  is  parallel 


to  the  line  joining  C  with  F,  while  its  magnitude  is  represented 
by  the  line  C  F. 

Reactions  on  a  Beam.— Second  Method.— On  the  top  of  the 
beam  draw  a  Firm  Frame  of  any  shape,  having  its  joints 
in  the  lines  of  action  of  the  loads  as  indicated  in  the  Frame 
Diagram,   Fig.   2a.     Letter  the  Frame  Diagram  according  to 
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Bow's  method,  and  draw  the  Load  and  Stress  Diagram  as- 
already  explained.  As  a  graphic  solution  the  second  method  is> 
the  more  accurate  of  the  two,  and  may  be  applied  with  greater 
ease  in  the  case  of  lattice  girders,  for  we  have  only  to  join  the* 
points  of  the  girder  with  one  end,  or  some  points  with  one  endr 
and  the  remainder  with  the  other  end. 

Fink  Truss. — This  truss  was  largely  used  in  America  for  wooden 
bridges  and  is  represented  in  the  Frame  Diagram,  Fig.  3a.  It 
consists  in  this  case,  of  a  primary  truss  BAG,  and  two  second- 
ary trusses.  The  divisions  of  the  beam  are  called  panels.  The 
truss  in  Fig.  3a  is  therefore  a  Fink  Truss  of  four  panels. 


B 


Fio.  3a.— Frame  Diagram,  for  a  Fink  Truss. 


jo  **_  — ■ 
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Fig.  36.— Stress  Diagram. 


If  the  foot  of  every  upright  had  been  joined  with  each  end  of 
the  beam  instead  of,  as  shown,  the  truss  would  be  called  the 
Bollman  Truss,  of  which- the  solution  is  similar  to  the  following 
explanation  for  the  Fink  Truss.  Draw  the  external  force 
polygon  as  explained  for  Figs,  la  and  2a. 

First  Method  for  Stress  Diagram. — Join  the  joint  M  N  A  L 
with  the  joints  E  F  R  P  and  F  G  A  S  R,  as  shown  by  the  dotted 
lines  in  the  Frame  Diagram,  Fig.  3a.    Call  the  spaces  thus  formed 

14 
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X  and  Z  as  shown  in  the  Frame  Diagram.  This  will  enable  us 
to  determine  the  point  M  in  the  Stress  Diagram,  Fig.  36.  Draw 
FZ  and  A  Z,  parallel  to  the  bars  F  Z  and  A  Z.  This  gives  the 
point  Z.  Then  Z  X  and  EX  fix  the  point  X;  and  X  M  and 
D  M  fix  the  point  M.  The  Stress  Diagram  may  now  be  com- 
pleted in  the  usual  way,  and  the  closing  line  will  form  a  check 
line. 

Second  Method  fob  Stress  Diagram. — In  Fig.  4,  we  have 
four  forces  in  equilibrium  acting  at  a  point  and  their  lines  of 
action  lie  along  two  straight  lines.  The  condition  for  equili- 
brium is,  that  H  M  is  equal  and  opposite  to  K  L  and  M  L  is 

equal  and  opposite  to  KH.  The  Force 
Polygon  will  therefore  be  a  parallelogram 
and  may  be  represented  by  H  M  L  K  in  the 
Stress  Diagram,  Fig.  36. 

From  the  above,  it  is  evident  that  the  stress 
in  H  M  must  be  equal  to  the  load  0  D  and 
the  stress  in  K  L  equal  to  the  stress  in  H  M. 
Therefore,  draw  A  K  and  A  L  parallel  to  the 
Fig.  4.— Forces        bars  A  K  and  A  L   respectively  and   draw 

^Lmt  It  I™™™    KL  between   them   parallel   and   equal   in 

length  to  CD.  This  will  determine  the 
points  K  and  L  in  the  Stress  Diagram,  Fig.  36,  which  may  now 
be  completed.  The  closing  line  will  form  a  check  as  in  the  first 
method. 

Trapezoidal  Truss  of  Three  Panels. — In  this  Truss,  Fig.  5a, 
the  space  F  will  always  remain  a  parallelogram,  as  was  the  case 
in  the  Queen  Post  Frame  which  has  been  already  discussed. 
In  fact  this  is  a  similar  case  to  the  roof  considered  with  a  con- 
tinuous tie-beam. 

If  the  beam  is  uniformly  rigid,  then  whatever  distance  the 
joint  0  D  G  F  is  deflected  below  the  horizontal  line,  the  joint 
B  C  F  £  rises  an  equal  distance  above  the  horizontal  line. 
Therefore,  the  difference  between  the  vertical  component  of 
the  load  C  D  and  the  stress  action  in  G-  F,  must  be  equal  and 
opposite  to  the  difference  between  the  vertical  component  of  the 
load  B  C  and  the  stress  action  in  £  F. 

In  order  to  obtain  the  Stress  Diagram,  Fig.  56,  we  first  of  all 
draw  the  external  force  polygon  B  C  D  A,  and  determine  the 
point  A,  as  explained  for  Figs.  16  or  26.  Then  draw  A  F 
parallel  to  the  bar  AF  and  BT  Cx  D,  perpendicular  to  A  F. 
B  Bv  C  Cx  and  D  Dx  are  parallel  to  A  F.  Bx  Cx  and  Ol  Dx  will 
be  the  vertical  components  of  B  C  and  C  D  respectively. 

Since  C,  Dj  is  greater  than  Bx  Cj,  the  joint  C  D  G  F  will  be 
deflected  downwards.     Therefore,  F  G  will  be  less  than  Cj  Dx 
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and  is  as  much  less  than  B1  Cx  as  C1  D1  is  less  than  E  F. 
This  is  the  same  thing  as  saying  that  G  F  and  F  E  are  together 
equal  to  B2  Dr 

The  point  E  lies  on  the  line  A  E  drawn  parallel  to  the  bar 


Fig.  5a. — Frame  Diagram  fob  a  Trapezoidal  Truss. 

A  E  and  similarly  for  the 
point  G.  Place  the  line 
E  G  between  the  lines  A  E 
and  AG,  parallel  to  the 
bars  GF  and  FE  and  equal 
in  length  to  B,  Dv  This 
determines  the  points  E 
and  G.  Where  EG  cuts 
the  line  A  F  fixes  the  point 
F.  Then  by  joining  F  0, 
E  B  and  G  D  we  complete 
the  Stress  Diagram. 

Another  method  of  de- 
termining the  point  G  is 
to  make  A  P1  equal  to  one- 
half  of  Bt  Dx,  or  A  P  equal 
to  one-half  of  B  D,  and 
draw  Px  G  or  P  G  parallel 
to  A  F,  so  as  to  cut  the 
point  G. 

Trapezoidal  Trass  of  Five  Panels. — In  this  truss,  Fig.  6a,  the 
space  O  always  remains  a  parallelogram,  but  the  other  spaces 
cannot  change.  Similar  reasoning  to  what  we  used  in  the 
previous  figure  will  show  that  the  loads  D  E  and  E  F  are 
together  equal  and  opposite  to  the  sum  of  the  stress  actions  P  O 
and  O  N.  The  load  0  D  is  equal  to  the  stress  in  L  N,  and  also 
equal  to  the  stress  in  EM.  Similarly  the  load  F  G  is  equal  to 
the  stresses  in  the  bars  P  R  and  Q  S.  It  follows  from  this,  that 
the  stresses  R  P,  P  O,  ON,  and  N  L  are  together  equal  and 
opposite  to  the  loads  CD,  D  E,  EF,  and   F  G.     The  Strew 


Fig.  56.— Stress  Diagram. 
line  AG.      This  determines   the 
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Diagram,  Fig.  66,  may  be  determined  by  drawing  A  K  parallel 
to  the  bar  A  K,  and  making  K  M  equal  to  C  D.  Then  through 
M  draw  M  N  parallel  to  the  bar  M  N.     The  point  N  lies  on  this 


B 


Fig.  6a. — Frame  Diagram  fjb  Five  Panel  Trapezoidal  Truss. 


Fig.  66.— Stress  Diagram. 

line.  Draw  A  S  parallel  to  the  bar  A  S,  and  make  S  Q  equal  in 
length  to  F  G.  Through  Q  draw  Q  P  parallel  to  the  bar  Q  P. 
The  point  P  lies  on  this  line.  Now  O  P  and  O  N  are  together 
equal  to  F  E  and  E  D.  Consequently,  if  we  make  P  N  equal  to 
F  D  and  parallel  to  the  bars  0  P  and  O  N,  this  will  determine 
the  points  P  and  N.  Draw  A  O  parallel  to  the  bar  A  O.  This 
fixes  the  point  O.  The  points  L  and  R  may  now  be  determined, 
and  the  finishing  lines  of  the  diagram  inserted. 
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In  Fig.  7  the  forces  acting  on  the  left-hand  portion  of  the 
beam  are  shown  as  taken  from  the  Stress  Diagram,  Fig.  66. 
They  are  the  actions  of  the  pins  on  the  beam,  and  of  the  right- 
hand  half  on  that  end. 

In  Fig.  8  is  shown  the  form  which  the  left-hand  end  must 
take  from  the  previous  assumptions.     The  three  points  shown 


Fig.  7.— Forces  acting  on  the 
Left -Hand  Half  of  the 
Beam. 


Fig.  8.— Form  into  which  thb 
Forces  Bend  the  Left-Hand 
Half  of  the  Beam. 


in  a  straight  line  must  always  remain  in  a  straight  line.     There 
will  be  three  points  of  contrary  flexure  in  the  length  of  the  beam. 
These  Trapezoidal  Trusses  are  deficient  frames  made  redund- 
ant by  stiff  joints. 


FRAME  DIAGRAM 


Case.  (I)  B 


FRAME  DIAGRAM 

A 

Case  (2) 


STRESS  DIAGRAM 


STRESS  DIAGRAM 


Triangular  Frame. 


Example  I. — A  triangular  frame,  consisting  of  three  equi- 
lateral triangles,  is  loaded  with  a  weight  W.  Find  the  stresses 
on  the  several  members  of  the  frame  (1)  when  W  is  hung  at  the 
lower  apex  of  the  central  triangle,  (2)  when  each  of  the  triangles 

is  loaded  at  the  upper  apex  with  -5-. 
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Answer. — Since  the  loading  is  symmetrical  in  both  cases,  the 
reactions  are  each  equal  to  one-half  of  the  total  load — that  is, 
to  i  W. 

Vase  (1). — Draw  B  C  vertical  and  equal  to  W  units.  Bisect 
it  at  A,  so  that  C  A  and  A  B  are  the  reactions.  Make  C  D 
parallel  to  the  bar  0  D,  and  AD  to  AD.  This  gives  us  D. 
Then  draw  D  E  and  A  E  respectively  parallel  to  the  bars  D  E 
and  A  E,  so  as  to  obtain  E.  A  F  and  E  F  fix  F,  and  B  F  com- 
pletes the  Stress  Diagram.  B  F  should  be  parallel  to  the  bar 
B  F,  and  this  gives  us  a  check  on  our  work. 

A 
4 *k«? *** h 


1000  lbs. 

FRAME  DIAGRAM 
M      B 


1000  tb* 


Q  ED 

STRESS  DIAGRAM 
Fig.  9.— Warren  Girder. 

Case  (2). — Here  we  must  make  A  B  and  B  C  each  equal  to  £ 
W.  D  A  and  C  D  will  represent  the  reactions,  D  being  the 
middle  point  of  B  C,  and  therefore  coincident  with  B.  A  E  and 
DE  determine  E,  and  CG  and  DG  give  G.  E  and  G  will 
coincide  since  B  and  D  do,  and  everything  is  symmetrical.  The 
point  F  also  coincides  with  E  and  G,  so  that  there  is  no  stress 
in  the  bars  E  F  and  F  G. 


WAEBKN   GIRDER.  21$ 

Warren  Girder.— Fig.  9  illustrates  a  Warren  Girder  of  four 
bays  or  panels,  which  is  simply  an  extension  of  the  above 
triangular  frame.  The  upper  horizontal  member  is  called  the 
Upper  Boom  or  Flange,  and  the  lower  horizontal  member  is 
called  the  Lower  Boom  or  Flange.  The  inclined  members  are 
called  Lattice  Bars  or  Braces.  The  joint  A  F  E  or  E  F  G  D  is 
called  an  Apex.  The  angle  of  triangulation  is  usually  60°,  but 
sometimes  the  triangles  are  right-angled  isosceles.  When 
loads  are  applied  at  the  centres  of  the  lower  members,  tie-rods 
are  put  from  the  centres  of  the  lower  members  to  the  opposite 
apices.  These  tie-rods  transmit  the  central  loads  to  the  upper 
apices.  The  Frame  Diagram  would  then  show  a  system  of  loads 
at  the  lower  and  upper  apices.  From  what  has  already  been 
said  the  student  should  find  no  difficulty  in  drawing  the  Stress 
Diagram,  which  is  obtained  in  exactly  the  same  way  as  those  in 
Example  I. 

Linville  or  N  Girder. — This  girder  differs  from  the  Warren 
Girder,  in  that  the  bars  connecting  the  two  horizontal  booms  are 
placed  alternately  vertical  and  oblique,  forming  a  series  of  right- 
angled  triangles  instead  of  the  corresponding  equilateral  ones  in 
the  Warren  Girder.  It  is  so  arranged  that  the  shorter  vertical 
bars  shall  be  in  compression  and  the  oblique  ones  in  tension. 
This  clearly  tends  to  a  saving  of  material  and  a  diminution  of 
weight,  since  compression  members,  unless  very  short,  must, 
other  things  being  equal,  be  much  heavier  than  tension  mem- 
bers. Also,  compression  members  are  much  strengthened  by 
shortening,  while  a  tension  member  is  not  weakened  by 
lengthening. 

We  may  determine  the  reactions  by  a  "  substituted  frame " 
by  the  Funicular  Polygon,  or,  in  this  case,  by  calculation. 

In  drawing  the  Stress  Diagram  we  observe  that  A  a  must  be 
equal  to  Q  A,  and  a  Q  is  zero,  since  the  reaction  is  vertical. 
The  members  a  Q  and  n  K  are  necessary  to  give  the  required 
stability.  These,  together  with  the  end  vertical  members, 
might  be  dispensed  with  by  carrying  the  supports  up  to  the 
upper  boom. 

Draw  the  lines  representing  the  loads  and  reactions,  viz. : — 
IL,  LM,  MN,  NP,  PQ,  QA,  AB,  BO,  OD,  DE,  EF,  FG, 
GH,  and  HK  Since  Aa=AQ,  and  Hn  =  HK,  so  that  a 
coincides  with  Q,  and  n  with  K,  we  may  draw  the  Stress 
Diagram  as  follows  : — 

B  b  and  a  b  fix  the  point  6,  and  G  m  and  n  m  the  point  m. 
P  c    „    b  c  „  c,     „    L I    „      m  I         „         ». 

Od    „    cd  „  d,    „    Fk    „      Ik  „        A. 

N  e    „    d  e  „  e,     „    M  h  „      k  h  „         k. 

!>/*   »   *f  »  /,    »   E?    „     hg  „        g. 
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By  t'  en  joining /#  we  complete  the  Stress  Diagram,  and  this 
line  should  be  parallel  to  the  central  strut. 


Q      I      p 

20  SO 

LINV1LLE  OR  N  GIRDER. 

Fio.  10a. 


,  / 

I 

IT 

K 

i 

« 

,  / 

*B 

V                                        X 

& 

A 

J 

X            X 

i^f 

\  / 

X  / 

hC 

K 

X 

9  \ 

/  \ 

S   x 

\ 

X 

r         X 

KIF 

a 

< 

s 

X 

rn 

m                     X 

H° 

> 

O* 

r 

Q 

Fig.  106.— Stress  Diagram. 

Lattice  Girder. — Although  in  Fig.  12,  we  have  drawn  the 
external  force  polygon  for  Fig.  11,  we  can  go  no  further  with 
the  Stress  Diagram  for  frames  of  this  kind  until  we  have  deter- 
mined in  some  way  the  stress  in  one  member,  because  these 
are  redundant  frames.* 

*  See  the  beginning  of  Lecture  XXIV.  for  the  properties  of  redundant 
frames. 
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Assumption. — We  assume,  first  of  all,  that  all  the  members 
have  been  accurately  fitted ;  that  is,  the  frame  is  not  initially 
stressed. 

One  method  of  solution  which  has  often  been  suggested  is, 
to  assume  that  the  shear  over  any  section  is  taken  equally 
by  the  braces  in  that  section.  We  shall  however  prove  that 
this  latter  assumption  is  not  consistent  with  the  actual  con- 
ditions. The  shear  on  the  right-hand  bay  of  Fig.  11  is  evi- 
dently one-half  of  BC,  and  according  to  the  above  method, 
the  vertical  component  of  the  stress  in  the  member  G  H  would 
be  equal  to  one  half  of  the  shear,  that  is  one  quarter  of  B  C, 
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Fio.  11.— Frame  Diagram, 


Fig.  12.—  Stress 

Diagram  with 

Unequal  Stesbes 

in  Braces. 

Two  Bat  Lattice  Girder. 


Fig.  13.— Stress 

Diagram  with 

Equal  Stresses 

m  Braces. 


whilst  the  vertical  component  of  the  stress  in  the  member  G  K 
would  be  equal  to  the  other  half  of  the  shear,  that  is  also  one 
quarter  of  B  C.  Similarly,  for  the  left-hand  bay,  according  to 
the  above  assumption,  the  vertical  components  of  the  stresses  in 
E  G  and  F  G  would  each  be  one  quarter  of  B  C. 

Let  us  suppose  the  vertical  component  of  the  stress  in  G  H 
and  K  L,  to  be  one-quarter  of  B  C,  and  then  draw  the  Stress 
Diagram,  Fig.  12.  There  AL  is  equal  in  length  to  the  verti- 
cal component  of  KL  and  also  equal  to  one-quarter  of  BC. 
The  Stress  Diagram  may  now  be  completed  in  the  usual 
way.     It  shows  that  if  the  stress  in  G  H  has  a  vertical  com- 
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ponent  of  one-quarter  of  B  C,  then  the  vertical  component  of  the 
stress  in  EG  is  three-quarters  of  BC.  This  is  a  consistent 
result,  because  three-quarters  and  one-quarter  of  BC  acting 
vertically  together  at  the  joint  EBCHG  will  balance  B C. 
But,  if  the  members  have  been  properly  put  together,  there  is  no 
reason  at  all  why  the  stress  in  E  G  should  be  greater  than  the 
stress  in  GH.     The  most  sensible  assumption  to  make  is,  that 
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Fig.  14a.— Frame  Diagram  for  Five-Bat  Lattice  Girder. 


O UB 


Fig.  146.— Stress  Diagram. 

When  Braces  EG  Aim  DP  are 
Removed. 


the  members  E  G  and  G  H  will 
each  have  a  stress  of  which  the 
vertical  component  is  one-half 
of  B  C.  The  Stress  Diagram 
for  this  assumption  is  worked 
out  in  Fig.  13. 

Lattice  Girder  of  Five  Bays. 
— To  Determine  what  Pro- 
portion op  a  Single  Load 
is  Transmitted  along  each 
Brace. — In  the  Frame  Dia- 
gram, Fig.  14a,  we  have  as- 
sumed a  load  of  5  units  at 
the  joint  BCHGE.  From 
inspection,  it  will  be  evident 
that  the  reaction  A  B  will  be 
4  units  and  AC  will  be 
1  unit.  The  reactions  may 
be  determined  by  a  substi- 
tuted  triangular  frame    with 
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its  vertex  at  the  loaded  joint  and  rafter  ends  at  the  abut- 
ments. The  Stress  Diagram,  Fig.  146,  has  been  drawn  on  the 
assumption  that  the  braces  EG  and  DF  have  been  withdrawn. 
If  the  bar  D  F  is  removed,  then  the  spaces  D  and  F  will  have 
only  one  letter,  let  this  be  called  D.  Then  £  D  and  A  D  fix  the 
point  D;  DF  and  A F  the  point  F ;  D E  and  B E  the  point  E ; 
E  G  and  F  G  the  point  G  and  so  on,  until  the  Stress  Diagram  is 
completed. 

From  the  Stress  Diagram,  Fig.  146,  we  see  that  the  vertical 
components  of  the  stresses  in  the  braces  *  G  H,  K  L,  L  N,  M  O, 
OP,  QR,ET,  SUandUC  are  each  equal  to  the  load  B  0,  and 
that  the  vertical  components  of  the  stresses  in  the  remaining  braces 
TU,  RS,  on  to  B  D  are  each  equal  to  four  units ;  also  that  the 
kind  of  stress  alternates  between  a  push  and  a  pull  throughout 
the  braces.  The  vertical  component  of  the  push  in  the  lattice 
bar  G  H,  is  balanced  by  the  vertical  component  of  the  pull  in 
L  N.  Also,  the  vertical  component  of  the  pull  in  M  O,  is 
balanced  by  the  vertical  component  of  the  push  in  O  P,  and 
similarly  for  Q  B,  and  R  T,  S  U  and  U  C.  Now,  the  push  in 
XJ  C  is  balanced  by  the  reaction  C  A,  combined  with  the  vertical 
component  of  the  pull  in  T  U,  and  since  the  reaction  C  A  is  one 
unit  the  vertical  component  of  the  pull  in  T  U  must  be  four 
units.  This  four  units  of  vertical  component  of  the  pull  in  T  XJ, 
is  transmitted  through  the  remaining  lattice  bars  as  a  push  and 
a  pull  alternately,  until  it  reaches  B  D  as 
a  pushi  and  is  there  balanced  by  the  re- 
action A  B. 

The  stress  in  each  lattice  bar  produces  a 
strain  that  will  cause  the  load  to  dip.  Now, 
since  the  stresses  are  severe  and  every  lat- 
tice bar  is  stressed,  the  removal  of  the  brace 
£  G  produces  a  very  yielding  frame. 

In  Fig.  15  we  have  the  Stress  Diagram 
which  is  obtained  from  the  Frame  Diagram, 
Fig.  14a,  by  removing  the  brace  G  H.  The 
removal  of  this  brace  means,  that  there  will 
be  no  stress  in  the  bars  LN,  MO,  OP,  QR, 
It  T  and  S  XJ.  Since  there  is  no  stress  in 
SU  there  can  be  none  in  OS  or  C  XL  FigIA^A~  St^Th 
Therefore,  S  and  XJ  will  coincide  with  C  and  Brack  G  H  Re- 
the  Stress  Diagram  can  now  be  completed.  moved. 

*  Since  the  two  members  G  H  and  K  L,  Fig.  14a,  are  ports  of  the  same 
lattice  bar  or  brace  and  the  stresses  in  them  are  the  same  in  every  element, 
we  may  refer  to  them  as  the  lattice  bar  or  brace  G  H  or  K  L  and  similarly 
for  the  others. 
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Fig.  15  shows  that  the  lattice  bar  EG  is  the  only  one  having 
the  vertical  component  of  its  stress  equal  to  B  0.  Also  that 
each  of  the  bars  BD,  DE,  GK,  LM,  OQ  and  RS  has  the 
vertical  component  of  its  stress  equal  to  one  unit  of  the  load. 
Further,  that  the  stresses  are  alternately  push  and  pull  and  that 
the  remaining  lattice  bars  are  not  stressed. 

The  vertical  component  of  the  push  in  the  lattice  bar  E  G  is 
balanced  by  the  reaction  A  B,  in  combination  with  the  stress  in 
B  D.  Since  the  vertical  component  of  the  push  in  the  brace  E  G 
must  balance  the  load,  its  value  is  5  units  and  the  reaction  A  B 
has  a  value  of  4  units ;  therefore,  the  stress  in  the  bar  B  D  must 
be  a  pull  of  1  unit.  This  vertical  component  of  the  pull  in  B  D 
is  balanced  by  the  vertical  component  of  the  push  stress  in  D  £ 
and  so  on,  until  the  vertical  component  of  \he  push  in  T  U  is 
balanced  by  the  reaction  A  C  of  one  unit. 

Since  the  stress  is  severe  in  only  one  lattice  bar  and  a  number 
of  the  bars  are  unstressed,  the  removal  of  the  brace  GH  pro- 
duces a  very  much  less  yielding  frame  than  the  removal  of  the 
brace  E  (J. 

When  the  frame  is  complete  as  shown  in  the  Frame  Diagram, 
Fig.  14a,  the  vertical  components  of  the  pushes  in  the  lattice 
bars  E  G  and  G  H  must  together  carry  the  load.  The  amount 
which  each  carries  will  be  inversely  proportional  to  the  yielding- 
ness  of  the  system  of  bars  to  which  each  is  connected.  The 
lattice  bar  EG  will  therefore  carry  more  than  the  lattice  bar  GEL 

In  this  case,  we  have  made  the  following  assumptions : — 

(1)  That  the  Frame  is  not  initially  stressed. 

(2)  That  the  vertical  component  of  the  push  stress  in  the 
left-hand  lattice  bar  meeting  in  a  joint  at  which  a  load 
is  applied  is  equal  to  that  portion  of  the  left-hand  reaction 
which  that  load  produces.  Also,  that  a  similar  relation  exists 
between  the  vertical  component  of  the  push  stress  in  the  right- 
hand  lattice  bar  and  the  right-hand  reaction. 

Lattice  Girder  Loaded  at  Top  Joints. — For  the  lattice  girder, 
Fig.  16a,  we  must  first  determine  the  reactions.  This  may  be 
done  by  one  of  the  methods  for  Figs.  1  and  2,  of  which  the 
latter  one,  is  the  better  and  simpler.  By  joining  the  lower  left- 
hand  corner  with  each  of  the  upper  joints  we  obtain  a  Simple 
Triangular  Frame,  and  by  drawing  the  Stress  Diagram  for  it, 
we  can  determine  the  reactions.  Since  the  frame  is  redundant 
we  must  first  calculate  the  stress  in  one  member  before  we  can 
begin  the  Stress  Diagram.  The  bar  BK  is  the  most  suitable 
one. 

From  the  second  assumption  we  observe  that : —  . 
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(1)  The  load  £  C,  produces  no  stress  in  K  L  and  a  push 

stress  of  3  units  in  B  K. 

(2)  The  load  CD,  produces  a  push  stress  having  a  vertical 

component  equal  to  4  units  (£  C  D)  in  K  M.  This  com- 
ponent is  entirely  balanced  by  the  reaction  which  the 
load  CD  produces  in  AB  —  viz.,  4  units.  This  load 
produces  therefore  no  stress  in  B  K. 


Fig.  16a.— Frame  Diagram  fob  a  Loaded  Lattice  Girder. 

(3)  The  load  D  E,  produces 

a  push  stress  having  a 
vertical  component 
equal  to  9  units  (f  D  E) 
in  O  Q.  This  stress  in- 
duces a  pull  stress  in 
M  N  having  a  vertical 
component  equal  to  9 
units  and  this  pull  stress 
induces  in  B  K  a  push 
stress  of  9  units. 

(4)  The  load  EF,  produces 

a  push  stress  having  a 
vertical  component 
equal  to  8  units  (f  E  F) 
in  B,  T.  This  stress  in- 
duces a  pull  in  P  Q, 
and  a  push  in  N  L,  the  vertical  component  of  which  is 
balanced  by  the  reaction  produced  in  A  B.  This  load 
produces  therefore  no  stress  in  B  K. 

(5)  The  load  FG,  produces  a  push  stress  having  a  vertical 

component  equal  to  2  units  (£  F  G)  in  TJ  W.  This 
stress  is  transmitted  as  push  and  pull  until  it  reaches 
B  K  as  push  and  is  balanced  by  the  reaction  A  B. 

(6)  The  load  G  H,  produces  no  stress  in  B  K. 


Fig.  166.— Stress  Diagram. 
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Summing  up  the  push  stresses  in  B  K  we  have  : — 

3  units  due  to  B  C, 

0  units  due  to  C  D, 

9  units  due  to  DE, 

0  units  due  to  E  F, 

2  units  due  to  F  G, 

0  units  due  toGH. 
This  gives  a  total  push  stress  of  14  units  in  the  bar  B  K. 

From  the  point  B,  in  the  line  of  loads,  Fig.  166,  draw  a  line 
B  K  parallel  to  the  bar  B  K,  and  make  the  length  of  B  K  equal 
to  14  units  to  the  same  scale  as  the  line  of  loads.  This  deter- 
mines the  point  K  in  the  Stress  Diagram.  Then  K  L  and  C  L 
fix  the  point  L  and  so  on  point  by  point  until  the  Stress 
Diagram  is  finished.     The  finishing  line  forms  a  check  line. 

In  calculating  the  stress  in  the  lattice  bars,  we  have  some- 
times a  push  stress  and  sometimes  a  pull  stress.  We  must 
therefore  pay  due  regard  to  the  sign  of  the  stress  when  adding 
up  the  various  stresses.  The  force  C  D  produces  a  push  stress 
in  the  bar  N  O,  having  a  vertical  component  of  1  unit,  while 
E  F  produces  a  push  stress  in  RT  having  a  vertical  component 
of  8  units.  This  push  induces  a  pull  in  N  O  also  having  a 
vertical  component  of  8  units.  Therefore,  the  resultant  stress  in 
N  O  is  a  pull  having  a  vertical  component  of  7  units. 

Referring  to  Fig.  16a,  we  may  observe  that  sometimes, 
vertical  ties  are  put  in  the  spaces  1ST,  Q,  T  and  W.  The  action 
of  these  ties  is  to  prevent  distortion  of  the  rectangles  in  which 
they  lie.  Therefore  unless  these  rectangles  have  become  dis- 
torted, they  will  not  be  stressed.  This  distortion  will  depend 
upon  the  relative  yieldingness  of  the  two  systems  of  bars  form- 
ing the  rectangle.  In  this  example  suppose  a  tie  in  the  space 
N  and  a  load  applied  at  the  lower  joint.  Then,  before  this  load 
can  stress  the  tie,  the  lower  joint  must  come  down  more  than 
the  upper  joint.  The  safest  assumption  to  make  is,  that  the 
ties  carry  no  portion  of  the  loads.  Some  lattice  bridges  have 
struts  in  the  spaces  N,  Q,  T  and  W  of  Fig.  16a  and  the  lattice 
bars  are  all  ties — that  is,  they  are  only  able  to  stand  a  pull 
stress.  On  drawing  the  Stress  Diagram  for  such  a  case,  we  must 
omit  a  bar  if  a  push  stress  comes  in  it,  and  use  the  other  tie. 

One  tie  in  each  bay  must  carry  the  shear  in  that  bay.  This 
will  enable  us  to  calculate  the  pull  in  that  tie.  This  is  the  best 
method  of  drawing  the  Stress  Diagram  for  such  cases. 

Bending  Moment. — Definition. — The  Bending  Moment  at  any 
point  in  a  beam,  is  the  algebraic  sum  of  the  moments  with  respect 
to  that  point,  of  all  the  external  forces  acting  on  the  portion  of 
the  beam  on  either  side  of  that  point. 
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In  order  to  draw  the  Bending  Moment  Diagram  of  Fig.  17, 
we  must  proceed  as  if  we  were  going  to  find  the  reactions,  by 
means  of  the  Funicular  Polygon  and  Polar  Diagram  as  explained 
for  Fig.  la. 

The  Funicular  Polygon  drawn  in  this  way  is  a  Bending  Moment 
Diagram. — That  is,  if  a  vertical  line  be  drawn  from  a  point  in 
the  beam,  to  cut  the  bounding  lines  of  the  Funicular  Polygon, 
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Fig.  17. — Bending  Moment  and  Shearing  Force  on  a  Beam. 

the  intercept  on  this  line  which  lies  between  those  bounding 
lines,  represents  to  a  certain  scale  the  bending  moment  on  the 
beam  at  that  point. 

Having  found  the  point  A  in  the  line  of  loads,  by  drawing 
A  C  horizontal  and  of  any  suitable  length,  we  draw  a  Polar 
Diagram  with  this  point  O'  as  the  pole  and  the  corresponding 
Funicular  Polygon,  when  we  obtain  a  Bending  Moment  Diagram 
on  a  horizontal  base. 

Proof.-  -The  Bending  Moment  at  the  point  where  the  load 
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B  G  acts,  is  equal  to  A  B  x  a  b  Units  of  Moment.  The  Tri- 
angles a  be  and  O'AB  are  similar,  having  the  sides  a 6,  b c  and 
c a  of  the  one  respectively  parallel  to  the  sides  O'A,  AB  and 
B  O'  of  the  other. 

Therefore,        b  e  :  a  b  : :  B  A  :  A  O' 

BA  x  ab 


Hence,  be  — 


AO' 


Similarly,         df  = j^y, . 

That  is,  the  number  of  units  of  length  in  b  c,  when  measured 
with  the  scale  for  the  load  line,  would  give  the  Bending  Moment, 
if  O'  A  measured  1  unit  on  the  scale  of  length  for  the  Beam. 

Scale  for  Bending  Moment  Diagram. — Subdivide  the 
unit  of  the  scale  used  for  the  line  of  loads,  into  as  many  parts 
as  the  line  O'A  contains  the  unit  of  the  scale  used  for  the 
length  of  the  beam.  Then,  one  of  these  subdivisions  will  be  the 
unit  for  the  Bending  Moment  scale.  It  is  found  convenient  to 
make  0'  A  ten  units  of  the  length  scale. 

Shearing  Force. — Definition. — The  Shearing  Force  on  any 
transverse  section  of  a  beam  is  equal  to  the  algebraic  sum  of 
all  the  external  forces  acting  on  the  portion  of  the  beam  on 
either  side  of  that  section. 

In  order  to  draw  the  Shearing  Force  Diagram  of  Fig.  17,  no 
explanation  is  necessary,  beyond  following  out  the  lines  of  the 
figure.  The  Shearing  Force  on  any  transverse  section  of  the 
beam  lying  between  the  loads  B  C  and  C  D,  is,  from  the  defini- 
tion, equal  to  the  force  A  B  minus  the  force  B  0.  Therefore, 
the  length  between  the  line  4 — 5  and  the  line  1 — 6  will  measure 
the  Shearing  Force  to  the  scale  of  the  line  of  loads. 

Cantilever  Uniformly  Loaded. — The  cantilever  shown  in  Fig. 
18  may  be  considered  as  12  feet  long.  The  loads  indicated 
are  therefore  equivalent  to  a  uniform  load  per  foot  run.  They 
act  at  the  centre  of  each  of  the  portions.  By  drawing 
from  A,  B,  0,  «fcc.,  on  the  Load  Line,  horizontal  lines  in  the 
spaces  A,  B,  C,  <fcc.,  as  shown,  we  determine  the  Shearing  Force 
Diagram.  If  we  divide  the  beam  into  smaller  divisions  and 
draw  the  Shearing  Force  Diagram,  the  stepped  line  will  become 
more  nearly  a  straight  line.  Consequently,  when  divided  into 
infinitely  small  parts,  the  Shearing  Force  Diagram  becomes  the 
Triangle  RPQ.  The  length  of  the  line  Q  R  is  the  total  load  on 
the  Beam. 
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The  Bending  Moment  Diagram  of  Fig.  18  is  determined  by 
drawing  in  the  spaces  A,  B,  C,  <fcc.,  lines  parallel  to  the  lines 
O  A,  0  B,  O  C,  4c.  The  limiting  form  of  the  curve  Q  8  will  be 
a  parabola  with  its  vertex  at  8,  and  the  value  of  the  length  Q  T 
will  be  the  Maximum  Bending  Moment. 


Fio.  18. — Uniformly  Loaded  Cantilever. 

Beam  Uniformly  Loaded  and  with  Concentrated  Loads.— Draw, 
as  already  explained,  the  Shearing  Force  Diagram  for  tlie  con- 
centrated loads.  This  is  HAII3,  Ac,  on  Fig.  19.  Set  off 
11  F  and  K  Q,  each  equal  to  half  the  total  uniform  load  on  the 
beam,  and  join  P  with  Q.  Then  H  P  Q  K  is  the  Shearing  Force 
Diagram  lor  the  Uniform  Load.  Adding  the  ordinates  of  the 
two  diagrams  together  we  derive  the  Combined  Shearing  Force 
Diagram  H  at>cd«S6/,  Ac.,  of  Pig.  19. 

Draw  the  Bending  Moment  Diagram  (L  n  M,  Pig.  19)  for  the 
concentrated  loads  as  described  for  Fig.  17.  Then  draw  on  the 
opposite  side  of  L  M  a  parabola,  having  its  axis  bisecting  L  M 
at  right  angles,  and  the  ordinate  at  the  centre  of  L  M  equal  to 
the  Maximum  Bending  Moment  due  to  the  uniform  load.     This 
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ordinate  must  be  measured  to  the  same  scale  as  that  of  the 
ordinates  of  the  concentrated  Bending  Moment  Curve.  Tha 
combined  ordinate  measures  the  Combined  Bending  Moment. 
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Example  II. — A  cantilever  15  feet  long  has  a  load  of  5  tone 
at  its  outer  end,  5  tons  at  5  feet  from  it,  and  10  tons  at  a  point 
10  feet  from  the  end.  Find  graphically  the  diagrams  of  shearing 
force  and  bending  moment. 

Answer. — The  upper  part  of  the  figure  shows  the  cantilever 
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and  the  positions  of  the  loads.  Project  down  from  these  posi- 
tions and  the  inner  end  of  the  beam,  and  then  set  out  A  B  =  10 
units,  BC  =  5,  and  CD  =  5,  to  represent  the  forces  A  B,  BO, 


Canxilbvkb  in  Example  II. 

and  C  D  respectively.  Draw  horizontal  lines  through  A,  B,  0, 
and  I)  to  intersect  the  lines  of  the  forces.  This  gives  ni  the 
Shearing  Force  Diagram  as  shown  shaded. 
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To  obtain  the  Bending  Moment  Diagram  take  any  point  0  in 
ED,  and  join  it  to  A,  B,  and  G.  Then  take  a  base  line  M  L 
parallel  to  0  D,  and  draw  M  Q  in  the  space  C  parallel  to  0  C, 
Q  P  in  the  space  B  parallel  to  O  B,  and  P  N  in  the  space  A 
parallel  to  0 A.     Then   LMQPN   is  the   Bending  Moment 
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Diagram,  the  scale  being  that  adopted  for  the  shear  multiplied 
by  the  length  of  O  D  measured  on  the  scale  employed  in  setting 
oat  the  length  of  the  beam. 

Example  III. — A  beam  of  12  feet  span  carries  five  loads 
equally  spaced  along  its  length,  the  first  and  last  being  each  2 
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feet  from  the  nearest  end.  The  values  of  the  loads  are  10,  5,  6, 
8,  and  4  tons  respectively.  Obtain  graphically  diagrams  show- 
ing the  shear  and  bending  moment  at  every  point  of  the  beam. 

Answer. — In  this  case  wo  shall  determine  the  reactions  by 
calculation,  thus : — 

Reaction  at  left  hand  due  toABis£xlO  =  8J  tons. 

»  »  BC  „  Jx    5  =  3J     „ 

„  .,  CD,,  Jx    6  =  3       „ 

DE„  £x    8  =  2§     „ 
EF  „  i<    4^0$     „ 

.*.     Total  left-hand  reaction  G  A=  18     „ 

The  whole  load  is  33  tons,  and  therefore  the  right-hand 
reaction  must  be  33-18,  or  15  tons. 

We  can  now  proceed  as  before,  making  GA=18,AB  =  10, 
B  C  =  5,  <fcc.,  and  drawing  horizontal  lines  through  A,  B,  C,  <fcc., 
to  obtain  the  Shearing  Force  Diagram. 

Take  a  point  O  in  the  horizontal  through  G,  and  join  it  to  A, 
B,  C,  <fcc. 

Then  the  part  of  the  Bending  Moment  Diagram  in  the  space 
A  is  parallel  to  O  A,  in  the  space  B  to  O  B,  in  C  to  O  0,  and  so 
on,  as  in  Example  II. 

We  might,  of  course,  have  determined  the  reactions  from  the 
Funicular  Polygon  LnMN  in  the  first  instance ;  but  had  we 
done  so  we  would  probably  not  have  got  the  line  O  G  horizon- 
tal, and  would  have  had  to  redraw  it  as  explained  in  the  text. 

Centre  of  Gravity  of  an  Area. — Divide  the  area  into  elements, 
such  as  parallelograms,  triangles,  <fcc.,  the  centres  of  gravity  of 
which  can  be  easily  determined. 

If  the  area  is  bounded  by  a  curved  line,  divide  it  into  very 
narrow  strips,  so  that  they  may  be  considered  approximately  as 
parallelograms. 

We  have  divided  the  area  shown  in  Fig.  20  into  three 
rectangles,  and  have  found  the  centre  of  gravity  of  each.  We  first, 
assume  a  line  lying  in  any  direction,  such  as  the  line  X  X,  along 
which  the  pull  of  gravity  acts.  The  centre  of  gravity  of  each 
.  area  is  a  point  in  the  line  of  action  of  the  pull  of  gravity  on  that 
area.  The  line  of  action  of  gravity  will  be  parallel  to  this 
assumed  line  X  X.  The  way  may  be  towards  either  the  left  or 
the  right  as  may  be  found  most  suitable,  and  the  magnitude  will 
be  proportional  to  the  area.  The  forces  B  C,  CD,  and  D  E 
represent  completely  the  action  of  gravity  on  the  top,  the  centre, 
and  the  bottom  rectangles  respectively. 

Proceed  to  find  the  resultant  of  the  three  forces  B  C,  C  D, 
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i 

and  D  E,  as  explained  for  Fig.  la.  This  is  shown  in  Fig.  19  by 
the  Polar  Diagram  BCDE O,  and  the  corresponding  funicular 
polygon  1  2  3.4.  B  C,  C  D,  and  D  E,  in  the  Polar  Diagram  are 
proportional  to  the.  areas  of 'the  three  rectangles. 

The  line  of  action  of  the  resultant  of  the  three  forces  B  C, 
CD,  and  D E  passes  through  the  centre  of  gravity  of  the  whole 
area.  This  line  is  represented  by  the  line  4 — M.  Now, 
assume  a  line  at  right  angles,  to  XX  as  a  line  along  which  the 
pull  of  gravity  acts.  Proceed  in  exactly  the  same  way  with 
regard  to  this  line  as  has  been  done  for  the  line  X  X,  and  we 
obtain  another  line  passing  through  the  centre  of  gravity  of  the 


\ 
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Fig.  20.— Centre  of  Gravity  and  Moment  of  Inertia. 

whole  area.  The  intersection  M  of  these  two  resultants  gives 
the  centre  of  gravity  of  the  whole  area.  The  forces  in  the 
second  case  are  called  F  G,  G  H,  and  H  K,  and  the  Polar  Diagram 
FGHKOj,  with  its  corresponding  Funicular  Polygon,  is  shown 
in  the  figure. 

Moment  of  Inertia  of  an  Area. — If, we  wish  to  find  approxi- 
mately the  Moment  of  Inertia  round  the  line  X  X  of  the  area  in 
Fig.  20,  we  must  first  of  all  divide  the  area  ihto  elements  just 
as  in  finding  the  centre  of  gravity.  Then  proceed  to  draw  the 
polar  diagram  B  C  D  E  O  and  the  corresponding-  funicular 
polygon  12  3  4 
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Now  consider  the  top  polygon  and  how  we  may  determine  it? 
Moment  of  Inertia. 

Produce  the  two  lines  derived  from  the  polar  diagram,  which 
meet  in  the  line  of  action  of  the  pull  of  gravity  on  that  area 
(viz.,  1 — 2  and  1 — 4)  until  they  intersect  the  line  XX  in  the 
points  B',  C  Do  the  same  for  the  lines  1 — 2  and  2 — 3,  and 
2 — 3  and  4 — 3,  "which  meet  on  the  lines  of  action  of  the  pull  of 
gravity  on  the  middle  and  bottom  areas.  These  lines  intersect 
X  X  in  the  points  C,  D',  and  D',  E',  respectively. 

Consider  B'  C,  C  D',  and  D'  E'  as  the  magnitudes  of  the  forces 
acting  along  the  lines  B  C,  CD,  and  D  E  respectively.  Proceed 
as  if  to  find  their  resultant  by  drawing  the  polar  diagram 
B'  C  D'  E'  O'  and  the  corresponding  funicular  polygon  5  6  7  8. 

Produce,  as  before,  the  lines  which  meet  in  B  C  (viz.,  6 — 5 
and  6 — 7)  to  intersect  the  lines  X  X  in  the  points  B"  C".  Do 
the  same  for  the  lines  5 — 8  and  7 — 8,  or,  as  we  have  done  in  the 
figure,  produce  the  one  which  will  cut  XX  in  a  point  furthest 
from  B".  B^CT  measures  to  a  certain  scale  the  moment  of 
inertia  of  the  top  area  round  the  line  X  X,  and  B"  E"  the 
moment  of  inertia  of  the  whole  area  round  the  same  line. 
Oreater  accuracy  would  be  obtained  by  dividing  the  area  into 
smaller  elements. 

Proof. — Let  y  in  Fig.  20  represent  the  distance  the  centre  of 
gravity  of  the  top  area  is  from  the  line  X  X. 

Now,  since  the  two  triangles  B  C  O  and  B'  0'  1  are  similar : — 

BC:Z  :  :B'C  :  y. 

Then,  B'  C  =  B  C£  V. 

Again,  the  two  triangles  B'C'O'  and  B"  C  6  are  similar: — 
Hence,  B'  C  :  Zx  :  :  B''  (7  :  y. 

And,  B"  C"  =  B'°;*y 

Substituting  the  above  value  of  B'C'we  get : — 

™n„       BC  x  yg 

B  °  =  -zvz^' 

But,  B  0  x  y2  is  the  moment  of  inertia  for  the  top  area  with 
respect  to  the  line  X  X,  provided  the  depth  of  the  area  is  small 
in  comparison  with  y.  B"  C"  measured  with  the  scale  called 
the  "area*  scale,"  as  used  for  drawing  B  C  (in  order  to  represent 
the  area  of  the  top  rectangle),  gives  the  value  of  this  moment  of 
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inertia,  if  Z  and  Z1  are  1  unit  of  the  scale  which  is  used  for 
setting  off  the  lengths  in  drawing  the  section. 

Scale  for  Measuring  the  Moment  of  Inertia. — Sub- 
divide the  unit  of  the  scale  used  for  representing  the  areas, 
into  as  many  divisions  as  is  represented  by  the  number  found 

by  multiplying  Z  and  Zv  which 
are  both  measured  by  the  length 
scale.  One  of  these  subdivisions 
will  be  the  unit  for  the  Moment  of 
Inertia  Scale.  Or,  measure  B"  E" 
with  the  area  scale  and  multiply 
the  reading  first  by  Z  and  then 

byzr 

Engine  Mechanism.  —  In  the 
Frame  Diagram,  Fig.  21a,  the  bars 
BC  and  CE  represent  the  centre 
lines  of  the  piston-rods  of  a  com- 
pound engine  the  heads  of  which 
are  guided  in  parallel  straight  lines. 
The  bars  AC  and  DF  are  short 


Fig.  21a.— Frame  Diagram. 
Engine  Mechanism. 


A    B 


Fig.  216.— Stress  Diagram. 


Stress  Diagram  for 
Joint  A  C  H. 


•connecting-rods,  driving  the  crank  FG,  by  means  of  the  tri- 
angular frame  shown.      The  joint  C  D  K  H  is  constrained  to 
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move  in  an  arc  of  a  circle  round  a  point  in  the  bar  C  D  produced 
towards  the  right.  The  bar  CD  is  called  a  radius  rod.  The 
lines  of  action  of  all  the  external  forces  acting  in  the  struc- 
ture are  shown.  A  B  and  E  F  are  the  guide  pressures,  0  D 
the  push  or  pull  in  the  radius  rod,  F  G  the  push  or  pull  in  the 
crank,  and  G  A  the  crank  effort  or  tangential  resistance. 

First  Metltod. — We  commence  the  Stress  Diagram,  Fig.  216, 
by  drawing  D  E  to  represent  in  magnitude  the  total  pressure  on 
the  right-hand  piston-rod.  Then,  E  F  and  D  F  fix  the  point  F, 
while  F  K  and  D  K  determine  K.*  But,  we  can  get  no  further 
until  we  draw  the  Stress  Diagram  for  the  joint  A  0  H.  This  is 
done  by  drawing  B  C  to  represent  to  the  same  scale  as  before 
the  total  pressure  on  the  left  hand  piston-rod.  Then,  the  points 
A  and  H  are  determined. 

We  must  now  lit  the  Stress  Diagram  for  the  joint  ACH,  to 
the  Stress  Diagram  already  drawn ;  so  that  the  point  C  shall 
lie  on  the  line  drawn  through  D  parallel  to  the  bar  CD  and 
the  point  H  on  the  line  drawn  through  K  parallel  to  the  bar 
K  H,  C  H  being  kept  parallel  to  the  bar  C  H.  Then  the  Stress 
Diagram,  Fig.  216,  can  be  completed  in  the  usual  way. 

Second  Method. — Find  the  forces  acting  in  A  C  and  D  F,  and 
then  find  their  resultant.  Produce  the  line  of  action  of  this 
resultant  to  cut  the  line  of  action  of  the  force  C  D  ;  when,  by 
joining  this  point  with  the  crank  pin,  we  get  the  line  of  action 
of  the  resultant  force  acting  on  the  said  crank  pin.  Finally, 
-draw  the  Stress  Diagram  from  the  supplementary  data. 

The  following  is  a  list  of  books  and  papers  on  Graphic  Statics 
and  the  Design  of  Structures : — 

The  Design  cf  Structures,  Bridges,  Roof*,  dec,  by  S.  Anglin,  C.E. 
(Chas.  Griffin  &  Co.,  London,  1895.) 

A  Practical  Treatise  on  Bridge  Construction,  by  Prof.  T.  Claxton  Fidler. 
•{Chas.  Griffin  &  Co.,  London.) 

Graphical  Determination  of  Forces  in  Engineering  Structures,  by  James 
B.  Chalmers,  C.E.    (Macmillan  &  Co..  London.) 

Graphic  and  Analytic  statics,  by  Robert  Hudson  Graham,  C.E.  (Crosby 
Lockwood  &  Co.,  London.) 

Graphic*,  by  Prof.  R.  H.  Smith,  M.Inst.M.E.  (Longmans,  Green  &  Co., 
London. ) 

Mechanics,  vol.  ii.,  by  A.  Jay  Du  Bois,  C.E.,  Ph.D.  (Chapman  &  Hall, 
London.) 

Avpiied  Mechanics,  by  Gaetano  Lanza.     (Chapman  &  Hall,  London.) 

Theory  of  Structures  arid  Strength  of  Materials,  by  Henry  T.  Bovey, 
M.A.,  D.C.L.     (Chapman  &  Hall,  London.) 

Graphic  Metliods  of  Computing  Stresses  in  Jointed  Structures.  Paper  by 
■C.  O.  Burge,  Proc.  Inst.  C.E.     Vol.  lxxiv.,  p.  192 

Graphic  Methods  of  Engine  De*ign,  by  A.  H.  Barker.  (The  Technical 
Publishing  Co.,  Ltd.,  Manchester.) 

*  The  line  F  K  has  been  omitted  in  the  diagram. 
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Mechanical  Graphics,  by  G.  Halliday.     (London,  1889.) 

Elements  of  Graphic  Statics,  by  K.  yon  Ott,  translated  by  G.  S.  Clark. 
(E.  &  P.  N.  Spon,  London,  1888.) 

Principles  of  Graphic  Statics,  by  G.  S.  Clark.  (E.&  F.  N.  Spon, 
London,  1888.) 

Elements  of  Graphic  Statics,  by  L.  M.  Hosking.  (Macmillan  &  Co., 
London,  1892.) 

Economics  of  Construction^  by .  Rpbt.  H.  Bow.  (E.  &  F. .  N.  Spon, 
London.) 

Applied  Mechanics,  2nd  edition;  by  Prof..  James  H.'  CotterUL  (Mac- 
millan A;  Co.,  London.) 
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Lecture  XXVIII.— Questions. 

1.  Draw  the.  Stress  Diagram  for  the  Fink  Truss  shown  below,  and  verify 
the  stress  diagram  accompanying  it. 
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STRESS  DIAGRAM 
Fink  Truss  for  Question  1. 

2.  A  triangular  frame  is  at  rest  under  the  action  of  three  external  forces. 
Prove  that  a  certain  diagram  will  represent  the  stresses  in  the  bars  of  the 
frame.  Extend  this  proposition  to  the  case  of  a  lattice  girder  of  the 
Warren  construction  with  four  bays  in  the  lower  boom  and  three  bays  in 
the  upper  boom,  loaded  in  the  centre  of  the  lower  boom  and  supported  at 
the  ends,  giving  the  Stress  Diagram  and  showing  how  to  distinguish  the 
portions  which  are  in  compression  or  extension.  (S.  and  A.  Adv.  Exam., 
1889.) 

3.  A  triangular  frame  is  acted  on  by  three  forces  applied  at  its  respective 
angular  points  and  in  equilibrium ;  investigate  a  method  of  constructing 
the  diagram  of  all  forces  brought  into  play.  Taking  the  case  of  a  frame  on 
the  principle  of  the  Warren  Girder  having  four  bays  in  the  lower  boom  and 
three  in  the  upper  boom,  and  loaded  at  the  centre  of  the  lower  member  with 
a  weight  W,  explain  the  method  of  constructing  the  diagram  of  forces, 
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drawing  the  same,  and  distinguishing  those  bars  which  act  as  struts  from 
those  which  act  as  ties.     (S.  and  A.  Hons.  Exam.,  1892.) 

4.  The  lower  boom  of  a  Warren  Girder,  supported  at  both  ends,  is 
divided  into  three  bays.  The  upper  boom  has  two  bays,  and  the  bracing 
bars  are  each  inclined  at  60°  to  the  horizon.  Find  by  graphic  construction 
the  stresses  in  the  several  pieces  when  the  frame  is  loaded  with  1,000  lbs. 
at  the  middle  of  the  top  boom. 


20  20 

LATTICE  GIRDER. 


STRESS   DIAGRAM. 
Lattice  Girder  tor  Question  7. 

5.  A  Warren  Girder  has  five  bays  consisting  of  equilateral  triangles.  If 
it  be  supported  at  each  end  and  loaded  at  the  two  bottom  central  joints 
with  loads  of  18,000  lbs.,  find  graphically  the  stress  on  each  member,  and 
show  whether  it  is  tensile  or  compressive.  Explain  fully  the  reasons  and 
theory  of  the  method  you  employ  in  obtaining  your  result.  (S.  and  A. 
Adv.  Exam.,  1894.) 
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6.  A  Warren  Girder  of  six  bays  with  equilateral  bracing,  each  bay  being. 
10  feet  long,  is  loaded  with  a  distributed  weight  of  1  ton  per  foot  run. 
placed  along  the  top  of  the  girder ;  obtain  the  diagram  of  stress,  and  cal- 
culate the  stresses  in  the  various  members,  assuming  that  cotan.  60°  =  '577, 
cosec.  60°  =r  155.     Am. 

7.  A  lattice  girder  is  loaded  in  the  manner  shown  by  the  foregoing 
figure.  Draw  the  Stress  Diagram  by  the  method  explained  in  the  text,  and 
see  if  you  get  the  same  results  as  shown. 

8.  A  bar  of  pine  44  inches  long  rests  on  props  at  its  extremities,  and  just 
Bupports  10  weights,  of  14  lbs.  each,  hung  at  equal  intervals  of  4  inches 
along  the  rod.  Find  graphically  the  B  M  at  the  centre  of  the  bar  and  the 
amount  of  a  single  weight,  which,  if  hung  at  the  centre  of  the  bar,  would 
stress  it  to  the  same  extent  (see  figure).    Ans.  43*27  lbs. 

70lbs.  ?<***- 
U" 


.™4 


TTTTTTTTTT 

Beam  fob  Question  8. 


Beam  for  Question  9. 

9.  A  horizontal  uniform  bar,  18  inches  long,  is  laid  over  two  supports, 
each  4  inches  from  its  ends,  as  shown  in  the  figure.  Find  graphically  two- 
points  at  which  the  bending  moment  is  zero,  the  bar  being  loaded  by  its 
own  weight  (see  figure).     Ans.  2  inches  from  inside  of  supports. 

10.  Given  an  iron  arched  rib,  hinged  at  both  ends,  and  a  system  of 
vertical  loads,  show  how  we  find  the  stress  at  any  point  of  any  section. 
Prove  the  rule  for  stress  at  any  point  of  a  section  when  we  know  the  result- 
ant of  all  the  forces  acting  on  the  structure  on  one  side  of  the  section. 

11.  A  beam,  ABODE,  has  a  vertical  supporting  force  at  A  ;  at  E  there 
is  a  pin  joint  support.  AB  is  5  feet,  BC  is  2  feet,  CD  is  6  feet,  DE  is  4 
feet.  There  are  vertical  loads  of  2  tons  at  B  and  3  tons  at  D,  and  at  C 
there  is  a  load  of  5  tons  inclined  at  30°  to  the  vertical,  its  horizontal 
component  being  towards  A.  All  forces  in  one  plane.  Find  the  sup* 
porting  forces,  graphically  or  otherwise.     (S.  &  A.  Adv.  Exam.,  1897.) 
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PART  V.— STRENGTH  OF  MATERIALS. 


LECTURE  XXIX. 

Contents. — Stress — Definition  of  Intensity  of  Stress — Relation  between 
Normal  and  Tangential  Stresses — Strain— Example  I. — Coefficient  or 
Modulus  of  Elasticity — Limit  of  Elasticity — Work  done  in  Stretching 
a  Bar — Resilience — Example  II. — Sudden  Pull  or  Live  Load — Shrunk 
Rings — Example  III. — Strength  of  Thin  Cylinders — Helical  Seams — 
Strength  of  Thick  Cylinders— Example  IV. — Strength  of  Suspended 
Chains  and  Wires — Example  V. — Questions. 

Stress. — When  a  piece  of  material  is  subjected  to  the  action  of 
external  forces  they  tend  to  cause  the  material  to  change  its 
shape  or  form.  The  particular  way  in  which  the  change  takes 
place  depends  upon  the  manner  in  which  the  load  is  applied. 
This  tendency  gives  rise  to  certain  forces  within  the  material 
which  offer  resistance  to  the  change.  These  internal  forces  are 
generally  called  stresses;  but  the  term  Stress  which  we  have  now 
to  consider  has  a  somewhat  more  definite  meaning.  By  the 
principle  of  the  equality  of  action  and  reaction,  we  know  tEat  so- 
long  as  no  rupture  of  the  material  takes  place,  the  algebraic  sum 
of  the  components  of  the  internal  forces  in  the  direction  of  the 
load  at  any  section  of  the  material  must  be  equal  to  the  load. 
This  principle  enables  us  to  express  the  internal  in  terms  of  the 
external  forces.  It  is  a  fundamental  fact  that,  for  a  given  load, 
the  amount  of  resistance  to  be  contributed  by  each  individual 
fibre  or  part  composing  a  section  will  be  less  or  greater,  accord- 
ing as  the  number  of  such  fibres  or  parts  is  greater  or  less ;  or  as 
we  usually  regard  it,  according  as  there  is  more  or  less  area  of 
section.  This  introduces  us  to  the  conception  of  distributed 
force,  and  paves  the  way  towards  gaining  definite  and  clear  ideas 
regarding  the  strength  of  materials. 

Definition.— Intensity  of  stress  is  the  resistance  or  reaction 
due  to  a  load  per  unit  area  of  section.  For  brevity  it  is  usually 
called  the  Stress.  Stresses  may  be  of  three  different  kinds, 
depending  on  the  direction  of  the  applied  force  with  reference  to 
the  section  on  which  the  stress  is  estimated. 

(1)  If  the  applied  force  is  normal  or  at  right  angles  to  the 
section,  and  acting  away  from  it,  the  stress  is  called  tensile, 

(2)  If  acting  towards  the  section,  the  stress  is  termed  compres- 
sive. 
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(3)  If  the  direction  of  the  applied  force  be  parallel  to  the 
section,  then  the  stress  is  named  a  shearing  stress. 

It  is  evident  that  if  the  applied  force  be  acting  in  a  direction 
inclined  to  the  given  section,  it  will  cause  both  a  shearing  and  a 
direct  stress,  the  latter  being  tensile  or  compressive,  according 
as   the   force   is   directed    away   from    or 
towards  the  section. 

When  the  applied  force  acts  in  such  a 
way  that  we  know  that  its  effect  is  uni- 
formity distributed  over  the  section  we  are 
considering,  then  we  estimate  the  stresses 
as  follows : — 

Let  Pn  =  The  applied  load  (or  its  com- 
ponent) acting  normally  to  the 
section  in  lbs.  or  tons. 

„  A  =  The  area  of  the  section  (usually 
in  square  inches). 

„  f  —  The  direct  stress,  which  maybe 
.    either  tensile  or  compressive. 

„  P«  =  The  applied  load  (or  its  com- 
ponent) acting  tangentially 
to  the  section  in  lbs.  or  tons.   Illustrating  Normal 


>» 


f%    =  The  shearing  stress. 


Then, 


And, 


/  = 


p» 


Pe 


and  Tangential 
Stresses. 


''-A 


(I) 


Relation  between  Normal  and  Tangential  Stresses. — Let 
abed  be  the  section  of  a  bar  normal  to  the  direction  of  the 
applied  force  P,  and  efgh  another  section  making  an  angle  &> 
with  the  direction  of  P ;  and  let  the  area  of  abed  be  A  square 
inches. 

Thus,  the  stress  on  abed  is  : — 

J       A' 
But,  on  the  area  efg  A,  we  have  a  normal  force : — 


Pn  =  P  sin  0, 


And  a  tangential  force  :- 


Now,  the  area  efgh  = 


=  P  cos  0. 

area  abed 
sin  4 


sin  4* 


16 
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If  'f  and  f%  be  the  normal  and  tangential  stresses  on  the  section 
efghy 

We  have:—  /    =  -^  -  nr-  «*2  '  -  /•  *i*2  I. 

sin  0 

Similarly,  we  get:— ;/"    =  /.  sin  &  .  cos  0. 

Strain. — When  a  piece  of  material,  such  as  a  bar  of  iron,  is  in 
tension  or  compression  under  the  action  of  an  applied  force  P, 
the  bar  will,  in  consequence,  be  lengthened  or  shortened  by  an 
amount  depending  on  the  extent  to  which  it  is  stressed.  The 
ratio  which  this  change  of  length  bears  to  the  original  length  of 
the  bar  is  called  the  strain  due  to  P.     Or  in  symbols, — 

If,  L  =  Original  length  of  bar  in  inches. 

And,  I  =  Change  of  length  of  bar  also  in  inches. 

We  have :—  Strain  =  -^- (II) 

Since  L  and  I  are  both  actual  lengths,  measured  by  some 
common  unit,  the  student  should  carefully  note  that  strain,  as 
thus  defined,  is  merely  an  abstract  ratio,  and  not  a  quantity,  for 
it  is  independent  of  the  units  employed. 

Example  I. — A  tie-rod,  100  ft.  long,  is  stretched  f  of  an  inch 
by  the  action  of  a  certain  force ;  what  is  the  strain  ? 

Here,  L  -  100  x  12  ->  1,200  inches, 

And,  I  =  0-75  inch. 

Strain  -  ^^  =  0-000625. 

Coefficient,  or  Modulus  of  Elasticity. — Experiment  has  demon- 
strated that  for  most  materials  used  in  engineering  there  is 
a  very  simple  law  connecting  stress  and  strain,  which  is  fairly 
well  defined  within  certain  limits.  The  stress  is  proportional 
to  the  strain,  so  long  as  the  stress  does  not  exceed  a  certain 
value,  which,  of  course,  is  different  for  different  materials  and 
for  different  qualities  of  the  same  material.  For  example, 
if  the  stress  be  doubled,  the  strain  will  be  doubled,  or  if  the 
stress  be  reduced  to  one-half,  the  strain  will  also  be  halved,  and 
so  on.  The  limit  beyond  which  this  law  does  not  hold  is  termed 
the  Limit  of  Elasticity.  When  this  limit  is  exceeded,  the  strain 
increases  at  a  much  greater  rate  than  the  stress  producing  it. 
Within  the  limit  of  efasticity,  the  material  returns  to  its 
original  state  when  the  load  is  removed;  but  when  stressed 
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beyond  this,  the  material  does  not  do  so,  but  retains  a  permanent 
set.  In  the  following  investigations  the  stress,  in  all  cases,  is 
assumed  to  be  within  the  elastic  limit : — 

Consequently,        strain  =  E  (a  conBten^) (HI) 

This  constant  E  is  termed  the  Modulus  of  Elasticity,  or  more 
appropriately  by  some  writers  the  Coefficient  of  Elasticity. 

Another  way  of  exhibiting  the  relation  subsisting  among  the 
various  quantities  we  have  been  discussing  is  to  combine  equa- 
tions (I),  (II),  and  (III)  in  such  a  way  as  to  express  the  stress 
and  strain  in  terms  of  loads  and  dimensions. 

P       Z 
Thus,  E  =  A  "*"  L ' 

Or,  PL  =  AJE (IV) 

Work  done  in  Stretching  a  Bar. — Resilience.— If  a  load  of 
gradually  increasing  amount  be  applied  to  a  bar  so  as  to  stretch 
it,  the  amount  of  actual  stretch,  or  elongation  of  the  bar  will, 
with  the  limitations  already  specified,  be  directly  proportional  to 
the  load  producing  it.  A  diagram  might,  therefore,  be  drawn  to 
represent  graphically  the  work  done  in  stretching  the  bar,  as 
explained  in  Lecture  II.  of  Volume  I.  The  area  of  the  diagram 
would  represent  the  work  done.  The  load  will  increase  uni- 
formly from  0  to  P.  The  mean  value  of  the  force  doing  the 
work  is,  therefore,  £  P,  and  the  stretch  or  displacement  is  I. 
Hence,  we  have  for  the  work  done : — 

W  =  JPJ. 

But  from  equations  (I)  and  (III) — 

P=/A,  andJ=^. 

„  m    P    AL 

Hence,  W==sE*-2~  ) 

/2  >       .       .        .       .        (V) 

Or,  W  =y=|  x  \  volume  of  the  bar.  I 

The  work  done  is  therefore  proportional  to  the  volume  of  the 
bar,  or  to  its  weight. 

When  the  bar  is  loaded  to  its  elastic  limit,  or  'proof  stress,  as 
it  is  sometimes  called,  then  the  work  done  in  stretching  it  is 

termed  the  Resilience  of  the  bar,  and  the  ratio  *^  is  its  Modulus 

or  Coefficient  of  Resilience. 
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Example   II. — What  is  the  resilience  of  a  material?     If  a 

wrought-iron  tie  bar,  5  feet  long  and  3  inches  in  diameter,  has  a 

limit  of  elasticity  of  15  tons  per  square  inch,  and  a  modulus  of 

elasticity  of  30,000,000  lbs.  per  square  inch,  what  is  its  resilience? 

2° 
(Take  *r=y.)     (Adv.  S.  &  A.  Exam.  1893), 

Answer.-/ =  15  x  2240  lbs.,  E  =  30,000,000  lbs.  per  square 

1       22 
inch,  A  =  -j  x  ~    x  32  square  inches,  and  L  =  5  feet. 

_    ...  (15  x  2240)2       14  *  32  X  5       aaKOQ  .  _ 

.*.  Resilience  =  v  n^  ^„  ^^J    x  = =  665-28  ft.-lbs. 

•  •  """"""^        30,000,000  2 

Sudden  Pull,  or  Live  Load. — We  have  just  seen  that  a  constant 
force  of  £P  lbs.  acting  through  a  distance  of  I  feet  will  do  the 
same  amount  of  work  in  stretching  a  bar  as  would  a  load 
gradually  increasing  from  zero  to  P  lbs. ;  therefore,  the  strain 
produced  by  a  sudden  pull  of  |P  lbs.  is  the  same  as  that  due 
to  P  lbs.  applied  gradually.  It  follows,  therefore,  that  if  P  be 
applied  suddenly,  but  without  initial  velocity,  the  strain  will  be 
doubled,  and  the  work  done  will  be : — 

W  =  Px  2  Z  =  2  P  /  ft.-lbs. 

Or,  in  words,  the  work  done  on  the  bar  by  a  suddenly 
applied  or  live  load  P,  is  four  times  that  done  by  a  gradually 
applied  or  dead  load  of  the  same  amount. 

Shrunk  Rings. — In  the  construction  of  built-up  guns,  the 
process  consists  in  shrinking  on  a  series  of  concentric  rings,  each 
ring  griping  the  next  inner  one  with  a  certain  pre-deter mined 
tension. 

The  reason  for  this  arrangement  will  be  better  understood 
when  we  come  to  deal  with  the  strength  of  thick  cylinders. 
The  principles  set  forth  in  the  preceding  sections  enable  us  to 
calculate  the  dimensions  of  rings  to  give  a  certain  grip. 

Let  D  =  The  external  diameter  of  an  inner  ring. 

,,     d  =■  The  internal  diameter  of  the  next  outer  ring. 

„     f  —  The  required  tension. 
i 

When  the  outer  ring  is  shrunk  on,  its  diameter  is  then  D. 
The  inner  fibres  of  this  ring  are  then  stretched  by  an  amount 
w  (D  —  d);  and  by  definition,  we  have  : — 


Strain  = 


_   *  (D-d)        D  -  d 


wd  d 
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If  E  denote  the  modulus  of  elasticity  of  the  material  of  the 
ring,  then : — 

stress  f 


E  = 


strain      D-d 


Hence,  d  =  D  ( E       X 


Example  III. — The  external  diameter  of  an  inner  ring  is  20 
inches.  Work  out  the  diameter  which  the  outer  ring  must 
have  in  order  to  grip  the  inner  one  with  an  initial  tension  of 
8  tons  per  sq.  inch.    Take  the  modulus  of  elasticity  as  30,000,000. 

Answer.— Here  D  =  20  inches,  and/=  8  x  2240  =  17,920  lbs. 
per  sq.  inch. 

30,000,000     10.08inch0D 
a  -  ju  x  30j017>920-  «  w  incnes. 

Strength  of  Thin  Cylinders. — By  thin  cylinders  are  meant 
cylindrical  vessels  whose  thickness  is  small  compared  with  their 
diameter.  The  resistance  which  such  vessels  offer  to  forces 
tending  to  burst  them,  both  longitudinally  and  circumfer- 
ential ly,  is  easily  deduced  as  follows : — Consider  a  cylindrical 
ring,  whose  breadth  is  b  inches,  thickness  t  inches,  and  internal 
diameter  is  d  inches.  Let  p  denote  the  intensity  of  the  internal 
pressure,  in  lbs.  per  sq.  inch,  tending  to  burst  the  ring,  and y* the 
induced  stress  within  the  material  of  the  ring,  also  in  lbs.  per  sq. 
inch. 

Then  the  magnitude  of  the  total  internal  force  tending  to  tear 
asunder  the  ring  at  the  ends  of  a  diameter  is  p  d  b  lbs.  And  the 
resistance  which  the  ring  offers  to  this  bursting  force  is  2  t  b /lbs. 

These  being  equal,  we  have : — 

2tbf  -  pdb     •'•    /  =  fx-       ...     (VI) 

This  result  shows  that  the  stress,  in  a  circumferential  direc- 
tion, is  independent  of  the  length  of  the  cylinder. 

Whatever  be  the  form  of  the  ends  of  the  cylinder — whether 
they  be  flat  or  hemispherical — the  total  force  tending  to  cause 

rupture  circumferentially  is  p  j  d?  lbs. ;  resisting  this  force,  we 

Have  a  ring  of  material  whose  total  sectional  area  is  wdt  sq. 
inches. 
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Let  fx  be  the  longitudinal  stress  due  to   the   longitudinal 
bursting  force ;  then  the  total  resistance  is  *x  d  t  fx  lbs. 


And 


Hence, 


wdtA-pZ* 


/l= 


pd 

4f 


(VII) 


From  this  we  see  that: — 


/i-i/- 


So  that  in  a  cylindrical  boiler,  which  comes  within  the 
category  of  thin  cylinders,  the  stress  in  a  longitudinal  direction 
is  only  one-half  of  the  stress  circumferentially. 

Helical  Seams. — If  we  made  a  boiler  of  rings,  joined  togethex 
circumferentially,  then,  so  long  as  the  strength  of  those  joints 
was  greater  than  one-half  that  of  the  solid  plate,  the  boiler 
would  still  be  as  strong  as  one  without  joints,  because  the  solid 
plate  longitudinally  would  still  be  weaker  than  the  circum- 
ferential joints.  When,  instead  of 
solid  rings,  these  are  made  up  of 
pieces  joined  together  longitudinally, 
it  is  obvious  that  the  strength  of  the 
boiler  is  determined  entirely  by  that 
of  its  longitudinal  joints,  unless  the 
circumferential  joints  are  less  than 
half  as  strong. 

As  a  compromise,  it  has  been  pro- 
posed to  hare,  instead  of  circum- 
ferential and  longitudinal  joints,  one 
continuous  seam  running  spirally, 
called  a  helical  joint. 
Let  the  accompanying  figure  represent  a  portion  of  such  a 
boiler  flattened  out.  AB  is  the  helical  seam,  which,  when 
flattened  out,  becomes  a  straight  line,  making  the  angle  0  with 
the  longitudinal  direction.  The  longitudinal  and  circumferen- 
tial stresses  are  represented  by  fx  and  f»  respectively.  The 
intensities  of  those  stresses  on  A  B  being  denoted  by  f{  and/g', 
we  have : — 


Illustrating  Stress  on 
Hilical  Seams. 


/if  x  AB-/!  xBC; 


«nd/,'  x  A  B  =  /2  x  A  C. 
and//  */2costf. 


Resolving  fx  and/2'  normally  to  A  B,  we  have,  for  the  total 
normal  stress : — 
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/»=/i'sin*  +  /2'cos0 
„  =  /x  sin1  0  +  /2  cos2  A 

But,  /i— t/r 

A  =  J/2  sin2  4  +  f2  cos2  0. 

■£-  -  1  -  i  sin2  A 
.Let,  7i  > 


Or, 


Then,  sin2  6  = 


AC 

B  C2  B  C2  n2 


AB2     BC*  +  AC*     n2  +  l 
Hence,  ^  _  1  -  J . ^_  -  ^-^     ....     (VIII) 

For  example,  if    n  =  1,  t.e.,  0  =  45", 
Then,  fy  =  | . 

That  is  to  say,  that  the  normal  stress  on  a  spirally-running 
joint,  making  an  angle  of  45°  with  the  axis  of  the  boiler,  would 
be  three-fourths  of  that  on  a  longitudinal  joint.  With  joints  of 
equal  efficiency,  therefore,  the  helical  seam  would  be  33-3  per 
cent,  stronger  than  the  longitudinal  one. 

Strength  of  Thick  Cylinders. — When  the  thickness  of  a  cylin- 
drical vessel,  subjected  to  internal  pres- 
sure, is  not  small  in  comparison  with  its 
internal  diameter,  the  problem  requires 
to  be  treated  differently. 

A  complete  determination  of  the  strength 
of  thick  cylinders  of  all  proportions  is  not 
an  easy  matter;  and  as  for  an  accurate 
solution  of  the  problem,  the  thing  is  simply 
impossible. 

For  moderate  proportions  of  cylinders, 

such  as  are  used  in  hydraulic  appliances.     ~  „     M 

.,     -  «      .       ,  jJLj-        •  u  u.      Illustrating  Strain  in 

the  following  demonstration  yields  results         Thick  Cylinders. 

fairly  substantiated  by  practice. 

If  such  a  cylinder  were  to  give  way  under  internal  pressure, 

the  plane  of  rupture  would  evidently  contain  the  axis  of  the 

cylinder ;  whilst  the  rupture  itself  would  appear  as  shown  in 

the  accompanying  figure.     From  this  figure  it  is  clear  that  the 

circumferential  stretch  is  the  same  from  the  inner  to  the  outer 

surface.     Now,  remembering  the  definition  of  strain  previously 

given,  it  is  obvious  that  in  this  case,  the  strain  in  any  cylindrical 
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layer  within  the  material  will  be  inversely  as  its  radius ;  and 
since,  within  the  elastic  limit,  the  stress  is  proportional  to  the 
strain,  it  follows  that  the  stress  on  any  lay^er  is  also  inversely  as 
the  radius  of  that  layer  : — 

Let  f  =  Stress  at  inner  surface  at  distance  r,  from  axis  of 

cylinder. 
„     x  —  Radius  of  any  layer  within  cylinder  thickness. 
„  dx  =s  The  thickness  of  elementary  layer. 

Then  the  stress  on  the  material  at  radius  re,  will  be  f—,  and 

x 

the  total   resistance  per  unit  length  of  the  elementary  hoop 

is  2  jr.  — . 

x 

The  total  resistance  of  the  cylinder  is,  therefore : — 

=  2/r  log,?. 

But  the  total  bursting  force  within  the  cylinder,  per  unit  of 
length,  is  2pr,  where  p  is  the  difference  of  the  internal  and 
external  pressures. 

Hence,  equating  these  expressions  for  equal  and  opposite 
forces,  we  have : — 

2pr  -  2/rloge-. 

f=l°*ej (IX) 

The  logarithms  here  required  are  hyperbolic. 

Equation  (IX)  is  not  in  a  convenient  form  for  application, 

because  the  ratio  —  involves  the  quantity  which  is  required  ;  but 

a  very  simple  and  useful  formula,  quite  accurate  enough  for  most 
practical  purposes,  may  be  obtained  as  follows  : — 

For  values    of    -    less    than    2,    W,  —  =  — ^ — ^-^,    very 

r  °«  r  R  +  r  f         J 

approximately. 

Making  this  substitution  in  (IX),  we  have : — 

p  _  2  (R  -  r) 

f     R  +  r   * 

B        2  1  +  n 
Whence,  y  -  a/.g. (IX«) 
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In  practical  calculations,  the  quantity  usually  required  is  the 
thickness  of  the  cylinder ;  calling  this  t,  we  get  :— 

t  =  R  -  r 

"\jm>)r'r 

_     2pr 

°*>  *-*fh (X) 

Where  d  -  internal  diameter  of  cylinder. 

Example  IV. — The  internal  diameter  of  an  hydraulic  cylinder 
is  8  inches,  and  the  ultimate  tensile  strength  of  the  material 
of  which  it  is  made  is  16,000  lbs.  per  sq.  inch.  What  thickness 
of  metal  would  be  required  in  the  side3  of  such  a  cylinder  if  the 
metal  be  not  stressed  beyond  one-sixth  of  its  ultimate  strength, 
the  water  being  under  a  pressure  of  2000  lbs.  per  sq.  inch? 
Prove  the  formula  which  you  employ.  (Hons.  S.  <k  A.  Exam., 
1889.) 

Answer.— Here  /«Jx  16,000 ;  p  =  2000 ;  and  d  -  8".  Sub- 
stituting these  values  in  equation  (X),  we  have  : — 

2000  x  8  jo.     , 

1  =  2x^x16,000-2000  = 
If  formula  (IX)  be  used,  then  : — 

.       R       p  2000  A_K 

l0^7  =  /%x  i6,ooo  =  075' 

Or,  log10?  »  0-75  x  -4343  =  -326. 

Therefore,  -=  2  12. 

And,  t  =  R  -  r  =  4-48  inches. 

Strength  of  Suspended  Chains  and  Wires. — When  a  uniformly 
heavy  chain  or  wire  is  suspended  between  two  points,  to  find 
the  equation  to  the  curve  in  which  it  hangs,  and  the  tension  at 
any  point.  Let  T  be  the  tension  at  any  point  P  ;  and  H,  that 
at  the  lowest  point  O.  If  W  be  the  weight  of  the  part  O  P  of 
the  chain,  it  is  evident  that  O  P  will  be  in  equilibrium  under 
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the  action,  of  three  forces — the  tensions  at  O  and  P  and  its  own 

weight  W,  acting  through 
its  centre  of  gravity.  These 
three  forces,  therefore,  must 
pass  through  some  point  K, 
in  O  x9  such  that  K  P  will 
be  a  tangent  to  the  curve 
at  the  point  P.  Let  tho 
curve  be  referred  to  the  co- 
ordinate axes,  Ox,Oy,  and 
let  ON  =  x,  and  N P  «  y, 

Illustrating  Strength  of  °  ?  =  *     Abo  tat  w  *>e  *H 

Susfindmd  Chains.  weight  of  a  unit  length  of 

chain,  and    for    H    write 
m  w.     Resolving  vertically  and  horizontally,  we  get : — 

Tain  p*W  =  «t0.    Tcos  p  =  H=mt0. 


w  t  dv     8 

Hence,  tan  ?  =  --;  **  ji=~- 

fit         ax    m 


(1) 


But, 


dy      .  1  1  8 

ds  r     cosec  p     „/Cot2  9  + 1     JnP  +  fi 

j  8  .  d8 

dy= 


ijrrp  +  8* 
Integrating  this  expression,  we  have : — 

y  =  /^/i»2  +  «2  +  G. 

To  find  the  value  of  the  constant  C,  we  know  that  8  =  0,  when 
y  =  0. 

0  =  «*  +  C, 

Or,  C=-»». 

So  that,  y  +  w=N/m2  +  «2. 

and,  therefore,  «=»^/(y  +  m)2-i»*. 

Substituting  this  value  of  8  in  (1),  and  inverting  : — 

dx  tn 

dy" Vfy  +  m)s-ff»ta 
Multiplying  each  side  by  c?y,  and  integrating,  we  get : — 

»  =  »»  .  log#  {(y  +  w)  +  ^/(y  +  m)2-m2}  +CT. 

When      a?»0,  y  =  0,  then : — 0  »  -  m  .  loge  m. 


Hence,     ar=  m 


iogi{y±^ 


+ *J(v + w)2  -  w2 


fit 


* 


(2) 
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Equation  (2)  is  sometimes  useful  in  the  solution  of  problems. 
In  order  to  get  the  equation  to  the  curve  in  which  the  chain 
hangp,  or,  in  other  words,  the  relation  between  x  and  y,  we  write 
(2)  as  follows  : — 

"**     «--C-^)W(^)'-I;  —  <3> 

Where  e  is  the  base  of  the  Napierian  or  hyperbolic  logarithms. 
Now,  since : — 


{ m  ♦  VC43"  -  • }  •  { Ci?)  -  vps*)'  -  • }  - 


-  {(^)-  jm ->}  -  {m^m'-i} 


1 

X 


=—       <-"(^r)-V(^)'-' W 

Now,  adding  (3)  and  (4)  and  reducing,  we  have  finally  : — 

m   *  .  ,  M (XI) 

Or,  y-5{«*m-e"fci}       J 

The  curve  whose  equation  is  (XI)  is  called  a  catenary. 
To  find  T,  the  tension  at  any  point,  we  have  : — 

m         8W  8 

T  =  - — =*t0-5- 


sin  <p  '  J  8*  +  m2 

But  V*2  +  m2  =  y  +  w. 

T  =  uu(y  +  m) (XII) 

When  the  curve  is  very  flat,  as  in  the  case  of  telegraph  wires, 
then  8  =  x  approximately,  and  (1)  becomes  — ^-  =  — . 
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Multiplying  by  dx  and  integrating,  we  get : — 

9 -WW <XIII> 

This  requires  no  correction,  because  x  and  y  vanish  together. 

Example  Y. — A  telegraph  wire,  which  weighs  ^  of  a  lb.  per 
yard,  is  stretched  between  poles  on  level  ground,  so  that  the 
greatest  dip  of  the  wire  is  3  feet.  Find  approximately  the 
distance  between  the  poles  when  the  tension  at  the  lowest  point 
of  the  wire  is  140  lbs.     (Hons.  S.  and  A.  Exam.,  1891.) 

r'  1 

Answeb. — Here,  H  =  140,  %f  =  3  ft,  and  w  =  --;and  since: — 

"  Ov 

H  =  raw 

140  -  m  *  m 

Or,  m  =  4200. 

Putting  these  values  of  y  and  m  in  equation  (XIII),  it 
becomes  :— 

3=        x' 


"1  x  42u0 


x  =   J3  x  2  x  4200  -  158-7  ft. 
Distance  between  poles : — 

=  2  x  =  2  x  158-7  =  3174  ft 
If  the  more  exact  equation  (2)  be  u?ed,  then  : — 


o         o       >ioaa      i         f  4203  +  V4203*  -  4200* 
2«=2  x  4200  x  log    ■< r^r 

218 


,         f  4203  +  V4203*  -  4200*  ) 
Xl0ge{- J200 } 

„    =  8400  x  log. 


"210 
„  =  8400  x  00374  «  314-16  ft. 
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Lecture  XXIX.— Questions. 

1.  What  do  you  understand  by  the  terms  strain,  stress,  and  modulus  of 
elasticity  ?  A  tie  rod  100  feet  long,  and  of  2  square  inches  sectional  area,  is 
stretched  three-quarters  of  an  inch  under  a  tension  of  32,000  lbs.  What  is 
the  intensity  of  the  stress,  the  strain,  and  the  modulus  of  elasticity  under 
these  circumstances?  (S.  and  A.  Exam.,  1888.)  Ans.  16,000  lbs.  per 
equare  inch;  0*000625  ;  25,600,000. 

2.  A  ship  is  moored  by  two  cables  of  90  feet  and  100  feet  in  length  re- 
spectively. The  first  cable  stretches  2$  inches,  and  the  second  stretches  3 
inches,  under  the  pull  of  the  ship ;  find  the  strain  of  each  cable.  (S.  and 
A.  Exam.,  1889.)    Ans.  000243;  00025. 

3.  Define  the  term  Resilience.  Show  that  the  work  done  on  a  material 
by  a  live  load  is  four  times  that  done  by  an  equal  dead  load.  A  wrought- 
iron  tie  rod  20  feet  long  and  *5  square  inch  cross  sectional  area  bears  a  dead 
load  of  5,000  lbs.  Find  the  work  done  on  stretching  the  rod  by  this  load. 
What  live  load  would  produce  an  instantaneous  elongation  of  another 

^  inch  ?    Take  E  =  30,000,000.    Ans.  33*3  ft. -lbs.  ;  3,125  lbs. 

4.  A  rod  of  iron  25  feet  long  and  2  square  inches  cross  sectional  area 
checks  a  weight  of  80  lbs.,  which  falls  from  a  height  of  20  feet  before  be- 
ginning to  strain  it.  Find  the  greatest  stress  and  strain  produced.  Take 
E  =  25,000,000.     Ans.  39,960  lbs.  per  square  inch  ;    0016. 

5.  If  the  modulus  of  elasticity  of  a  piece  of  steel  in  lbs.  per  square  inch  is 
32,000,000,  how  much  would  a  bar  |  of  an  inch  in  diameter  and  25  inches 
long  extend  under  a  load  <>f  10  tons  ?  If  its  limit  of  elasticity  is  21  tons 
per  square  inch,  what  is  its  resilience  ?    (S.  and  A.  Exam.,  1894.) 

6.  What  is  the  resilience  of  a  bar  ?  A  bar  of  steel  is  J  inch  in  diameter, 
and  30  inches  in  length,  and  is  under  a  tensile  pull  of  10  tons,  what  is  the 
work  stored  up  in  the  bar,  the  modulus  of  elasticity  being  32,000,000  lbs. 
per  square  inch?    (S.  and  A.  Exam.,  1895.) 

7.  Built-up  guns  are  made  of  concentric  rings,  the  outer  hoops,  or  rings, 
being  shrunk  or  forced  upon  inner  tubes  with  a  regulated  tension.  Sup- 
posing the  external  diameter  of  the  inner  tube  to  be  12  inches,  and  that  the 
substance  of  its  covering  hoop  is  to  have  given  to  it  an  initial  grip  of  4  tons 
per  square  inch  of  its  sectional  area ;  the  exterior  diameter  of  this  second 
hoop  is  18  inches,  and  is  to  be  covered  with  a  third  hoop,  having  an  initial 
grip  of  8  tons  per  square  inch  of  its  sectional  area ;  will  you  work  out 
in  arithmetic  the  difference  of  dimensions  that  will  afford  the  above 
conditions  ? 

8.  Prove  that  when  a  thin  spherical  shell  is  exposed  to  the  bursting 
pressure  of  gas  or  liquid  the  stress  in  the  material  is  half  as  great  as  that 
within  the  curved  surface  of  a  thin  cylindrical  shell  exposed  to  the  like 
pressure,  each  shell  being  of  the  same  thickness  and  diameter.  (S.  and  A. 
Exam.,  1891.) 

9.  A  long  thin  pipe  of  given  internal  radius  is  subjected  to  fluid 
pressure ;  find,  the  tension  of  the  material  of  the  pipe.  If  the  internal 
radius  of  the  pipe  is  6  inches,  and  the  thickness  of  the  pipe  0*5  inch,  what 
fluid  pressure  per  square  inch  would  increase  the  radius  of  the  pipe  by 
0*001  inch?  The  modulus  of  elasticity  being  20,000,000,  and  the  elasticity 
of  the  material  being  supposed  to  continue  perfect.  Ans.  277*7  lbs.  per 
square  inch. 
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10.  A  steel  hydraulic  cylinder,  10  feet  long  and  6  inches  in  diameter,  acts 
as  a  brake  on  a  lift.  It  has  a  movable  piston  fitted  with  a  spring  valve, 
the  cylinder  being  fall  of  liquid  when  the  lift  is  at  its  highest  position,  and 
the  piston  and  rod  at  the  end  of  the  stroke  inside  the  cylinder.  It  was 
found  that  when  the  lift  began  to  descend  the  internal  pressure  was  1,000 
lbs.  per  square  inch,  which  gradually  rose  to  2,000  lbs.  when  the  piston 
had  travelled  9  feet.  Treating  the  cylinder  as  a  thin  one,  what  would  be 
the  law  of  variation  of  thickness  at  different  points?  Prove  the  formula. 
(S.  and  A.  Hons.  Exam.,  1890.) 

11.  A  uniformly  heavy  chain  is  suspended  from  two  given  points :  find 
the  equation  to  the  curve  in  which  it  hangs,  and  the  tension  at  any  point 
of  the  curve.    (S.  and  A.  Hons.  Exam.,  1892.) 

12.  Prove  that  the  tendency  of  a  thin  cylindric  pipe  to  burst  laterally 
(neglecting  the  strength  of  flanges,  &c.)  is  twice  as  great  as  to  burst 
endwise. 

A  wrought-iron  pipe  is  2  feet  diameter,  $  inch  thick,  its  working  stress 
is  5  tons  to  the  square  inch,  but  strength  of  plate  is  diminished  30per 
cent,  because  of  riveted  joint.  What  is  the  working  pressure?  What 
head  of  water  does  this  correspond  to  ?    (S.  <k  A.  Adv.  Exam.,  1897.) 

13.  Prove  the  law  for  the  tensile  stress  produced  in  a  thick  cylinder 
by  internal  fluid  pressure.  Describe  how  we  attempt  by  chilling  to  give 
maximum  strength.     (Hons.  S.  <k  A.  Exam.,  1897.) 

14.  A  steel  tube  5  inches  internal  and  7  inches  external  diameter  has 
steel  strip  wound  on  it  to  the  external  diameter  of  12  inches  under  a  con- 
stant winding  tensile  stress  of  15  tons  per  square  inch.  What  is  the 
stress  at  any  place  in  the  solid  metal  or  the  winding?  (S.  &  A.  Hons. 
Exam.,  Part  II. ,  1898.) 
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LECTURE  XXX. 

Contents.— Torsional  Strength  of  Shafts— Examples  L,  II.,  and  III. — 
Strength  of  Shafts  subjected  to  Combined  Twisting  and  Bending — 
Theorem — Examples  IV.  and  V. — Stiffness  of  Shafts — Angle  of  Twist 
— Example  VI. — Questions. 

Torsional  Strength  of  Shafts.  —  In  order  to  transmit  energy 
through  a  shaft,  the  driving  force  must  be  applied  at  some 
distance  from  its  centre.  The  driving  force  and  its  effective 
leverage,  therefore,  constitute  what  is  termed  a  Turning  or 
Twisting  Moment  (T.M.)  which  puts  the  shaft  in  a  state  of 
twist  or  torsion.  The  tendency  of  a  purely  torsional  moment 
applied  to  a  shaft  is  to  cause  the  shaft  to  shear  in  planes 
normal  to  its  axis,  and  this  has  to  be  met  by  the  shearing 
resistance  of  the  material,  which  resistance  must,  of  course, 
be  of  the  nature  of  a  moment.  The  resistance  the  shaft  offers 
to  twisting  we  term  its  Torsional  Resistance  (T.B.);  and  as  this 
balances  the  turning  moment,  we  have  : — 

T.M.   «   T.R. 

We  have  now  to  find  the  value  of  T.R.,  as  depending  on  the 
material  and  dimensions  of  the  shaft,  and  shall  confine  ourselves 
to  shafts  of  circular  section — solid  and  hollow.  Suppose  the 
accompanying  figure  to  represent  an  end  view  of  a  shaft ;  and 
suppose  A  B  and  a  b  to  have  been  parallel  diameters  of  two 
sections  very  near  to  each  other  when  the  shaft  was  at  rest ; 

then,  when  the  shaft  is  at  work  trans- 
nritting  energy,  the  diameters,  A  B  and 
a  b9  will  no  longer  be  parallel,  but  will 
make  an  angle  with  each  other,  as 
shown.  A  longitudinal  section,  through 
the  axis  of  a  shaft,  which  is  a  plane 
when  the  shaft  is  at  rest,  thus  becomes 
a  screw,  surface  when  the  shaft  is 
working.  We  shall  have  occasion  later 
to  measure  this  angle  of  twist ;  but  in 
the  meantime  we  are  mainly  concerned 
with  the  distribution  of  shearing  stress 
within  the  shaft. 
Looking  at  the  figure,  we  easily  see  that  the  strain  in  any 
ring  of  fibres  must  be   proportional   to  the  arc  of  this  ring 


Illustkating  Strain 
in  a  Shaft. 
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which  is  included  between  the  diameters  AB  and  a  b,  when 
these  are  twisted  out  of  parallelism  by  the  turning  moment. 
Within  the  elastic  limit  of  the  material,  therefore,  it  follows 
that  the  shearing  stre$8  in  any  ring  of  fibres  is  proportional  to- 
the  radius  of  that  ring. 

Therefore,  let/  =  the  greatest  shearing  stress,  in  lbs.  per  sq. 

inch,  permissible  in  the  material  of  the 
shaft. 
D  =  the  outside  diameter, 
d  =  the  inside  diameter  of  the  shaft,  both  in 
inches. 
And  x  =  the  radius  of  any  ring  of  fibres  within  the 

material  of  the  shaft. 

Then  the  shaft  must  be  so  proportioned  that  /shall  be  the 
value  of  the  stress  in  its  outermost  fibres  which  are  £  D  inches 
from  the  centre.  Consequently,  from  what  has  already  been 
said,  we  have  : — 

Stress  at  x  =  ^-^r  f  =    ^-/. 

Consider,  now,  the  ring  of  fibres  at  x  inches  from  the  shaft 
centre,  whose  radial  thickness  is  d  x  inches.  The  sectional  area 
of  this  elementary  ring  will  =  2<nrxdx  sq.  inches;  and  its 
resistance  to  sh taring  will  be 

2<rxdx  x    =r-/lbs.  =  -^-  x2  d x  lbs. 

Now,  the  leverage  at  which  this  resisting  ring  of  fibres  acts,  is 
x  inches ;  therefore,  its  moment  of  resistance  is  -=~  x2  d  x  x   x> 

or     -/  x2  dx  inch-lbs. 

Hence,  summing  up  the  moments  of  resistance  of  all  such 
elementary  rings  which  go  to  make  up  the  shaft,  we  get: — 


T.R.  =~f  fx*dx, 


i6 /  v  d  y 

17 
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Hence,  for  hollow  shafts,  we  have : — 

^-w(-i-V <■> 

For  solid  shafts,  we  make  d  =  0,  and  get : — 

T.R  =  ^D»/ (II) 

It  is  instructive  to  compare  the  torsional  resistances  of  solid 
and  hollow  shafts  of  the  same  weight  and  material.  For  this 
purpose  let  D2  be  the  outer  diameter  of  hollow  shaft. 

Then,  if  we  neglect  couplings,  and  consider  the  shafts  to  be  of 
equal  length,  the  weights  will  simply  be  proportional  to  their 
sectional  areas ;  i.e. : — 

Weight  of  hollow  shaft      D?  -  d* 
Weight  of  solid  shaft     "      D*     ' 

For  equal  weights,  this  ratio  is  unity;  therefore  we  have 
the  relation : — 

D*  -  D?  -  rf2 

Or,  D  =  ^D*  -  d\- 

Now,  we  have  from  equations  (I)  and  (II)  : — 

T.R  of  hollow  shaft  _  Df  -  d*      D?  +  d9      D\  -  d* 
T.R  of  solid  shaft         Dx  x  D8      D1  x  D  X       W 

D?  +  d*  D?  +  d% 

It  will  simplify  matters  if  we  put  d  =  x  x  Dv  where  a:  is  a 
proper  fraction,  we  then  have  : — 

T.R  of  hollow  shaft  _    1  +  x* 
T.R.  of  solid  shaft     ~~  $jT^~xr 

For  example,  let  x  =  \,  then : — 

1  +  rf    _    1  +  i    _      5      _ 


This  result  shows  that  for  the  same  length  and  weight,  the 
hollow  shaft  having  outer  and  inner  diameters  in  the  proportion 
of  2  to  1  will  be.  4:4*3  per  cent,  stronger  than  the  solid  one. 

The  turning  moment  driving  a  shaft  may  either  be  uniform 
or  variable  in  amount.  Shafts  driven  by  means  of  gearing,  and 
revolving  at  a  uniform  speed,  are  generally  considered  as  cases 
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of  uniform  turning  moment.  As  a  typical  example  of  variable 
turning  moment,  we  have  the  case  of  the  steam  engine  crank- 
shaft, where  both  the  driving  force  of  the  steam  on  the  piston 
and  its  effective  leverage  are  continually  varying  throughout 
the  stroke. 

When  the  turning  moment  is  uniform — that  is,  when  the  shaft 
revolves  uniformly  at  n  revolutions  per  minute,  and  transmits 
energy  at  the  rate  of  so  many  H.P.,  this  is  all  the  data  we 
require  to  know  in  order  to  estimate  T.  M.  We  have  already 
seen  (see  Vol.  I.,  Lect.  III.)  that  the  work  done  by  a  turning 
couple  in  one  minute  is  equal  to  the  magnitude  of  the  turning 
couple  multiplied  by  its  angular  displacement  in  the  same  time. 
Now  our  turning  couple,  or  turning  moment,  .as  we  call  it,  is 
T.M.  inch-lbs.,  or  yL-  T.M.  foot-lbs.,  and  the  angular  velocity  of 
our  shaft  is  n  x  2  cr  radians  per  minute. 

Therefore,  the 

TM. 
Work  done  =  -^r-   x  2cw  ft.-lbs.  per  minute 

T.M.       0 

And  the         H.P.  =  J* =  n  x  ™\ 

33,000  63,024 

T.M.  =  63,024 .  5^- (III\ 

Example  I. — Find  the  moment  of  resistance  to  torsion  of  a 
hollow  shaft.  Compare  the  strengths  to  resist  torsion  of  a  solid 
and  hollow  shaft  of  the  same  length  and  weight,  the  extreme 
diameter  of  the  hollow  shaft  being  double  its  internal  diameter. 
A  hollow  shaft,  the  external  and  internal  diameters  of  which  are 
20  inches  and  8  inches  respectively,  runs  at  70  revolutions  per 
minute,  with  a  surface  stress  of  6,000  lbs.  per  square  inch ;  find 
the  twisting  moment  and  the  horse-power  transmitted.  (B.  &  A. 
Hons.  Exam.,  1895.) 

Answer. — The  first  two  parts  of  this  question  have  already 
been  answered  in. the  text. 

With  regard  to  the  last  part,  we  are  asked  to  find  the  values 
of  T.M.  and  H.P.,  being  given; — 

D,  =  20  inches.  f  =  6000  lbs.  per  sq.  in, 

a  «    8  inches.  n  -  70  per  min. 


Since  T.R.  =  T.M. 

"    ""  16  '      Dx 


./. 
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_ .,       31416       20*  -  8*      .^ 

T.M.  -      lit     x  — j- —  x  6000. 

16  20 


99 

and  H.P. 


99 


99 


»  9,183,525  inch-lbs. 

_  T.M.  x  n 
63,024 

_  9,183,525  x  70 
63,024 

-  10,200. 


Example  II. — If  a  steel  shaft  revolving  at  60  revolutions 
per  minute  be  required  to  transmit  220  horse-power,  what  should 
be  its  diameter  so  that  the  maximum  stress  produced  in  it  may 
not  exceed  one-fifth  of  that  at  the  elastic  limit  1  The  elastic  limit 
in  torsion  is  18  tons  per  sq.  inch.  Prove  any  formula  you  may 
employ.     (S.  <fc  A.  Hons.  Exam.,  1894.)  i 

Answer. — Combining  formulae  (II)  and  (III)  we  have : — 

T.R.  -  T.M., 

*.«.,  T?rl>8/  -  63>024   *  H'P' 


16 


n 


68,5  y/wr9   '  '    '  (IV) 


Here,  H.P.  -  220.    n  -  60. 

And,         /=}xl8x  2240  -  8064  lbs.  per  sq.  in. 

D  "  68'5  x  Vw-TBSH  -  5'27  inche8- 

In  cases  where  the  turning  moment  exerted  on  a  shaft  varies,, 
it  is,  of  course,  necessary  that  the  shaft  should  be  of  strength 
sufficient  to  withstand  safely  the  maximum  value  of  T.M.  So 
that  in  dealing  with  an  example  like  that  of  the  steam  engine 
crank-shaft  we  take  as  the  turning  force  the  product  of  the  max- 
imum effective  steam  pressure  on  the  piston  into  the  piston  area  ; 
and  for  the  leverage  we  take  the  crank  radius,  although  this  is 
not  quite  accurate ;  because,  if  the  crank  be  driven  by  means  of 
a  connecting-rod,  the  virtual  leverage  of  the  steam  force  at  a 
certain  point  in  the  stroke  exceeds  that  of  the  crank  radius  by 
an  amount  depending  on  the  relative  lengths  of  the  crank  and 
connecting-rod. 
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But  on  the  other  hand,  the  effective  steam  pressure  on 
the  piston  is,  as  a  rule,  much  below  its  maximum  value  when 
the  piston  reaches  the  point  of  greatest  leverage.  On  the  whole, 
therefore,  it  is  quite  accurate  enough  for  all  practical  purposes  to 
estimate  the  maximum  turning  moment  in  the  way  we  have 
indicated. 

Thus,  Let  p  =  Greatest  effective  steam  pressure  acting  on 

the  piston,  in  lbs.  per  sq.  inch. 

„  A  =  Area  of  piston,  in  sq.  inches. 

„    r  =  Crank-radius,  in  inches. 

Then,  max.  T.M.  =  p  A  r  inch-lbs. 

By  effective  steam  pressure,  we  mean  the  difference  between 
the  pressures  behind,  and  in  front  of,  the  piston. 

Example  III. — Find  the  diameter  of  the  crank-shaft  for  a 
horizontal  engine  which  is  to  be  worked  with  an  effective  mean 
steam  pressure  of  45  lbs.  per  square  inch  throughout  the  stroke, 
the  diameter  of  the  cylinder  being  36  inches,  the  stroke  5  feet, 
and  the  working  load  being  taken  at  j-  of  the  breaking  load. 
The  shaft  is  to  be  of  wrought  iron,  such  that  a  1-inch  shaft  will 
break  with  the  torsion  produced  by  800  lbs.  acting  at  the  end  of 
a  12-inch  lever.     (S.  <fc  A.  Hons.  Exam.) 

Answer. — Let  /B  be  the  breaking  stress  of  the  experimental 
shaft,  then  the  working  stress  in  the  crank  shaft,  according  to 
the  question,  will  be  £  /B . 

To  find  the  value  of/B  we  are  given  that  when  T.M.  =  800  x  12 
inch-lbs.,  and  D  =  1",  fracture  takes  place.  From  these  data, 
therefore,  we  deduce  : — 

.       800  x  12      800  x  12  „ 
/»  =  — ~ lbs. 

~  -    X   13  — 

16  16 

The  area  of  a  36-inch  piston  =  1017*87  square  inches, 
and  r  is  30  inches. 

Max.  T.M.  =  45  x  1017  -87  x  30  inch-lbs. 


•  • 


Also.  „         =  jq  D3/. 


„      45  x  1017-87  x  30 
D3  =  — : 

167 
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800  x  2 


but,  /-*/, 


B  «. 


16 


3/45  x  1017-87  x  30 


Hence,  D  =    \J  800  x  2 

„  =  9*5  inches,  nearly. 

Strength  of  Shafts  subjected  to  combined  Twisting  and 
Bending. — In  Example  III.  the  diameter  of  the  shaft  has  been 
calculated  as  for  a  purely  twisting  moment.  But  in  no  case  of 
a  shaft  being  driven  by  a  crank  is  the  effect  of  the  load  quite  so 
simple  as  this.  Besides  the  turning  moment,  which  we  have 
already  seen  how  to  deal  with,  there  is  always  in  action  a 
bending  moment  of  greater  or  less  magnitude  depending  on  the 
engine  arrangement.  The  worst  case  is  that  in  which  the  crank 
is  overhung.  When  this  is  so,  the  bending  moment  is  caused 
by  the  load  on  the  piston  acting  along  a  line  (the  centre  line 
of  the  cylinder)  at  a  certain  distance  from  the  shaft  bearing 
nearest  to  the  crank. 

Let  I  =  the  distance  between  the  centre  line  of  the  cylinder 
and  the  middle  of  the  nearest  shaft  bearing,  in 
inches;  and 
p  and  A  =  (as  before)  the  effective  steam  pressure  and  piston 

area  respectively. 

Then  the  magnitude  of  the  bending  moment  which  we  have 
now  to  take  into  account  is 

B.M.  =  p  A I  inch-lbs. 

This  bending  moment  is  balanced  by  the  moment  of  resistance 
of  the  shaft,  which,  as  will  be  shown  in  the  next  lecture,  is 

M.R.  =  ^  D»  /,  j 

Where,         D  =  diameter  of  the  shaft  journal,  in  inches, 
And,  ft  =  the  tensile  stress  in  the  outer  fibres  of  the 

journal,  in  lbs.  per  sq.  inch. 

Hence,  we  see  that  when  a  crank-shaft  is  being  turned  by  the 
steam  on  the  piston,  it  is  subjected  simultaneously  to  a  shearing 
stress  of  intensity  f8 ,  and  a  tensile  stress  of  intensity  ft .     The 

problem  now  before  us  is  to  combine  these  stresses  so  as  to 
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obtain  what  is  termed  the  Equivalent  tensile  or  shearing  stress ; 
but  in  order  to  render  all  the  steps  in  the  process  clear  and 
intelligible,  we  require  to  demonstrate  the  following  theorem  : — 

Theorem. — A  shearing  stress  on  any  plane  produces  a  shearing 
stress  of  equal  intensity  on  planes  at  right  angles  to  it 

Let  A  B  C  D  be  a  rectangular  block  of  material  whose  thickness* 
is  1  inch  perpendicular  to  the  plane  of  the  paper.    And  let/,  be 

the  intensity  of  the  shearing  stress  over  the  face  whose  edge  is 


Illustrating  Shearing 
Stress  Theorem. 


Illustrating  Equivalent 
Tensile  Stress. 


C  D.  It  is  easy  to  see  that  the  total  shearing  force  on  the  face 
C  D  which  tends  to  pull  that  face  parallel  to  itself,  must  be 
accompanied  by  a  similar  effect  on  the  face  B  0  in  order  that 
the  block  may  not  be  turned  around  A.  To  find  the  relation 
between  those  forces,  take  moments  about  A,  and  we  get : — 


Or, 


PxAD  =  QxAB. 
(/, .  0  D)  x  B  C  =  (/.  B  C)  x  0  D. 


Hence,  we  see  that  the  shearing  stress  induced  in  a  shaft  by 
the  turning  moment  is  accompanied  by  a  shearing  stress  of  equal 
intensity  on  planes  at  right  angles  to  it;  that  is,  parallel  to  the 
axis  of  the  shaft. 

In  the  right-hand  figure  let  AO  represent  the  edge  of  a 
small  portion  of  a  plane  normal  to  the  axis  of  the  shaft,  and  B  C 
that  of  another  plane- at  right  angles  to  A  0.  On  the  former  of 
these  planes  there  is  a  shearing  stress  of  intensity  f^  due  to  the 

turning  moment,  and  a  direct  tensile  stress  of  intensity  fv  due 

to  the  bending  moment  acting  on  the  shaft.     By  the  theorem 
just  proved,   we  also  have  on  BO  a  shearing  stress  f8.     Let 

/'  denote  the  intensity  of  a  tensile  stress,  which,  acting  on  a 
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plane  A  B  inclined  to  A  C  and  B  C,  would  balance  the  stresses 
on  these  latter  planes.  As  before,  let  the  width  of  the  three 
planes  perpendicular  to  the  plane  of  the  paper  be  unity. 

Resolving  vertically  and  horizontally,  we  have  : — 

</'.  AB)  cos  *-(/,.  AC), 
and  (/'.  AB)sin*  =  (/f.BC)  +(/rA0). 

From  the  first  of  these  equations  we  get : — 

AC 

/'       AB       sin*       .      A  /1X 

V  =  ~ZZ~a  =  ^  a  —  tan  *,     ....     (1) 
f        cos*       cos*  '  x  ' 

and  from  the  second  : — 

BC  AO 


J    ""sin*-^  +  sintf'O" 

_  cos  *  sin  * 

"  "  skT7  ^  +  sih7  '«" 

»  -  /,  cot  '  +  /«• 

Or,  y 11  =  cot*.     . (2) 

Multiplying  together  (1 )  and  (2),  we  get :— 
Which  on  being  solved  for/'  gives  : — 

/'-^-±Vir+/«2 (V> 

We  take  the  positive  sign  in  the  solution  of  this  quadratic 
equation,  for  obviously/'  is  greater  than  \ft 

Being  now  in  possession  of  the  relation  subsisting  among  the 
stresses,  we  next  have  to  express  these  in  terms  of  the  T.M. 
and  B.M. :— 
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Since  T.M.  =  ^  D»  fr 


And  B.M.  -  R.M.  =  ~  D»/r 

T  M; 
i  Eence>  A  -  ~~ (3) 

'       16  D3 
And  4-^- W 

*  _*_  1)8 

^32 
In  like  manner,  we  must  have  :  — 

H  d8 

32 

where  B.M/  stands  for  the  equivalent  bending  moment. 

Making  these  substitutions,  and  reducing,  (V)  becomes  : — 

B.M/  =  J  {B.M.  +  ,/B.M.a  +  T.M.*}      .     .     .    (VI) 

Now,  if  T.M.'  denotes  the  equivalent  twisting  moment,  it  easily 
follows  from  equations  (3)  and  (4)  that  for  equal  intensities  of 
stress  we  have : — 

T.M/  =  2  B.M/ 

Hence,  T.M/  =  B.M.  +  s/BM*  +  T.M.*  .     .     .    (VII) 

It  will  be  found  that  equation  (VII),  giving  the  so-called 
equivalent  twisting  moment,  is  the  one  most  generally  applied. 
It  should  be  noted,  however,  that  the  stress  concerned  here  is 
a  tensile  one  and  not  a  shear  as  in  a  proper  twisting  moment. 

Example  IV. — Investigate  an  expression  in  terms  of^J,/', 

and^,  which  will  give  the  resultant  tensile  stress,/',  per  square 

inch  of  section  in  a  material  which  is  subjected  at  the  same  time  to  a 
direct  tensile  stress  of/J  lbs.  per  square  inch,  and  to  a  shearing 

stress,  ft,  lbs.  per  square  inch.     A  bar  of  iron  is  at  the  same 

time  under  a  direct  tensile  stress  of  5,000  lbs.  per  square 
inch,  and  to  a  shearing  stress  of  3,500  lbs.  per  square  inch. 
What  would  be  the  resultant  equivalent  tensile  stress  in  the 
material  %    (S.  &  A.  Hons.  Exams.,  1896.) 

Answer. — The  complete  investigation  referred  to  in  the  first 
part  of  this  question  is  given  in  the  text,  and  equation  (V) 
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is   the    expression    required.      It    only   remains    to  find    the 
numerical  value  of  /',  having  given 

ft  =  5,000  and  fg  -  3,500 

/'  =  4™  +  ^™!  +  3500, 

„  =  6,800  lbs.  per  sq.  in.  folly. 

Example  Y. — A  wrought-iron  shaft  is  subjected  simultane- 
ously to  a  bending  moment  of  8,000  inch-lbs.,  and  to  a  twisting 
moment  of  15,000  inch-lbs.  Find  the  twisting  moment  equivalent 
to  these  two,  and  the  least  safe  diameter  of  the  shaft.  The  safe 
stress  against  shearing  is  to  be  taken  at  8,000  lbs.  per  square 
inch.  Prove  clearly  the  formula  you  employ.  (S.  &  A.  Hons. 
Exam.,  1890.) 

Answer. — Here  we  have : — 

B.M.  =    8,000  inch-lbs. 

And  T.M.  =  15,000 

Hence,  by  formula  (VII)  we  get : — 

T.M.'  =  8,000  +  V^OOO2  +  15,000' 
„     =  25,000  inch-lbs. 

To  find  the  diameter  of  the  shaft  to  withstand  this  T.M/ 
with  a  shearing  stress  of  not  over  8,000  lbs.  per  square  inch,  we 
employ  formula  (II)  making: — 

T.M.  =   T.R.    =    x^D3/. 


/  T.M/  /       25,000  . 

=  2-51  inches. 


D  =  3/   *    /•      3/30416 


Stiffness  of  Shafts.— Angle  of  Twist— We  have  already  seen 
that  the  effect  of  a  turning  moment  applied  to  a  shaft  is  to  twist 
one  part  relatively  to  another.  Hitherto  we  have  been  dealing 
only  with  the  resistance  the  shaft  offers  to  being  twisted — that 
is  to  say,  we  have  been  concerned  only  with  the  strength  of  the 
shaft  without  regard  to  the  question  of  stiffness.     In  many  cases 
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— especially  in  light  machinery — the  question  of  the  stiffness 
of  the  shafting  is  of  greater  importance  than  that  of  strength. 

The  stiffness  of  a  shaft  is  measured  by  the  smallness  of  the 
angle  of  twist  per  unit  length  of  the  shaft. 

Turning  back  to  the  figure  illustrating  strain  in  a  shaft,  let 
dl  be  the  axial  distance,  in  inches,  between  the  two  sections 
whose  diameters  are  A  B,  a  6,  and  let  d  0  be  the  circular  measure 
of  the  angle  between  those  diameters  when  the  shaft  is  twisted ; 
then  the  torsional,  or  shearing  strain  at  the  surface  of  the 
shaft,  is 


-® 


d& 
Xdl' 


D,  as  before,  being  the  extreme  diameter  of  the  shaft  in 
inches, 

Let  /=  Surface  stress  in  the  material  of  the  shaft  in  lbs.  per 
sq.  inch. 

„   C  =  Modulus  or  coefficient    of  shearing  elasticity  or  of 
rigidity  in  lbs.  per  sq.  inch. 


Then,  since 


p  _  stress  _       f 


strain     /D\   d  &  " 

df 


©• 


2  / 
d9  =  -~i^.  dl. 


Henee,  for   a  shaft   L  inches   long   we   have,  by  a  simple 
integration,  the  angle  of  twist. 

2/L 


2/  /*     _  2/1 


To  express  this  result  in  terms  of  the  twisting  moment  and 
the  diameter  of  the  shaft,  we  have  : — 

T.M. 

f  ass  — - — -  for  solid  shafts. 

16 

T  M 
And,  /  =    y  d4  -  «ft  for  hollow  shafts. 

"16       D 
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Making  these  substitutions  and  simplifying,  we  get : — 
Angle  of  twist  for  solid  shafts, 


A       10-2  (T.M.)  L        ,. 

0  = A  ~4   ' — .  radians. 

n  *     584  (T.M.)  L    .  _ 

Or,  f  =  — qDA  '    .  degrees. 

And,  for  hollow  shafts, 

A       10-2  (T.M.)  L       ,. 

1  =  ~C  (!»-<**)   '  radlan8- 

0r'  r  =  ~ctS^t  * degrees* 


.    .     .    (VIII) 


.  (IX) 


By  the  equations  just  established,  we  see  that,  while  the 
strength  of  shafts  vary  as  the  third  power  of  their  diameters, 
their  stiffness  varies  as  the  fourth  power. 

Example  YI. — Establish  a  formula  for  the  moment  of  resistance 
to  torsion  of  a  solid  shaft  of  circular  section.  The  angle  of 
torsion  of  a  shaft  is  limited  to  1°  for  each  10  feet  of  length  ;  find 
the  diameter  of  a  solid  round  shaft  to  transmit  100  H.P.  at  50 
revolutions  per  minute,  the  modulus  of  resistance  to  torsion 
being  10,000,000  lbs.  per  sq.  inch.  (S.  &  A.  Hons.  Exam., 
1892.) 

Answer  : — 

Here,  4  =  1°  when,  L  =  10  x  12  =  120  inches 

And,  C  =  10,000,000. 

Also,  T.M.  -  63,024  x  =£■'  «  63,024  x  igf- 

n  50 

„     -  126,048  inch-lbs. 

Now,  applying  formula  (VIII)  the  given  conditions  are  that: — 

_  584  x  126,048  x  120 
1    ~       10,000,000  x  D« 

Hence,  solving  for  D,  we  get : — 


°=v 


584  x  126,048  x  120  ,  545  ^ 
10,000,000 


wmwfm 
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Lecture  XXX.— Questions. 

1.  A  10-inch  shaft  has  a  4-inch  hole  run  through  it ;  what  fraction  of  s^ 
its  weight  is  removed  ?  To  what  extent  is  its  strength  in  resisting  torsion  **■ 
affected  ?    Ana.  16  per  cent.;  2*5  per  cent,  nearly. 

2.  A  hollow  shaft  is  10  inches  external  diameter  and  4  inches  internal 
diameter ;  compare  its  strength  to  resist  torsion  with  that  of  a  solid  shaft 
of  the  same  weight. 

3.  Cylindrical  bars  of  metal,  each  of  1  inch  diameter,  are  exposed  to 
torsion  by  weights  applied  at  the  end  of  a  12-inch  lever.  What  would  be 
the  probable  ultimate  strength  in  the  case  of  good  specimens  of  wrought 
iron  and  cast  iron.  State  the  law  according  to  which  the  strength  of 
shafting  increases  by  increasing  its  diameter. 

4.  If  a  wrought-iron  shaft  of  1  inch  diameter  is  broken  by  the  torsion 
of  a  load  of  800  lbs.  acting  at  the  end  of  a  12-inch  lever,  find  the  weight 
which,  when  applied  to  the  end  of  the  same  lever,  would  break  a  shaft  of 
the  same  material,  but  3  inches  in  diameter.  State,  in  general  terms,  the- 
reasoning  by  which  you  arrive  at  the  result.  (S.  and  A.  Exam.,  1891.) 
Ana.  21,600  lbs. 

5.  If  a  shaft  of  3  inches  diameter  transmits  safely  33  horse-power  at  ~ 
100  revolutions  er  minute,  what  size  of  shaft  will  transmit  safely  20  horse-  /^ 
power  at  150  revolutions  per  minute.     Ans.  2*22  inches. 

6.  If  800  lbs.  at  the  end  of  a  12-inch  lever  be  a  safe  stress  to  apply  to  a- 
wrought-iron  bar  1  square  inch  in  section,  find  the  effort  which  a  shaft 

2  inches  in  diameter  can  transmit  at  the  circumference  of  a  pulley  one  foot 
in  diameter,  and  making  300  revolutions  per  minute.  Find  also  the  horse- 
power transmitted.     Ans.  8,893  lbs.;  254  H.P. 

7.  A  shaft  is  of  given  material  and  given  diameter,  find  an  expression 
for  the  moment  of  resistance  to  torsion.  Given  the  maximum  stress  to 
which  the  material  may  be  subjected,  find  the  diameter  of  a  shaft  which 
will  transmit  a  given  horse-power  at  a  given  number  of  revolutions  per 
minute. 

8.  A  twisting  moment  of  9,600  inch-pounds  is  sufficient  to  break  a 
wrought-iron  shaft  of  1  inch  diameter.     Use  6  as  a  factor  of  safety,  and  _ 
hence  determine  what  horse-power  can  be  safely  transmitted  through  a             /* 
shaft  of  3  inches  diameter  when  running  at  120  revolutions  per  minute. 

Prove  the  formula  which  you  employ.     (S.  &  A.  Hons.  Exam.,  1889.) 

9.  Investigate  an  expression  for  the  moment  of  resistance  to  torsion  of 
a  given  cylindrical  shaft  when  subjected  to  a  given  twisting  moment. 
What  is  the  maximum  horse-power  which  could  be  transmitted  by  a  shaft 

3  inches  in  diameter  when  making  150  revolutions  per  minute,  it  being 
given  that  the  shearing  stress  in  the  material  is  not  to  exceed  7,500  lbs. 
per  square  inch?    (S.  &  A.  Hons.  Exam.,  1887.)    Ans.  94 '5  H.P. 

10.  If  0  be  the  angle  of  twist  expressed  in  circular  measure  in  a  length 
of  shafting  l>  M  the  twisting  moment,  C  the  modulus  of  transverse 
elasticity,  and  d  the  diameter  of  the  shaft,  prove  that — 

10-2M* 
C  d*   *    (S.  &  A.  Hons.  Exam.,  1893.)- 
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11.  A  horizontal  bar  of  round  iron,  1  inch  diameter,  6  feet  long,  hinged 
at  the  ends,  is  subjected  to  equal  and  opposite  pushing  forces  of  1,000 
lbs.  at  its  ends,  and  a  load  of  10  lbs.  is  hung  at  the  middle  so  that  it  is 
both  a  beam  and  a  strut.  Find  the  greatest  stress  anywhere.  £=29x10" 
lbs.  per  square  inch.     (Hods.  S.  &  A.  Exam.,  1887*) 
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LECTURE   XXXI. 

Contents. — Strength  of  Beams  and  Girders— Definitions  of  Shearing  Force 
and  Bending  Moment — Ream  Fixed  at  one  end  and  Loaded  at  the  other 
—Beam  Fixed  at  one  end  and  Loaded  Uniformly— Beam  Supported  at 
both  ends  and  Loaded  in  the  middle— Example  I. — Beam  Supported  at 
ends  and  Loaded  anywhere  —  Beam  Supported  at  both  enda  and 
Loaded  Uniformly— Examples  It  and  IIL— Floating  Beam*— Travel- 
ling Loads— Two  Loads  Moving  at  a  Fixed  Distance  apart — Example 
IV.- Distributed  Travelling  Load -Questions. 

Strength  of  Beams  and  Girders.— Thf!  subject  under  this  beading 
is  one  that  naturally  divides  itself  into  two  portions.  (1)  The 
determination  of  the  resultant  effects  of  the  applied  loads  at  any 
section  of  a  beam  or  girder ;  and  (2)  the  nature  and  amount  of 
the  resistance  offered  by  the  beam  or  girder  to  rupture  at  that 
section. 

When  the  section  under  consideration  is  in  the  same  plane  as 
the  load,  the  only  effect  the  load  has  at  that  section  is  a  tendency 
to  shear  the  beam  ;  but  in  the  more  general  case,  where  the  load 
acts  at  a  distance  from  the  given  section,  we  have,  in  addition,  a 
tendency  to  curve  or  bend  the  beam  at  the  section.  Hence  the 
name  Bending  Moment  is  given  to  this  latter  effect. 

In  the  accompanying  figure,  let  AB  represent  a  cantilever 


Illustrating  Shearing  and  Bending  Action. 

or  beam  fixed  at  one  end,  with  a  load  F  applied  at  the  free  end; 
and  let  C  be  any  section  in  the  beam.  At  0  let  there  be  applied 
two  equal  and  opposite  forces  P„  F2,  of  the  same  magnitude 
as  P.  The  introduction  of  these  forces  does  not  affect  the  equi- 
librium of  the  system,  as  PT  and  Pa  balance  each  other.  Hence, 
the  effect   of  P  at  the  section   0  is  equivalent  to  that  of  a 
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couple  F  Ps,  with  a  single  force  P:.  A  general  proof  of  this 
important  theorem  is  given  in  Vol.  L,  Lecture  III.,  Prop.  II. 
The  couple  constitutes  the  Bending  Moment  (B.M.),  and  the- 
singlo  force  1JV  the  Shearing  Force  (S.F.)  at  the  section  C. 

Definition. — The  Shearing  Force  at  any  section  of  a  beam  la 
the  algebraic  sum  of  all  the  forces  acting  on  either  side  of  that 
section. 

Definition. — The  Bending  Moment  at  any  section  is  the  alge- 
braic sum  of  the  moments  of  all  the  forces  acting  on  either  side  of 
that  section. 

Or,  in  symbols,  if  P  denote  any  one  of  the  forces  acting  on  one 
Bide  of  a  section,  and  at  a  distance  x,  from  it ;  consider  all  the 
forces  on  the  same  side  of  the  section  as  P,  paying  due  regard  to 
their  sign — that  is,  if  we  reckon  forces  acting  upwards  as  posi- 
tive, we  must  regard  those  acting  downwards  as  negative. 


Then,  S.F.  =  2  P. 


And,  B.M.  -  SPjr.J  ' 


(I) 


Beam  Fixed  at  one  end  and  Loaded  at  the  other. — Let  C  D 

be  a  cross-section  anywhere  within  the  length  of  the  beam  at  a 
distance  of  x  inches  from  the  fixed  end  A.  To  find  the  S.F. 
and  B.M.  at  C  D,  we  observe  that  the  only  force  acting  to  the 
right  of  the  section  is  W  lbs.     Hence : — 

ST.  =  W  lbs. (II) 


Beau  Fixed  at  onb  end,  Loaded  at  other. 

It  is  independent  of  x,  and  therefore  the  same  for  all  such 
sections  as  CD. 

The  B.M.  at  CD  is  W  multiplied  by  its  distance  from  the 
section  in  inches.     Hence : — 

B.M.  =  WxBD=W(L-jr)  inch-lbs.    .    .    .  (Ill) 

This  equation  is  true  whatever  may  be  the  position  of  W  on 
the  beam,  so  long  as  L  denotes  its  distance  in  inches  from  the 
fixed  end,  and  CD  is  between  W  and  the  support. 
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In  this  case,  the  diagram  of  the  S.F.  is  a  straight  line  parallel 
to  the  base  and  at  a  distance  of  W  lbs.  from  it.  Since  (III)  is 
the  equation  of  a  straight  line,  the  B.M.  is  therefore  a  quantity 
increasing  uniformly  from  zero,  where  ■  —  L,  to  WL  inch-lbs., 
where  x  =  0,  as  shown  by  the  accompanying  figure. 


Beam  Fixed  at  one  end,  and  Loaded  Uniformly. — Let  the  load 
on  the  beam  be  w  lbs.  per  inch-run,  it  is  required  to  find  the 
shearing  force  and  bending  moment  at  any  section  C  D,  at 
x  inches  from  the  fixed  end.  As  before,  consider  the  part  of  the 
beam  to  the  right  of  C  D.  The  only  force  is  the  weight  of  that 
portion  of  the  load  carried  by  B  D,  so  that : — 


S.F.  = 


.  BD  =  w(h  -  x)tbe. 


(IV) 


Bum  Fixed  at  ons  ind  and  Loaded  Usifobmlt. 

The  moment  of  the  portion  of  the  load  on  BD  with  respect 
to  C  D  is  the  same  as  if  it  were  all  concentrated  at  the  middle 
point  of  B  D.     Hence : — 

B.M.=w.BDxABD  =  Jw  x  B£*  =  £  w  (L-*)*  inch-lbs.    ,:V) 

Equations  (TV)  and  (V)  show  us  that  both  the  S.F.  and  B.M. 
vanish  when,  x  —  L ;  and  when  x  =  0,  we  get : — 


AT  CENTRE. 


S.F.  =  w  Libs.     .     . 
B.H.  EJioL> inch-lbs. 


The  diagrams  of  S.F.  and  B.M.  for  this  case  take  the  forma 
shown  in  the  accompanying  figure. 


Diagram 


Beam  Supported  at  both  ends,  and  Loaded  at  the  Middle. — In 
this  case  we  measure  x  from  the  middle  point  of  the  beam. 
Since  W  is  equidistant  from  A  and  B,  the  reactions  at  those 
points,  R,  and  E-j,  are  equal  to  each  other,  and  since  their  sum 
is  W,  we  hare ; — 

R,  =  Ee  =  J  W  lbs. 


Beak  Suwortbb  at  h 


B    AMD    LlOADXD    AT  MlDDLK. 
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Hence,        S.P.  =  R2  -  \  W  lbs (VI) 

And,         B.M.  =  B2xBD  =  £W($L-jr)  inch-lbs.     .  (VII) 

Here,  the  B.M.  vanishes  when  x  =  \  L,  and  increases  uniformly 
from  this  until  x=0,  when  it  attains  its  maximum  value,  JWL 
inch-lbs. 


Or, 


Maximum  B.M.  =  JWL  inch-lbs.  . 


(VHa) 


The  following  figure  shows  the  diagrams  of  S.F.  and  B.M.  for 
this  case : — 


S.F. 


S.P.  curve  is 
a  pair  of 
straight  lines. 

B.M.  curve  is 

a  pair  of 
straight  lines* 


Diagram  of  S.F.  and  B.M.  fob  Beam  Supported  at  both  ends 

and  Loaded  in  Middle. 

Example  I. — In  a  beam  of  length  L,  supported  at  both  ends 
and  loaded  at  the  middle  with  a  load  W,  show  that  the  bending 
moment  is  greatest  at  the  centre  of  the  beam  and  equal  to 
JWL.  Then  determine  graphically  the  bending  moment  and 
shearing  force  at  a  point  6  ft.  from  one  support  in  a  beam  of  25 
ft.  span  loaded  with  5  tons  at  its  centre.  (Adv.  S.  &  A.  Exam., 
1890.) 

Answer. — We  have  already  seen  from  equation  (VII)  that 
for  a  beam  loaded  as  in  this  example,  the  B.M.  at  any 
distance  x,  from  its  middle  point,  is  :  — 

B.M.=  £W(£L-a;). 

This  is  obviously  greatest  when  #  =  0— -that  is,  at  the  centre. 


Then  :— 


Maximum  B.M.  -  ±  W  L ;  and  S.F.  =  £  W. 


I. LOADED    BBAM. 


277 


For  the  values  of  W  and  L  given  in  the  example,  we  get  :— 

MairiminT.  B.M.  =  \  x  o  x  25  =  315  ft.  -tuns. 
And,  ST.  =  $ x  5  =  25  tone. 


The  accompanying  figure  shows  the  diagrams  of  B.M.  and  S.F. 
aa  constructed  from  these  data. 

At  6  feet  from  one  end  the  B.H.  measures  15  ft-tons.  This 
is  easily  verified  by  means  of  the  formula  for  B.M.,  because 
e  =  12'5-6  =  6-5. 

B.  M.  =  J  x  5  x  (12-5  -  6-5)  =  15  f  t.-tons. 

Beam  Supported  at  both  ends,  and  Loaded  Anywhere. — With 
a  single  concentrated  load,  the  maximum  bending  moment  will 


Beak  Sdppobted  at  both  ekds,  and  Loaded  Anywhebb. 
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always  occur  immediately  under  the  load,  whether  it  be  at  the 
middle  of  the  beam  or  not. 

For  the  B.M.  at  any  section  at  a  distance  x,  from  one  end  is 
Hx  x,  and  this  is  greatest  when  x  is  largest ;  that  is,  when  the 
section  is  under  the  load. 

To  find  the  reactions  at  the  supports,  we  take  moments  about 
A  and  B,  and  get  R2  x  L  =  W  x  m. 

*vyi  lift 

.*.  R>  =  «=-  W  lbs.  and  It,  =  ■=-  W  lbs.     These  are  the  values 
1      L  v       L 

of  the  S.  P.  to  the  right  and  left  of  W  respectively.  ' 


m 


S.F.  (to  right)  -  ^  W  lbs. 


•    • 


n 


(VIII) 


S.F.  (to  left)  =  £  W 


lbs. 


Multiplying  the  first  of  these  equations  by  w,  or  the  latter  by 
m,  we  get: — 

Maximum  B.M.  =  (^  w)  inch-lbs. .    .    .    (IX) 
We  can  now  construct  the  diagrams  of  S.F.  and  B.M. : — 


"2    S.F.  curve  is  two 
straight  lines. 

B.M.  carve  is  two 
straight  laws. 


Diagram  of  S.F.  and  B.M.  for  Single  Load  in  any  position. 

Beam  Supported  at  both  ends  and  Loaded  Uniformly.— As 
before,  let  the  weight  per  inch-run  be  denoted  by  w,  then  the 
total  load  carried  by  the  beam  will  be  w  L  lbs.,  and  the  reactions 


BEAM    LOADBS    UNIFORMLY. 


Bj  and  E2,  will  each  be  J  w  L  lbs.    Taking  the  forces  to  the  right 
of  the  section  C  D. 


Bum  Supported  at  both  ends  and  Loadbo  Ukicohmly. 
"We  get,  S.F.  =  Rg-wx  BD  =  &wL~w.-{£L -*)=«/ x  lbs,  (X) 
And,     B.M.  =»  RjxBD-ifl.BDKJBD 
„      -JwLxBD  -  Jw.BD* 
„     =  £w.  BD(L  -  BD) 
„     =JwaL-^(iL  +  af). 
B.M.  =  iw(|V  -  jt1)  Innh-Hw (XI) 

The  limiting  values  of  8.F.  and  B.SL  are  : — 

When,  x  -  JL;  then,  S.F.  =  Jitf  Libs.;  and,  B.M.  -0.  (X„) 

When,  a;  «  0  ;  then,  8.  F.  -  0  ;  and :— 

Maximum,  B.  M.  -  |iiiL!  inch-lbs.       ,     .     (XI„) 

Plotting  oar  diagrams  of  S.F.  and  B.M.,  we  get  the  figure 
shown  on  next  page. 

When  a  beam  carries  more  than  one  load,  or  is  loaded  in  more 
ways  than  one,  the  simplest  and  safest  way  is  to  consider  each 
load  separately,  without  regard  to  the  others,  and  then  combine 
the  separate  effects  so  as  to  obtain  the'  resultant  action,  as  in 
Example  II. 

Example  II. — Draw  the  bending  moment  and  shearing  force 
diagrams  for  a  beam  12  feet  long,  supported  at  both  ends,  and 
loaded  with  weights  of  4  and  6  tons  at  distances  of  3  and  8  feet 
respectively,  from  one  end  of  the  beam.  Explain  fully  the  mode 
of  arriving  at  these  diagrams.     (Adv.  S.  &  A.  Exam.,  1867.) 

Answer. — Measuring  distances  from  the  left  end  of  the  beam, 
and  considering  each  load  separately,  we  have,  for  the  4  tons,  to 
the  left  of  the  load  : — 
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&F..-?  Wo^rx  4  =  3  tons. 

Ju  1 J 


And,  to  the  right  of  it : — 

L  12 


S.F.^W-.-^-l  ton. 


S.F.  carve  is  a 
straight  line. 

B.M.  carve  is  a 
parabola  with  vertex 
oelow  the  middle  of 
the  beam. 


Diagram  of  S.F.  akd  B.M.  fob  a  Beam  Supported  at  both  rnds  and 

Loaded  Uniformly. 

The  maximum  B.M.X  due  to  this  load  is  : — 

„  -_       m  x  w  3x9     .     n  r.   , 

B.M.J  =  — ^ —  W  =  ~Y<r  *  *  =  9  ft.-tons. 

It  occurs  immediately  under  the  load. 
.Next  taking  the  6 -tons  load,  we  have  to  the  left  of  it : — 

n 


12 


S.P.2= j- W  =  ^  x  6  =  2  tons; 


And  to  the  right  of  it  :• 


m 


8 


S.P.2  =  =  W  =  r^x  6  =  4  tons. 
2    L  12 

The  maximum  B.M.2  due  to  the  6  tons  is  : — 

B.M.2  =  ^^  W  =  ^  x  6  =  16  ft-tons. 


EXAMPLE  II. — LOADED  BEAM. 
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Plotting  these  results,  we  get  the  accompanying  figure : — 


S.F.   AND  B.M.   CUBVES  FOR  EXAMPLE  II. 

The  thin  lines  show  the  actions  of  the  separate  loads,  and  the 
full  lines  their  combined  results,  obtained  by  taking  the  alge- 
braic sum  of  the  former. 

The  student  should  here  carefully  observe  the  necessity  of 
attending  to  the  sign  of  the  shearing  force.  Thus,  between  the 
weights  we  have  a  shearing  force  of  2  tons,  which,  on  account  of 
its  sign,  is  drawn  below  the  base  line ;  also  a  shearing  force  of  1 
ton  drawn  above  the  base  line.  The  resultant  shearing  force 
between  the  loads  is  therefore  the  difference  of  these,  and  is 
drawn  on  the  same  side  of  the  base  line  as  the  greater  of  its 
components. 

The  bending  moments  everywhere  along  the  beam  are  of  the 
same  sign ;  therefore,  to  obtain  the  combined  bending  moment 
diagram,  we  have  simply  to  add  the  ordinates  of  each  separate 
diagram.  Thus,  to  get  the  total  bending  moment  at  the  section 
under  the  6  tons  load,  we  add  F  G  (viz.,  that  due  to  the  4  tons 
at  that  point)  to  F  H  (that  due  to  the  6  tons).  The  result  F  K 
is  therefore  the  total  B.M.  at  that  point. 
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It  is  quite  sufficient  to  do  this  for  the  sections  under  each 
load,  and  then  to  join  each  of  the  points  so  obtained  with 
each  other  and  with  the  ends  of  the  beam  by  straight  lines.  If 
drawn  to  scale,  the  B.M.  at  any  other  point  can  then  be  obtained 
by  measuring  the  corresponding  ordinate. 

Example  III. — A  horizontal  uniform  bar,  18  inches  long,  is 
laid  over  two  supports,  each  4  inches  from  its  ends.  Find  two 
points  at  which  the  bending  moments  are  zero.  (Uons.  S.  <fc  A. 
Exam. ) 

Answer. — Let  w  be  the  weight  in  lbs.  per  inch-run  of  the  bar. 
Then  the  total  weight  of  the  bar  will  be  18  to  lbs.,  and  the 
reactions  will  each  be  9  w  lbs. 


**• 


r- : 


AR, 


\,--  ---.  : 


SB 


k .8" ->{ 

Illustrating  Example  III. 

Taking  moments  to  the  right  of  the  section  C  D  at  a  distance 
x  inches  from  the  centre  of  the  bar,  we  get : — 

B.M.  =  R2(5  -  as)  -  t*.  BD  x  £BD 
=  9m>(5  -  x)  -  £«;.  BD2 
=  9w(5  -  x)  -  £m>(9  -  xf 
=  £  w  (9  -  jr2)  inch-lbs. 


}} 


yj 


jj 


The  B.M.  will  be  zero  when  9  -  ac2  =  0  ;  i.e.t  when  x  =  ±  3 
inches. 

Hence,  the  required  points  are  3  inches  on  each  side  of  the 
centre,  or  2  inches  inside  of  the  supports. 

Floating  Beams. — When  a  solid  body,  such  as  a  piece  of  wood 
of  uniform  density,  floats  in  still  water  its  weight  and  its  buoy- 
ancy, or  the  resultant  upward  pressure  of  the  water  on  the  body, 
will  at  all  points  balance  each  other.  There  are  consequently  no 
shearing  or  bending  stresses  on  the  body,  and  each  pari  is  in 
equilibrium  independently  of  the  other  parts. 
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But  whenever  those  conditions  are  departed  from,  such  as  (1) 
when  the  floating  body  carries  weights ;  (2)  when  it  is  not  of 
uniform  density,  due  to  want  of  homogeneity  in  its  material,  if 
solid,  or  to  its  being  hollow,  or  of  a  boat  form  ;  or  (3)  when  it 
crosses  waves,  then  bending  and  shearing  stresses  are  set  up. 

Consider  the  case  of  a  uniform  beam  of  wood  of  rectangular 
section  floating  in  still  water.  The  beam  will  displace  an  amount 
of  water  exactly  equal  to  its  own  weight.  This  is  true,  not  only 
for  the  beam  as  a  whole,  but  also  for  every  individual  segment 
of  the  beam.  Any  segment  of  the  beam  will  displace  just  as 
much,  and  no  more,  water  than  it  would  do  if  floating  by  itself. 
The  beam,  therefore,  is  as  free  from  stress  as  it  would  be  if  it 
were  lying  on  a  perfectly  flat  surface. 

Suppose  now  that  a  weight  W,  be  placed  on  the  middle  of  a 
floating  beam.  This  will  cause  the  beam  to  sink  to  a  greater 
depth  and  displace  an  extra  volume  of  water.  The  weight  of  this 
extra  displacement  is  exactly  equal  to  W.  "What,  now,  is  the 
condition  of  the  beam  as  regards  straining  forces  1  Evidently, 
we  need  only  consider  the  weight  W,  and  the  extra  displacement, 
due  to  its  being  carried  by  the  beam ;  because  the  upward 
reaction  of  the  displacement  due  to  the  beam's  own  weight,  is 
still  at  all  points  balanced  by  the  downward  weight  of  the  beam. 
In  other  words,  the  condition  of  the  beam,  so  far  as  its  own 
weight  and  displacement  are  concerned,  is  in  no  way  affected  by 
the  addition  of  the  load. 

To  give  definiteness  to  our  ideas,  let  W  be  expressed  in  lbs., 
and  let  L  denote  the  length  of  the  beam  in  inches. 

Then  the  forces  we  have  to  consider  are  : — 

(1)  W  lbs.  concentrated  at  the  middle  of  the  beam  and  acting 
downwards. 

(2)  The  displacement  of  W  lbs.  of  water  uniformly  distributed 
along  the  whole  length  of  the  beam  and  acting  upwards,  with  an 

W 

intensity  of  -j-  lbs.  per  inch  of  length. 

The  case  is,  therefore,  analogous  to  that  of  a  beam  uniformly 

loaded  and  supported  at  its  centre ;  or  what  is  virtually  the 

same  thing,  two  beams  of  length  equal  to  \  L,  fixed  at  one  end 

and  loaded  uniformly.     For,  in  order  to  obtain  the  shearing  force 

and  the  bending  moment  at  any  section  of  the  beam,  x  inches  to 

W 
either  aide  of  W,  we  have  simply  to  substitute  y  for  w,  and 

|  L  for  L  in  equations  (IV)  and  (Y),  and  we  get : — 

S.F.  =  ^-(|L- jr)lbs.  .     .    .    .     (XII) 


284  LECTURE  xxx r. 

And,  B.M.  =  ^  (J  L  -  xf  inch-lbs.  .    .  (XIII) 

Under  W  the  shearing  force  and  bending  moment  are  each  a 
maximum.    Their  values  may  be  found  by  making  x  =  0. 

Then  the  Maximum  S.F.  =  \  W  lbs.     .    .    .      (XIIa) 

And  the  Maximum  B.M.  =  \  W  L  inch-lbs.   .    (XIIIa) 

The  diagrams  of  S.F.  and  B.M.  for  this  case  are  constructed 
in  identically  the  same  way  as  for  a  beam  fixed  at  one  end  and 
carrying  a  uniform  load,  but  taking  \  L  as  a  base  line  instead 
ofL. 

Suppose  that,  instead  of  one  weight  in  the  middle,  the  beam 

is  loaded  with  two  weights,  one  at  each  end,  and  each  equal  to 

W  lbs.,  it  is  easy  to  see  that  the  condition  now  is  that  of  a  beam 

2  W 
uniformly  loaded  with      T  •  lbs.  per  inch-run  and  supported  at 

each  end.     We  have,  therefore,  only  to  apply  formulae  (X)  and 

2W 
(XI),  substituting  — : —  for  to,  when  we  get : — 

S.F.«^.jrlbs (XIV) 

And,  B.M.  =  ^  (i  L2  -  jf2)  inch-lbs (XV) 

Here  the  shearing  force  is  a  maximum  when  x  =  £  L,  and  the 
bending  moment  a  maximum  when  x  —  0. 

Or,  Maximum  S.F.  =  W  lbs (XI Va) 

And,  Maximum  B.M.  =  £WL  inch-lbs.      .    .      (XVa) 

The  diagrams  of  S.F.  and  B.M.  are,  therefore,  in  every  way 
similar  to  those  for  a  uniformly  loaded  beam  supported  at  the 
ends. 

Travelling  Loads.  — The  simplest  case  of  a  movable  load  is  that, 
wherein  we  are  given  a  weight,  say  a  heavy  cylindrical  body, 
rolling  along  a  beam,  to  find  the  equations  of  maximum  S.F. 
and  B.M.  for  any  position  of  the  load,  and  exhibit  these  results 
in  a  diagram. 

Referring  to  formulae  (VIII)  and  (IX),  and  the  diagrams 
already  deduced  for  a  fixed  load  in  any  position  on  a  beam,  we 
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have   for  the  maxirrlum   S.F.   to  the  immediate  right  of  the 
load  : — 

S.F.  -  -£-  W  lbs. 

And,  to  the  immediate  left  of  the  load  : — 

S.F.  -  -  -£-  W  lbs. 

For  the  maximum  B.M.,  which  occurs  immediately  under  the 
load : — 

B.M.  =  -~  W  inch-lbs. 


Putting  m  =  x  so  that  n  =  L  —  x,  we  obtain,   when  the 
load  is  x  inches  from  the  left  end  of  the  beam  : — 


W 


The  Maximum  S.F.  (just  to  right  of  the  section)  =  j-  X 


W 


(XVI) 


>» 


w 


(Just  to  left  of  the  section)  =  -=^(jf-L) 


W 


And,         Maximum  B.M.  =-j-(L  -  jr)jr 


(XVII) 


To  construct  the  diagram  of  S.F.,  we  observe  that  its  equation 
is  that  of  a  straight  line,  and  that  to  the  right  of  the  section 
considered  its  value  is  zero  when  the  load  just  starts  from  the 
left  end  of  the  beam,  and  increases  uniformly  as  the  load 
approaches  the  other  end.     That  is : — 

When,  x  =  0;   then,  S.F.  =  0. 

Also  when,  x  =  L  ;  then,  S.F.  =  W  lbs. 

There  is  also  another  line  for  the  shear  at  all  positions  just 
to  the  left  of  the  load.  This  line  passes  through  B,  and  its 
ordinate  is  -  W  at  the  end  A. 

The  equation  of  the  B.M.  curve  is  that  of  a  parabola,  whose 
axis  is  vertical,  and  passes  through  the  middle  point  of  the 
beam,  where,  of  course,  the  maximum  value  of  B.M.  occurs.  To 
construct  this  diagram,  we  have  : — 

When,  x  =  0,  or  x  -  L ;  then  B.M.  =  0. 

Also  when,     x  =  J  L ;  then  B.M.  =  |WL  inch-lbs. 
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"Diagrams  of  Maximum  S.F.  and  B.M.  fob  Rolling  Load. 

Two  Loads  moving  at  a  fixed  distance  apart. — From  the  above 
simple  case  we  may  easily  pass  to  a  very  important  practical 
example  of  moving  loads — viz.,  overhead  travelling  cranes. 

Here  the  crane  rests  on  a  carriage  with  four  wheels  running 
on  two  rails  carried  by  girders,  the  weight  of  the  whole  machine 
together  with  the  load  being  equally  distributed  over  the  wheels. 
Hence,  considering  one  girder  only,  our  problem  is  reduced  to 
that  of  two  equal  loads  moving  along  the  girder  at  a  fixed 
distance  apart. 


Illustrating  Travelling  Crank  Problem. 

In  the  figure  let  W  be  the  weight  resting  on  each  wheel,  and  c 
be  the  distance  between  their  centres.  If  the  motion  be  supposed 
to  be  in  the  direction  shown  by  the  arrow,  it  is  evident  that 
until  the  carriage  gets  to  the  middle  of  the  girder  the  maximum 
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shearing  force  and  bending  moment  will  occur  under  the  leading 
wheel — that  is,  if  we  estimate  the  shearing  force  to  the  im- 
mediate right  of  the  wheel.  But  as  the  same  thing  takes  place 
in  the  reverse  order  when  the  carriage  moves  from  the  other 
end  of  the  girder  in  the  opposite  direction,  we  shall  take  the 
section  of  the  girder  immediately  under  the  following  wheel 
and  estimate  the  shearing  force  and  bending  moment  for  that 
position.  This  method  of  procedure  will  be  found  to  lead  to 
simpler  equations  than  if  we  had  taken  the  leading  wheel  as  our 
point  of  reference. 

Now,  considering  the  forces  acting  to  the  left  of  the  wheel,  we 
easily  see : — 

That,  S.F.  =  Rr 

And,  B.M.  =  Rj  x  a;. 

To  find  Ex  we  take  moments  about  B,  which  gives  us  : — 

RjxL  =  W{L-(a;  +  c)}+W(L-a;) 

„       „  =  W{2(L-z)-c}. 


W 


Rx  =  -j-{2(L-x)-c}. 


Hence, 


And, 


W 


S.F.  =  ^{2(L-*)-c}, 


W 


B.M.  =  £{2(L-jO-c}jr. 


(XVIII) 

.    (XIX) 


The  equation  for  the  S.F.  is  that  of  a  straight  line,  and  for  the 
B.M.  a  parabola.  To  find  the  position  and  dimensions  of  those 
diagrams,  we  see  that : — 

W 

When  x  =  0,  S.F.  =  -=-  (2  L  -  c),  and  B.M.  =  0. 

Again,  both  S.F.  and  B.M.  will  vanish  when  2  (L  -a?)  -  c  =  0  ; 

that  is,  when  x  =  L  -  ^  • 

To  find  the  maximum  ordinate  of  the  B.M.  curve,  we  have 
the  condition  that,  when  the  B.M.  is  a  maximum  : — 

-L  <B-M> = °- 

^  {2  (L  -  x)  -  c}  x  =  0. 


That  is, 
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Or,  ~  {(2L-c)*-2aa}  =  0. 

€t  X 

(2L-c)-4a;  =  0. 

Hence,  x  =  «■  -  T  ' 

Tbe  shearing  force  diagram  will,  therefore,  consist  of  two 
straight  lines  parallel  to  each  other,  and  the  bending  moment 
diagram  will  consist  of  two  equal  parabolas  intersecting  at  the 
middle  of  the  girder.  The  axe3  of  these  equal  parabolas  will 
be  equidistant  from  the  middle  of  the  girder  and  J  c  units, 
apart. 

The  following  numerical  example  will  elucidate  this  important 
case  much  better  than  a  bare  examination  of  formulae : — 

Example  IV. — In  a  travelling  crane  of  40  feet  span  the  load 
is  supported  on  a  carriage  which  runs  upon  two  similar  girders,, 
the  axles  of  the  carriage  being  8  feet  apart,  and  a  load  of  2£  tons 
coming  upon  each  wheel.  Obtain  a  diagram  showing  the  maxi- 
mum bending  moment  at  every  section  of  the  girder,  and  give 
the  numerical  values  at  distances  of  10,  15,  and  20  feet  from  one- 
end.     (Hons.  S.  <fc  A.  Exam.,  1880.) 

Answer. — Applying  our  general  formulae,  we  have,  for  the- 
bending  moment  at  any  distance  x  ft.,  from  one  end  : — 

W       r- 

B.M.  -  ~  [(2L-c)-2a;]x. 

Here,  W  =  2-5  tons,  L  =  40  ft.,  and  c  =  8  ft. 

B.M.  =  -^  [80  -  8  -  2x~]x. 

Or,  B.M.  =  I  (36  -  x)  x  ft.-tons. 

For  the  numerical  values  asked  for,  we  have : — 

When  x  =  10  ft.;  B.M.  =  \  (36  - 10)  10  =  32-5  ft.-tons. 

When  x  =  15  ft.;  B.M.  =  £(36  -  15)  15  =  39-375  ft.-tons. 

When  x  =  20  ft.;  B.M.  =  \  (36  -  20)  20  =  40  ft.-tons. 

We  have  seen,  that  the  B.M.  attains  its  maximum  value* 
when: — 

L       c      40      8       .aft 

Hence,  the  maximum  B.M.  =  \  (36  -  18)  18  =  40*5  ft -tons. 
The  S.F.  is  not  asked  for  in  the  question,  but  we  here  add  it. 
so  as  to  make  the  example  more  complete. 
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The  maximum  S.F.  occurs  when  x  =  0,  and  when  x  =  L,  its 
value  for  this  case  then  being  : — 

Maximum  S.F.  =-^-(80- 8)  =  45  tons. 

And,  like  the  B.M.,  it  is  zero  when  x  =  40  —  -~-  =  36  feet. 

The  following  figure  shows  the  S.F.  and  B.M.  diagrams  as 
required  for  this  example. 


45 


Diagbam  of  Maximum  S.F.  and  B.M.  fob  a  Travelling  Chase. 

Distributed  Travelling  Load. — The  last  case  we  shall  consider 
is  that  in  which  a  continuous  load  of  uniform  density,  and 
long  enough  to  completely  cover  it,  comes  on  to  a  girder  and 
moves  off  at  the  other  end,  such  as  a  long  train  of  uniform 
weight  passing  over  a  bridge. 


Illustrating  Travelling  Load  of  Uniform  Intensity. 

In  the  figure,  let  w  denote  the  load  per  unit  of  length.  When 
the  load  is  in  the  position  shown,  it  is  clear  that  the  S.F.,  at 
all  points  to  the  right  of  C,  will  be  equal  to  R2 ;  and  that  at  any 
section  D,  to  the  left  of  C,  the  S.F.  will  be  less  than  R2  by  the 
weight  of  the  portion  of  the  load  covering  C  D.      It  at  once 

19 
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follows  that  the  8.F.  is  greatest  at  C,  the  front  of  the  load,  and 
this  is  true  for  all  positions  of  0. 

Hence,  S.P.  =  B,2. 

Taking  moments  about  A,  we  have  : — 

R2  x  L  =s  wx  x  i  x. 


That  is, 


R2  = 


S.F.  - 


wx2 
21/ 
IV  X2 

2L 


(XX) 


The  shearing  force  is,  therefore,  proportional  to  the  square  of 
the  length  of  the  part  of  the  load  resting  on  the  girder. 

The  curve  of  the  maximum  bending  moment  is  very  easily 
deduced  in  this  case.  We  have  only  to  remember  that  the  B.M. 
at  any  fixed  section  in  the  girder  will  get  greater  and  greater  for 
every  additional  part  of  the  load  that  comes  upon  it ;  so  that 
when  the  girder  is  wholly  covered  by  the  load  the  B.M.  at  every 
position  will  then  be  a  maximum.  The  B.M.  diagram  is  there- 
fore identical  with  that  given  for  a  beam  loaded  uniformly, 
whilst  the  S.F.  diagram  becomes  a  parabola  instead  of  a  straight 
line. 

The  following  figure  shows  how  the  S.F.  and  B.M.  diagrams 
are  constructed  for  this  case. 


S.F.  and  B.M.  Diagrams  fob  Travelling  Continuous 
Load  of  Uniform  Intensity. 
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Lecture  XXXI.— Questions. 

1.  Define  "bending  moment"  and  "shearing  force."  A  uniform  beam 
weighing  15  cwts.  rests  on  supports  at  its  ends  20  feet  apart.  The  beam 
is  loaded  with  three  weights  of  4,  6,  and  10  cwts.  at  distances  of  2,  7,  and 
12  feet  respectively  from  one  of  the  supports.  Find  the  B.M.  and  S.F. 
at  a  point  8  feet  from  the  same  support.  Ans.  B.M.  =98  ft. -cwts.; 
S.F.  =3  cwts. 

2.  A  bar  of  pine  44  inches  long  rests  on  props  at  its  extremities,  and  just 
supports  10  weights,  of  14  lbs.  each,  hung  at  equal  intervals  of  4  inches 
along  the  rod.  Find  the  amount  of  a  single  weight,  which,  if  hung  at  the 
centre  of  the  bar,  would  strain  it  to  the  same  extent.     Ans.  43*27  lbs. 

3.  A  batten  of  fir,  6  feet  in  length  and  supported  at  its  extremities,  will 
just  sustain  a  load  of  520  lbs.  when  hung  at  the  centre.  If  this  weight  be 
removed,  and  two  weights,  each  equal  to  P  lbs.,  be  hung  at  distances  of 
2  and  4  feet  along  the  bar,  what  is  the  greatest  value  which  may  be 
assigned  to  P  ?    Ans.  390  lbs. 

4.  A  beam,  20  feet  long,  whose  weight  is  neglected,  is  supported  at  both 
ends  and  loaded  with  1  ton  evenly  distributed  along  its  length.  Find 
the  bending  moment  at  a  distance  of  7  feet  from  one  end.  Ans.  5,096 
ft. -lbs. 

5.  A  beam,  whose  weight  may  be  neglected,  rests  on  supports  at  its  ends 
15  feet  apart.  Weights  of  10,  6,  5,  and  12  cwts.  rest  on  the  beam  at 
intervals  of  3  feet  apart,  the  weight  of  10  cwts.  being  3  feet  from  one 
support.  Find  the  points  where  the  maximum  bending  moment  and 
shearing  force  occur,  and  obtain  their  values.  Construct  the  diagrams 
of  bending  moments  and  shearing  force  for  the  whole  beam.  Ans.  The 
max.  B.M.  =  66  ft. -cwts.,  and  occurs  at  all  points  between  the  weights 
6  and  5 cwts.;  the  max.  S.F.  =  17  cwts.,  and  occurs  at  the  point  where 
the  weight  of  12  cwts.  rests. 

6.  A  uniform  cantilever,  or  beam  fixed  at  one  end  and  free  at  the  other, 
10  feet  long,  weighs  6  cwts. ,  and  carries  two  loads,  one  of  2  cwts.  at  the 
free  end,  and  the  other  4  cwts.  at  its  middle  point.  Construct  the 
shearing  force  diagram  for  the  whole  cantilever,  and  find  the  shearing 
forces  at  points  2J  feet  and  6  feet  from  fixed  end.  Ans.  10*5  cwts.; 
6*4  cwts. 

7.  A  block  of  wood  weighing  800  lbs.,  20  feet  long  and  12  inches  square, 
floats  in  water,  and  is  loaded — 

(1)  By  a  weight  of  200  lbs.,  placed  at  each  extremity; 

(2)  By  a  weight  of  400  lbs.  at  the  centre. 

Show  what  forces  act  on  the  beam,  and  draw  the  curves  of  shearing  force 
and  bending  moment  for  each  case.     (S.  &  A.  Exam.,  1892.) 

8.  A  girder  is  supported  at  both  ends,  and  has  a  clear  span  of  30  feet. 
Show  by  means  of  a  curve  the  position  and  magnitude  of  the  greatest 
bending  moment  produced  by  a  load  of  20  tons  as  it  rolls  from  one  end  to 
the  other  of  the  girder.  Obtain  the  numerical  results  for  distances  respec- 
tively of  10  and  15  feet  from  one  end.     (S.  &  A.  Hons.  Exam.,  1895.) 

9.  Prove  an  algebraic  formula  to  show  that,  with  a  continuous  load  of 
uniform  intensity  passing  over  a  beam  AB  such  as  when  a  long  train 
passes  over  a  bridge  A  to  B,  the  maximum  shearing  stress  to  any  point 
K  of  the  beam  occurs  when  the  part  A  K  is  fully  loaded  while  the  part 
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K  8  is  entirely  unloaded,  and  that  the  magnitude  of  the  stress  is  propor- 
tional to  the  square  of  the  distance  of  K  from  the  point  A.  A  train  of 
1  ton  per  foot  run,  and  upwards  of  100  feet  in  length,  passes  over  a  bridge 
of  100  feet  span ;  what  would  be  the  maximum  shearing  stresses  at  distances 
of  25  and  50  feet  respectively  from  one  end  of  the  bridge  ?  Show  how  to 
determine  graphically  the  shearing  stresses  in  the  beam.  (S.  &  A.  Hons. 
Exam.,  1896.) 

10.  What  occurs  at  the  cross-section  of  a  horizontal  beam,  carrying 
vertical  loads?  Where  is  the  neutral  line?  What  is  the  value  of  the 
stress  at  any  place  ?  What  is  meant  by  bending  moment  ?  Describe  any 
model  which  illustrates,  however  roughly,  what  occurs  at  a  section  of 
the  beam.     (Adv.  S.  k  A.  Exam.,  1898.) 
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Contents. — Resistance  of  Beams  to  Flexure — Examples  I.,  II.,  III.,  and 
IV.— Thin  Wrought-Iron  Girders— Example  V. — Curvature  and  De- 
flection of  Beams— Example  VI. — Uniform  Beam  on  Three  Supports 
— Uniform  Beam  fixed  at  one  end  and  supported  at  the  other— Beams 
fixed  at  both  ends  and  loaded  at  centre— Beams  fixed  at  both  ends  and 
loaded  uniformly — Tables — Questions. 

Resistance  of  Beams  to  Flexure.— In  the  previous  Lecture  we 
saw  that  the  effect  of  loading  a  beam  was  to  give  rise  to  both 
shearing  and  bending. 

From  the  theory  of  couples  set  forth  in  Vol.  I.  we  know  that 
nothing  but  a  couple  can  balance  a  couple.  The  resistance 
which  a  beam  offers  to  bending  must  be  of  this  nature,  and 
therefore  a  couple  of  equal  magnitude  to  that  of  the  applied  load, 
but  of  opposite  tendency.  The  tendency  of  the  applied  couple 
is  to  bend  or  curve  the  beam,  whilst  the  tendency  of  the 
induced  couple  is  to  oppose  this  curving  action. 

When  a  beam  is  curved  the  longitudinal  fibres  on  the  convex 
side  of  it  are  stretched  beyond  their  normal  length,  and  con- 
sequently they  are  in  tension.     On  the  concave  side  the  fibres 

O 


Neutral  Axis 


Illustrating  Flexure  of  Beams. 


^^ 


are  shortened,  and,  therefore,  they  are  in  compression.  Some- 
where within  the  beam  there  must  be  a  layer  of  fibres  that  are 
neither  lengthened  nor  shortened,  and  are  therefore  unstressed. 
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This  layer  is  termed  the  neutral  surface  of  the  beam,  and  the 
intersection  of  this  surface  with  any  cross-section  of  the  beam  is 
termed  the  neutral  axis  of  that  section.  The  neutral  axis  is  of 
fundamental  importance  in  the  theory  of  beams,  because  it  is  the 
fulcrum  about  which  both  the  bending  and  resisting  couples  act. 

We  shall  now  find  the  position  of  the  neutral  axis  of  any 
given  section  of  a  beam. 

Let  I  be  the  length  of  a  small  portion  of  the  neutral  surface ; 
V  that  of  a  parallel  layer  of  fibres  on  the  stretched  side  of  the 
beam,  and  at  a  distance  y,  from  the  neutral  surface.  If  V  —  I 
when  the  beam  is  straight,  it  is  evident  that  the  amount  of 
stretch  in  the  fibres  at  distance,  y,  from  the  neutral  surface  will 

V  -  I 
be  V  —  I,  and  the  strain  — j— .     Let  p  denote  the  radius  of  cur- 
vature of  the  neutral  surface  at  the  cross-section  bisecting  I. 
Then  the  radius  of  curvature  corresponding  to  V  will  be  =  p  +  y. 


Hence, 


Or, 


p  +  y     t 
p    ~7' 


u 

p 


v-i 
i  • 


If  f  be  the  tensile  stress  at  distance  y,  from  the  neutral  axis, 
and  E  the  modulus  of  elasticity  of  the  material,  we  already 
know  that : — 

stress      _ 


Or, 


strain 
/ 


l'-l 


=  K 


I 


V-l 


v        I  —  I 
Substituting  —  for  — j- ,  and  inverting,  we  get : — 

P      Ej/ 


(I) 


If  we  had  considered  in  the  same  way  a  layer  of  fibres  at  * 
distance  i/,  to  the  concave  side  of  the  neutral  surface,  and 
denoted  the  stress  there  as  -/'  (the  minus  sign  indicating  com- 
pressive stress),  we  should  have  arrived  at  the  equation  : — 


P 


Kg" 


(U 
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Let  a  be  a  small  element  of  the  cross-sectional  area  at  a 
distance  y,  then  on  the  one  side  of  the  neutral  axis  we  have  for 
the  total  resistance  to  tension  : — 

2a/=y2ay (II) 

On  the  other  side  of  the  neutral  axis  the  total  resistance  to 
compression  is : — 

-2af-~  ?ay'. (II„) 

But  these  forces  constitute  a  couple,  and  are  therefore  equal. 

Hence,  equating  the  right  hand  members,  we  have,  neglecting 

E 
the  common  factor,    — : — 2  ay  =  2  ay'. 

The  neutral  axis,  therefore,  passes  through  the  centre  of  area 
of  each  cross-section.  If,  however,  E  be  not  the  same  for  Tensile 
and  Compressive  stresses,  then  the  N.  A.  will  not  pass  thiough 
the  centre  of  the  area,  but  will  lie  to  the  side  having  the  greater 
value  of  E. 

To  obtain  the  magnitude  of  the  resisting  couple,  we  multiply 
the  resistances,  af  and  a/',  by  their  respective  distances,  y  and 
y',  from  the  neutral  axis,  and  sum  up  these  products  for  the 
whole  section.  Thus,  from  equation  (II)  the  total  moment  of 
resistance  on  the  convex  side  of  the  neutral  axis  is  : — 

E 

And  on  the  concave  side : — 

E 

-  2  af  y  =    —2  a  y'\ 

The  sum  of  these  results  constitutes  the  total  Resisting 
Moment,  R.M.,  for  the  section. 

Hence,  R.M.  =  -2ay*  +  -2a  y'\ 

P         J         P         J 

.  There  is  now  no  longer  any  need  for  distinguishing  between 
y  and  y\  since  the  process  of  summation  is  the  same  all  over  the 
cross- section.     We,  therefore,  finally  get : — 

RM.  =  -  2  a  y2 (Ill) 

The  quantity  2 ay2,  being  a  purely  geometrical  function, 
depending  only   on  the  form  of   the   section,   is   termed   its 
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Moment  of  Inertia,  ami  is  usually  denoted  by  the  symbul  T, 
and  sometimes  by  the  product  Ak2  (see  Lecture  XXII). 
Table  II.,  Lecture  XXII.,  gives  the  values  of  Jc2  for  most  of 
the  sections  required  in  the  following  examples.  These  multi- 
plied by  A  will  give  the  required  values  of  I. 

Writing  I  for  2  a  y29  our  equations  become  : — 


EI 


B.M.  =  R.M.  =  - 


Or, 


1        M 

the  curvature, —  =  «-=.. 

p       Jiil 


(IV) 


Where  M  stands  for  either  the  B.M.  or  R.M. 
Again,  from  equations  (I)  and  (Ia),  we  get : — 

/EM 

y ~  p  ~~  i 

/t 


M 


y 


(V) 


Or, 


,       M" 

f  =  jy 


Formulae  (IV)  and  (V)  are  the  fundamental  equations  of  the 
theory  of  the  strength  of  beams  and  girders.  In  applying  the 
latter  equation,  it  must  always  be  borne  in  mind  that  f  stands 
for  either  the  tensile  or  compressive  stress  at  any  distance  y, 
above  or  below  the  neutral  axis. 

The  greatest  stress  comes  on  the  fibres  farthest  from  the 
neutral  axis,  and  is  the  principal  effect  to  be  considered  in 
questions  of  strength.  If  this  is  amply  provided  for,  the  beam 
will  be  safe.  Lf  t  y  now  denote  the  distance  of  the  fibres  farthest 
from  the  neutral  axis  : — 

Then,  f„  =-=-xy  =  M^_  m 

»  ''wax.  I  V 

The  ratio  -  is  usually  denoted  by  Z,  and  is  called  the  Modulus 
cf  the  Section  * 

*  See  Prof.  Unwin's  F.lements  of  Machine  Design,  Pages  56  to  59,  for  a 
table  of  the  moduli  of  sections  of  beams,  where  Z  =     .    Also,  in  Seaton  & 

y 

Konnthwaite's  Pocht  Booh  of  Marine  Enffineerincf  Rule*  and  Tables,  from 
-which  we  extracted  the  tables  at  the  end  of  this  lecture,  we  also  find 

Z  =    -  as  the  modulus  of  the  section. 

y 
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Hence,  writing  Z  for  - ,  we  have : — 

%f 

f    =~ 

J  max.         2  I (VI) 


Or,  M  =  Z/, 


max. 


In  applying  this  equation  the  student  must  be  careful  to 
remember  that  in  those  cases  where  the  section  of  the  beam  or 
girder  is  not  symmetrical  about  the  neutral  axis,  there  will  be 
two  values  of  y  to  be  taken  into  account,  and  therefore  two 
values  of  Z.  On  the  whole,  we  think  it  safer  to  adhere  to  the 
general  formula  (V)  as  being  less  likely  to  lead  to  confusion;  at 
the  same  time,  it  is  very  convenient  to  use  equation  (VI)  in 
taking  out  quantities  in  the  drawing  office  by  aid  of  tables  since 
it  reduces  the  work  of  calculation. 

Example  I. — A  floor  joist,  12  inches  deep  and  3  inches  broad, 
has  a  span  of  15  feet,  and  carries  a  uniformly  distributed  load  of 
1  cwt.  per  foot-run.  Find  the  greatest  intensity  of  stress  within 
the  timber.     (S.  and  A.  Adv.  Exam.,  1891.) 

Answek. — In  problems  involving  the  calculation  of  stress 
within  the  beam,  the  student  will  find  it  best  to  express  all 
dimensions  in  inches,  and,  therefore,  bending  moments  in  inch- 
lbs,  or  inch-tons  as  the  case  may  be. 

In  this  problem  the  greatest  stresses  will  occur  at  the  middle 
of  the  joist  where  the  bending  moment  attains  its  maximum 
value,  which,  in  this  case,  is : — 

Max.  B.M.  =  JtoL2  inch-lbs. 

Here,  w  —  -y~-  lbs. 

And,  L  =  15  x  12  inches. 

B.M.  =  g  x  (j^\  x  (15  x  12)2  inch-lbs. 

Or,  B.M.  =  14  x  15  x  15  x  12  „ 

The  value  of  I  for  a  rectangular  section  is  : — 

I  =  ^(breadth)  x  (depth)8, 
Or,  I  =  ,-n  x  3  x  12s  =  3  x  12  x  12. 
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The  greatest  stress  at  the  middle  section  of  the  joist  will 
occur  in  the  fibres  farthest  away  from  the  neutral  axis.  Hence, 
y  =  6  inches. 

Applying  equation  (V)  we  have  : — 


-      B.M. 


99 


14  x  15  x  15  x  12 
3  x  12  x  12 


x  6  =  525  lbs.  per  sq.  in. 


Example  II. — A  uniform  beam  of  oak,  10  feet  long,  15  inches 
deep  and  10  inches  wide,  sustains,  in  addition  to  its  own  weight, 
a  load  of  5,000  lbs.  placed  at  the  centre.  Find  the  greatest 
bending  moment  and  the  greatest  stress  in  the  fibres. 

The  specific  gravity  of  oak  is  0*934.  (S.  and  A.  Adv.  Exam., 
1894.) 

Answer. — Here  the  greatest  bending  moment  takes  place 
at  the  centre  of  the  beam  and  is  made  up  of  two  parts :  (1)  that 
due  to  the  beam's  own  weight  which  is  uniformly  distributed 
along  its  length ;  and  (2)  that  due  to  the  5,000  lbs.  concentrated 
at  its  middle. 

For  (1),  B.M.-l  =  £  w  L2  inch-lbs. 

And  for  (2),    B.M.2  =  JWL 

.\     Total,        B.M.  =J«/L2  +  JWL  inch-lbs. 

Taking  the  weight  of  a  cubic  inch  of  water  as  0*036  lb.,  then 
a  cubic  inch  of  oak  will  weigh  0*934  x  0*036  =  0*0336  lb. 

w  =  0*0336  x  15  x  10  =  5*04  lbs. 

And,     B.M.  =  i  x  504  x  (10  x  12)*  +  ±  x  5,000  x  (10  x  12) 

„     =  9,072  +  150,000  =  159,072  inch-lbs. 

Here,  I  =  TaT  x  10  x  15s  =  ^x5x5x  15x15 

And,  y  —  £  x  15  inches. 

-       B.M.     _  159,072 

J  -~T~V~  J  x  5x5x15  xl"5x*x15 

„  =  4241  lbs.  per  sq.  inch. 

Example  III. — A  round  steel  spindle  10  inches  long,  and  held 
at  one  end,  revolves  at  the  rate  of  150  revolutions  per  minute 
round  a  vertical  axis,  to  which  the  axis  of  the  spindle  is  parallel 
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and  from  which  it  is  2  feet  distant.  The  spindle  has  a  uniformly 
distributed  load,  the  whole  revolving  weight  being  30  lbs. 
What  should  be  the  diameter  of  the  spindle  when  the  safe 
working  stress  of  the  material  in  tension  or  compression  is  taken 
at  25,000  lbs.  per  square  inch?     (S.  &  A.  Hons.  Exam.,  1891.) 

Answer. — The  spindle  in  this  problem  may  be  likened  to  a 
benm  fixed  at  one  end  and  carrying  a  uniformly  distributed  load. 
The  load  being  not  the  revolving  weight  of  30  lbs.,  but  the 
centrifugal  force  of  that  weight  due  to  its  being  whirled  round 
at  the  rate  of  150  revolutions  per  minute. 

Velocity  of  spindle,  = ^ =  10  v  ft.  per  sec 

n     A  .,       ,  .               30  x  (10  x  <r)2        1500   x   «r«  „ 
Centrifugal  force,  =  -    —^-—^ = — lbs. 

This  force,  multiplied  by  half  the  length  of  the  spindle,  gives 
us  the  bending  moment  at  the  fixed  end  of  the  spindle  : — 

m,  •  t.  n.r  1500     X     AT2  10     .        ,     „ 

That  is,  B.M.  = oo x  ~o~  men -lbs. 

If  D  be  the  diameter  of  the  spindle  in  inches,  then  from  Lecture 
XXII.  we  get : — 

The  Moment  of  Inertia,  I  =  -gj-  D4 

I         «■ 
And  the  Modulus  of  Section,  Z  =  -yy-  =  -^ ^-D3. 

Now,  fZ  =  B.M. ;  and,  /  =  25,000  lbs.  per  sq.  inch. 

«mn*        *  ™        1500  ^r2        10 
25,000  x  -^D3  =  -  -g2 —  *  -y- 

Or,  D3  =  0-3  x  cr  =  0-94248 

Hence,  D  =  ^/0;94248  =  0*98  inch. 

Example  IV. — The  section  of  a  cast-iron  girder,  and  the 
maximum  safe  tensile  and  compressive  stresses  being  given, 
explain  how  to  determine  its  moment  of  resistance  to  bending. 
The  dimensions  of  the   section   of  a  cast-iron   girder  are  the 
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E 


• 

Neutral 


A 


* 


4"--* 


3 


following: — Top  flange,  4  by  1J  inches;   bottom  flange,  12  by 

1}  inches;  web,  16  by  1J  inches.     Determine  the  moment  of 

resistance,    the   greatest   permissible    tensile    and   compressive 

stresses    being    2|    and   1\  tons    per 

square  inch  respectively.    If  the  girder 

be  20  feet  long,   and  is   supported  at 

its  two  ends,  find  the  greatest  safe  load 

which    it    will  carry  when    uniformly 

distributed  along  its  length.     (S.   and 

A.  Hons.  Exam.,  1895.) 

Answer. — As  this  is  an  excellent 
example  for  showing  the  student  how 
the  R.M.  of  a  girder  section  is  cal- 
culated, we  shall  go  into  the  matter 
in  detail.  Let  the  accompanying 
figure  represent  the  cross-section  in 
question. 

We  have  first  to  find  the  position 
of  the  neutral  axis  N  A,  by  writing 
down  the  sectional  areas  of  the 
parts      composing     the      figure,     and 


x»-l2i' 


1  Axis. 


* 


*rt" 


taking      moments     about     the     lower 
edge. 


«- 


12" » 


Section   of  Girder. 


Area  of  top        flange  =    4x  1J=    6  sq.  in. 
bottom 
web 


a 


97 


=  12  x  lj  =  21 


>> 


99 


=  16  x  1£  =  24 


99 


Total  area  of  section 


=  51 


99 


Then,  since  N  A  passes  through  the  centre  of  area  of  the 
section,  we  have  : — 

51  x  xL  =  6  x  18J  +  24  x  9f  +  21  x  |  =  363$. 

363f  __ 
51"  "  '*' 


*i  - 


And 


x2  =  191  _  7|  =  124. 


We  calculate  the  value  of  I,  the  moment  of  inertia  of  the 
section  about  the  neutral  axis,  by  finding  that  for  each  of  the 
parts  into  which  the  section  is  divided  and  taking  their  sum. 
As  the  neutral  axis  does  not  pass  through  the  centre  of  any  of 
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those  parts,  we  shall  have  to  employ  Proposition  I.  of  Lecture 
XXII.,  to  which  we  again  refer  the  student. 

.Remembering  that  the  moment  of  inertia  of  a  rectangular 
area  about  an  axis  through  its  centre  of  gravity  is : — 

^2  (breadth)  x  (depth)8,  we  have: — 
For  top  flange,  It         =  T\  x  4  x  (1£)3  +  6  x  (llf)2. 

„        „  =  1-125 +  776-343  =  777-468. 

For  bottom  flange,  Ib  =  TV  x  12  x  (1  j)*  +  21  *  (6  J)2. 

„-  5-359 +  820-312  =  825-671. 
For  web,  lw  =  -^  x  H  x  (16)3+  24  x  (2J)2. 

=  512-0  +  165-375  =  677*375. 
.-.  For  whole  section,  I  =  777-468  +  825-671  +  677-375  =  2280-5.* 

To  illustrate  what  we  said  about  the  moduli  of  unsymmetrical 
sections,  we  shall  find  both  moduli  for  this  example : — 

t?     .       -        rj        I       22805      OOA„ 
For  tension,  Zt  =  —  =  -_-,-_=-  =  320*0. 

xx       7- 125 

rj         l      2280-5      ,OOA 
For  compression,  Zc  =  —  =  T0;,-.r£-=  1880. 

The  question  gives  as  the  greatest  permissible  values  for  : — 

Tensile  stress,./^  =  2*5  tons  per  sqr.  inch. 
Compressive  stress,^  =  7*5         „  „ 

Since,  R.M.  =  Zf  „„    we  must  take  the  lower  of  the  two 

'  ■'  max. , 

values  of  R.M.  in  fixing  the  load  to  be  carried  by  the  girder. 
These  are : — 

Zt  x  ft  =  320  x  2-5  =  800  inch-tons. 
And,  Ze  x  fc  =  188  x  7-5  =  1410  inch-tons. 

B.M.  =  R.M.  =  800  inch-tons. 

*  Another  and  rather  shorter  method  of  finding  I  for  this  form  of  section 
is  to  (1)  produce  the  sides  of  top  and  bottom  flanges  to  meet  the  neutral 
axis  N  A,  (2)  calculate  the  moments  of  inertia  of  the  two  full  rectangles 
thus  formed,  (3)  subtract  from  their  sum  the  moments  of  inertia  of  the  four 
rectangular  areas  which  are  in  excess  of  the  section  of  the  beam.  All  these 
moments  may  be  found  by  the  formula  I  =  ^Bx  D3,  which  will  only 
require  to  be  used  four  times  as  the  blank  rectangles  on  each  side  of  the 
web  are  equal  in  pairs. 
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The  girder  will,  therefore,  safely  carry  a  uniformly  distributed 
load,  given  by  the  equation  : — 

£  w  L2  =  800. 

„  T       8  x  800       na„  . 

W  =  wL  =  2Q  x  12  =  26f  tons. 

This  will  make  the  maximum  compressive  stress 

f        =  M  =  4-255  tons, 

J  c  max.        log         ■»«!#«#  «, 

instead  of  7*5  as  given;  showing  that  the  girder  is  not  well 
designed. 

In  a  properly  proportioned  section  we  should  have  : — 

Zt  x  ft  =  Zc  x  fc. 

Thin  Wrought-Iron  Girders. — In  the  case  of  wrought-iron 
girders  where  the  flanges  are  thin  compared  with  their  distance 
apart,  and  where  the  bending  resistance  of  the  web  is  disre- 
garded as  a  provision  against  the  shearing  force  acting  at  the 
section,  the  formulae  for  the  moment  of  resistance  are  very  simple. 

Let  At  =  Area  of  flange  in  tension. 
„     Ac  =  Area  of  flange  in  compression. 
„     H  =  Distance  between  centres  of  flanges. 
„     ft  —  Mean  stress  in  tension  flange. 
„     fc  =  Mean  stress  in  compression  flange. 

Distance  between  centre  of  tension  flange  and  the  neutral 
axis  is : — 


Vt 


and  the  distancebetween  centre  of  compression  flange  and  the 
neutral  axis  is  : — 

The  moment  of  inertia  of  the  flanges,  with  respect  to  the 
neutral  axis,  is : — 

2  /        a.        \2 

I  «  At 


(to)2112  +  A«  fcrsr) H' 
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Or,       I  =  {At   x  AJ  +  Ae  x  A;}   x   (       +  Ac  ) 

Since,  /  =  — j-  y. 

f M /      At 

{A,  x  A;  +  A,  x  A?}  (^-^7) 

^  M 

Hence,  ft  = 


H 


At    x    H 

Similarly,  fe    =  --  --fl 


(VIT) 


Example  V. — A  wrought-iron  riveted  girder  of  I  section  has 
a  top  Jiange  of  9  square  inches  in  sectional  area,  and  a  bottom 
flange  of  8  square  inches.  The  distance  between  the  centres 
of  gravity  of  the  flanges  is  12  inches,  and  the  ends  of  the 
beam  rest  on  abutments,  16  feet  apart.  The  girder  being  loaded 
uniformly  with  a  load  equal  to  1  ton  per  lineal  foot  (including 
the  weight  of  the  beam).  What  would  be  the  mean  stress  per 
square  inch  on  the  metal  in  each  flange  at  the  dangerous  section  ? 
The  resistance  of  the  web  to  bending  is  neglected.  (S.  &  A. 
lions.  Exam.,  1892.) 

Answer. — By  "dangerous  section"  is  here  meant  the  middle 
section  of  the  girder,  where  the  maximum  bending  moment 
occurs.     (See  equation  (XIa)  of  Lecture  XXXI.) 

Max.  B.M.  =-j-(li)   *  (16   x    12)2  =  32  x    12  inch -tons. 
Hence,  mean  stress  in  tension  flange, 

f.  =  -^ r^-  =  4  tons  per  square  inch. 

And,  mean  stress  in  compression  flange, 

fc  =-q Y2"  =*  3*55  tons  per  square  inch. 

Curvature  and  Deflection  of  Beams. — When  we  speak  of  the 
curvature  or  the  deflection  of  a  beam  we  mean  that  of  its 
neutral  surface. 
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If  the  beam  is  fixed  at  one  end,  we  take  the  origin  of  co- 
ordinates at  that  end ;  but  if  supported  or  fixed  symmetrically 
at  both  ends,  we  take  it  at  the  middle. 

Let  the  co-ordinates  of  the  neutral  surface  curve  be  denoted, 
as  usual,  by  x  and  y,  then  the  deflection  of  the  beam  at  any 
distance  x9   from   the  origin  will  be  measured  by  y  and  the 

tangent  of  its  inclination  to  the  horizon  by  t^. 
n  J  dx 

The  equation  of  the  curve  into  which  the  beam  is  bent  will 

be : — 

y=<p(x\ 

Where    p(x)  is   a  function   of  a?  to  be  determined  for  each 
particular  case. 

In  treatises  on  the  analytical  geometry  of  plane  curves  it  is 
shown  that  the  general  expression  for  radius  of  curvature  is : — 


{> ♦ m*\ 


_d2y 

dx* 

d  a 
Although  of  great  importance,  in  the  theory  of  beams  -j--  is 

Ob  X 

always  such  a  small  fraction,  that  its  square  becomes  a  perfectly 
negligible  quantity  in  comparison  with  unity.     We  may,  theie- 

(dy\% 
T-  1    in  the  above  formula, 

and  write  ,--0  =  — . 
axz       p 

But  by  equation  (IV)  of  this  Lecture  we  know  that : — 

In  what  follows  we  shall  assume  that  the  beam  or  girder  is  of 
uniform  section  so  that  I  is  constant,  the  more  general  cases 
where  I  varies  being  rather  beyond  the  scope  of  this  treatise. 

We  shall  begin  by  working  out  the  following  example,  which 
will  form  a  good  introduction  to  this  rather  mathematical  part 
of  our  subject. 

Example  VI. — Investigate  a  formula  for  calculating  the  amount 
of  deflection  of  a  beam  supported  at  its  ends  and  loaded  uni- 
formly. Find  the  deflection  in  a  beam  of  timber  of  uniform 
rectangular  section,  6  inches  wide  and  12  inches  deep,  the  beam 

10 
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being  supported  at  its  ends  in  a  horizontal  position  on  two  wall -< 
12  feet  apart.  There  is  to  be  taken  into  account  a  single  con- 
centrated load  of  4,000  lbs.  at  the  centre,  and  a  uniformly  dis- 
tributed load  of  2,500  lbs.,  the  modulus  of  elasticity  being 
1,750,000  lbs.  per  square  inch.     (S.  &  A.  Hons.  Exam.,  1891.) 

Answer. — Taking  the  middle  of  the  beam  as  the  origin  of 
co-ordinates,  we  have  already  proved  (see  equation  (XI)  in  Lecture 
XXXI.)  that  the  bending  moment  at  x  inches  from  this  point,  in 
the  case  of  a  beam  L  inches  between  supports,  and  loaded 
uniformly  with  w  lbs.  per  inch-run,  is  : — 

B.M.  -  i  w  (i  L*  -  x*)  inch-lbs. 

Substituting  this  in  formula  (VIII)  we  get : — 

*V  -      w      /its     <#\ 

Now,  multiplying  both  sides  by  dx,  and  integrating,  we 
have: — 

This  needs  no  correction  because  -^-  =  0,  when  x  =  0. 

ax 

Integrating  a  second  time,  we  get : — 

Or,  f-gf1<iW*,-i**) (IX) 

This  also  requires  no  correction,  as  x  and  y  vanish  together. 
Now,  let  A1  denote  the  deflection  of  the  beam  for  the  distri- 
buted load  :— 

A1  =  y,  when  x  =  £  L. 


x. 


w 


Or,  ^  =     "  -  {J  L*  (J  L)»  -  i  (J  L)*}. 

t 

a   „  5a;L4  inches. (X) 

^      384EI  l    ; 

In  the  case  of  a  beam  carrying  a  single  load  of  W  lbs.  at  its 
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middle  point,  the  bending  moment  due  to  that  load  at  x  inches 
from  the  middle  point  (Equation  (VII)  Lecture  XXXI.)  is  :— 

B.M.  =  \  W  (J  L  -  x)  inch-lbs. 
d*y        W    /1T 

dx*  -  sm{tlJ^x)m 

The  first  integration  of  this  equation  gives  : — 
And  the  second  integration  : — 

y  =  nri(*Ljf2-*JfS) <XI> 

If  A2  be  the  total  deflection  in  this  case,  then  A2  is  the  valu« 
of  y  when  x  =  J  L. 

*2  =  ori{*L(*L)2-^L)'>- 


Or, 


A* =  Si inches- (XII) 


If  the  beam  carry  both  loads  at  the  same  time,  as  given  in 
the  question,  then  the  total  deflection  due  to  the  two  loads 

will  be : — 

A  =  Ax  +  A2. 

5  wit        WL« 

~  384  B I  +  48  EX 


Or, 


L3 


The  numerical  data  given  are  : — 
L  =  12  x  12  inches. 
I  =  ^  b  d?  =  TV  x  6  x  123  =  6  x  123. 
W  =  4,000  lbs. 
wJj  =  2,500. 
And,         E  =  1,750,000. 

(12  x  12)8 


A  = 


48  x  1,750,000  x  6  x  122 
A  =  0-2288  inches. 


(|  x  2,500  +  4,000) 
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Uniform  Beam  on  Three  Supports.— Suppose  we  are  given  a 
uniform  beam  resting  on  three  supports  all  on  the  same  level, 
to  find  the  pressure  on  the  middle  support. 

It  is  clear  that  if  the  middle  support  were  taken  away,  the 
weight  of  the  beam  would  cause  it  to  bend  down  at  the  middle 
[as  found  above  by  equation  (X)]  through  a  distance 

5  w  U  .     . 
Al  "  384EI  mche8' 

We  have  also  seen  by  equation  (XII)  that  a  single  concentrated 
load  of  W  lbs.  applied  at  the  middle  of  the  beam  would  produce 

WL3 

an  amount  of  deflection.  A«  =  >4a  —  v  inches.  ! 

£      48  E  I 

This  gives  us  the  upward  deflection  caused  by  the  reaction  of  ! 

the  central  support  if  we  put  its  value,  P,  instead  of  W  in  the  i 

equation. 

The  total  deflection  will  be  zero  if  all  three  supports  are  on 
the  same  level. 

_PL»       ^U 

'  48  E I       384  B  I* 

Or,  P  =  |  w  L. 

The  pressure  on  the  middle  support  is  thus  seen  to  be  £  of  the 
weight  of  the  beam ;  whilst  the  end  supports  each  carry  T\-  of 
the  weight. 

Uniform  Beam  Fixed  at  one  End  and  Supported  at  the  other. — 
If  w  be  the  weight  of  the  beam  in  lbs.  per  inch-run  and  L  its 
length  in  inches,  then,  we  already  know  that  at  x  inches  from 
the  fixed  end,  the 

B.M.  =Jw(L  -  jb)2  inch-lbs. 
Putting  this  value  of  the  B.M.  in  equation  (VIII),  we  get : — 

S  =  <^<L-*>2  =  m(L8-2L*  +  *,>- 

w    f 
And,        y  —  2-™ yl{L2a?  -  La;2  +  \a?}dx 

y  =  2!Wl{bI'*xi-hhx3  +  &xi}-      •    •    (XIII) 


BEAM   FIXED   AT   END. 
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This  last  equation  gives  the  droop  of  the  beam  at  any  distance 
a:,  from  the  fixed  end  At  the  free  end  let  Ax  be  the  value  of  y 
when  x  =  L. 

Then,  »*- 


i-SEl1™1168 <XIV> 


A,  = 


Let  P  be  the  upward  pressure  in  lbs.,  between  the  beam  and 
a  support  placed  under  its  free  end.  The  bending  moment,  due 
to  P,  at  x  inches  from  the  fixed  end  is  P(L  -  x)  inch-lbs. 
Hence,  the  curvature  produced  by  P  will  be : — 

^y     p  n     ,\ 

•'•     S  =  Mt/<L -*><**=  EI  ^-fc^' 

And,  g  =  -g-j  j(L  x  -  $<*)  d  x  =  —  (L  jfl  -  4  jr»).  .     (XV) 

When  x  =  L,  let  y  =  A.2. 


PL3 
2  -  3ETmches- (XVI> 


Ao  = 


If  A2  ^  A1?  the  supported  end  will  be  raised  to  the  same 


level  as  the  fixed  end. 
Then, 


PL3       wV> 


3EI  ~  8EI' 


Or, 


P  =  §wLlbs. 


This  result  shows  that  the  pressure  on  the  prop  is  equal  to  § 
of  the  weight  of  the  beam. 

It  will  be  instructive  for  the  student  to  observe  that  this 
result  might  easily  have  been  inferred  from  the  previous  case  of 
a  beam  resting  on  three  props. 

In  that  case  the  part  of  the  beam  immediately  over  the  middle 
support  is  in  exactly  the  same  condition  as  the  fixed  end  of  the 
beam  in  this  case  ;  so  that  whatever  is  true  of  each  half  of  the 
beam  in  the  former  case  will  here  hold  good  for  the  whole  beam. 
The  pressure  on  the  end  supports  is,  therefore,  identical  in  mag- 
nitude in  each  case ;  because  T\  of  the  weight  of  the  whole  beam 
is  the  same  thing  as  4  of  the  weight  of  each  half. 

Beam  Fixed  at  Both  Ends  and  Loaded  at  the  Centre. — When  a 
beam  is  fixed,  or  built  horizontally  into  a  wall  at  both  ends,  the 
fixing  causes  a  bending  moment  which  is  constant  all  over  the 
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beam.  For  the  reaction  of  the  left  support  in  keeping  the  bean* 
horizontal  is  equivalent  to  a  force  F,  acting  downwards  at  some 
distance  I,  to  the  left  of  that  support,  and  an  upward  force  P, 
at  the  support.     The  bending  moment  at  the  support  is  then  : — 

M,  =  P  x  I. 

And,  at  any  other  point,  E,  of  the  beam,  at  a  distance,  z  (leas 
than  half  the  span  from  the  support),  the  B.M.  caused  by  this 
reaction  at  the  support  is : — 

B.M.  =  P(z  +  0  -  Pa  =  PI  =  M,. 

Consequently,  the  fixing  at  the  ends  causes  a  constant  B.M. 
all  over  the  beam,  equal  to  that  at  the  supports,  in  addition  to 
that  caused  by  the  load  (but  in  the  opposite  direction). 


Bkam  Fixed  at  Ehds  and  Loaded  at  Centre. 

Taking  our  origin  of  co-ordinates  at  C,  the  centre,  and  the 
undetected  axis,  or  neutral  line  of  the  beam,  as  our  axis  of  x, 
we  have,  at  a  section  D,  distant  x  from  C  : — 


B.M.  =  R^L-^-M,  =£W(£L-:c)  -  M, 


Hence,  from  eqn.  I  d2y         1    ,  .__  ,,T  , 

(VIII),         Jrf-ElfJWtiL-.J-M. 


1T(iW(L*-*')-M,*) 

The  beam  is  horizontal  at  the  centre  and  at  the  ends,  therefore 

■r-  is  zero  when  x  is  zero,  and  when  x  =  AL. 
ax  '  2 

0  =  ^rUW(£LS-iL*)-pf.L} 

Or,  M.-JWL 


BEAM   FIXED   AT   BOTH   ENDS. 
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Inserting  this  value  in  the  above  equation  for  the  B.M.  we 
get  :— 

B.M.  =  iW(£L  -  x)  -  JWL 

Or,  B.M.  =  £W  (£L  -  x)      ....     (XVII) 

At  the  centre,        B.M.  =  £W  .  £L  =  £ W  L  -  M, 

Maximum  B.M.  =  M,  =  £W  L (XVIII) 


B.M.  Diagram  fob  Beam  Fixed  at  Ends  and  Loaded  at  Centre. 

We  thus  see  that,  in  this  case  the  fixing  of  the  ends  reduces 
the  maximum  B.M.  to  half  what  it  would  be  with  free  ends,  and 
that  this  maximum  B.M.  occurs  both  at  the  centre  and  the 
ends. 

The  B.M.  diagram  is  similar  to  what  we  had  for  a  beam 
simply  supported,  but  the  base  line  is  shifted  half  way  down  the 
diagram,  so  that  it  is  crossed  at  F  and  Gr  by  the  lines  representing 
the  B.M.  It  will  be  seen  from  equation  (XVII)  that  the  B.M. 
is  zero  where  x  =  \  L,  and  that  it  is  positive  on  one  side  of  this 
point,  and  negative  on  the  other.  This  is  one  of  the  points 
where  the  B.M.  curve  cuts  the  base  line,  and  it  is  called  a  point 
of  inflection,  because  the  beam  is  straight  just  at  that  point  and 
the  curvature  changes  sign.  There  is,  of  course,  another  point 
of  inflection  at  the  distance  \  L  on  the  other  side  of  the  centre. 

In  large  girder  bridges  that  part  of  the  span  between  the  two 
points  of  inflection  is  made  separate  from  the  remainder  and 
rests  on  rollers  at  these  points.  This  allows  freedom  of  expan- 
sion without  reducing  the  strength  of  the  bridge. 

Integrating  the  value  of  -=^-  we  get : — 

OL  X 

y=±l  {iW(±Ls*  -  J*)  -  TVWL4 
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Therefore,  at  the  ends,  where  x  =  J  L  : — 


W  Ls 
192ET 


Hence,  the  difference  of  level  between  the  centre  und  the  ends 
is: — 

a          WLS  /V1V\ 

4"    192EI <X1X> 

This  is  only  one-fourth  of  the  deflection  when  the  beam 
simply  rested  on  its  supports  (Equation  XII),  so  that  the  beam 
is  now  tour  times  as  stiff. 

Seam  Fixed  at  Both  Ends  and  Loaded  Uniformly. — Taking 
axes  as  before,  the  B.M.  at  any  section,  D,  is  : — 

B.M.  =  R.,  (i  L  -  x)  -  i  w  (J  L  -  xf  -  Mt 

Or,    B.M.  =  j  w  L  (J  L  -  x)  -  &  w  (J  L*  -  L  x  +  n?)  -  M,. 


EI  I 


<*•   H-i-fiJ-aw-w-x.' 


BEAM   FlXBD   AT   BOTH   ENDS   AND 

Loaded  Uniformly. 

In.  this 

case  also,  ~~    is  zero  when 

c  is  zero,  and  when 

o- j»L'(!  -  A) 

-  JM,L, 

Or, 

Hence, 
Or, 

B.M.  .  J«(il-'-  «■) 
B.M.  .  1  w  (,',  L'  -  Jf' 



At  the  centre,  where  x  =  0,  the  B.M.  if 

„        tfL!      WL       , 
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This  is  only  half  of  that  at  the  support.     Hence,  the  greatest 
bending  moment  occurs  at  the  support,  and  its  value  is : — 

Maximum  B.M.  -  rVa/  L«  =  ^  W  L.      .    .  (XXI) 


2  V3 


B.M.  Diagram  for  Beam  Fixed  at  both  Ends  and 

Loaded  Uniformly. 

TKe  points  of  inflection  occur  where  x2  =  <fa  L2  or  x  =  ± 

d  t/ 
By  integrating  the  above  value  of  ~- : — 

y=  gi  {  i  » (i  L2*2 -  A «*)  -  A «  L^ }  =4^|T(L^  -  2**). 

Putting  a;  =  -we  obtain  the  amount  by  which  the  centre  of 
the  beam  is  deflected  by  the  load,  viz. : — 


A  = 


w 


U      L« 


48  E 


iU     »y 


o/L* 


WL3 


384  £  I       384  EI 


(XXII) 


We  thus  see  that,  by  fixing  the  ends  horizontally  for  this 
manner  of  loading,  the  strength  of  the  beam  is  increased  in  the 
latio  3  :  2,  and  its  stillness  in  the  ratio  5  :  1. 

When  the  span  of  the  beam  is  small,  it  may  be  designed 
wholly  from  considerations  of  strength ;  but  when  the  span  is 
great  a  beam  may  be  strong  enough,  and  yet  not  suitable, 
because  it  yields  too  much  when  the  load  is  put  on  it.  It  then 
becomes  necessary  to  take  the  stiffness  into  account  by  using 
one  of  the  formulae  we  have  found  for  the  deflection.  The 
greatest  deflection  usually  allowed  in  beams  is  1  inch  in  100 

•feet,  or  yztsjs  °^ tne  8Pan« 

In  the  tables  below  we  give  a  summary  of  these  results, 
showing  the  relation  between  them. 
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The  quantities  in  the  sixth  column  are  obtained  by  substitut- 
ing the  value  of  the  maximum  B.M.  given  by  the  third  column 
in  the  fifth,  and  for  those  in  the  seventh  we  have  put  the  value 

of  M  (viz.,  - — j  found  in  equation  (V). 

We  also  print  for  reference*  a  table  of  the  strengths  of 
materials  and  of  the  moduli  of  different  sections. 

*  From  Seaton  &  Kounthwaite's  Pocket  Book  of  Marine  Engineering 
Rules  and  Tables,  which  may  be  consulted  for  other  cases  of  beams;  or 
Unwin's  Machine  Design,  Part  I. 


TABLES. 
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Strengths,  &c,  of  Materials  (Summary). 


Ultimate 

Elastic 

Elongation 

Material. 

Tensile  Strength. 

Strength. 

per  cent., 

lbs.  per 

lbs.  per 

when  broken  by 

square  inch. 

square  inch. 

Tensile  Stress. 

Cast-iron  (ordinary  gooc 

)             18,000 

11,000 

•  •• 

,,        (Admiralty), 

/  not  less  than  \ 
'    t       20,160       J 

•  •  • 

•  •  • 

Wrought-iron  bars  (or 

dinary  good), 

54,000 

29,000 

15%  *n  8  *ns- 

Yorkshire  plate — 

With  grain,      . 

54,000 

26,000 

207.      ,, 

Across   „ 

49,000 

•  •  • 

1*7.       .. 

Staffordshire  plate — 

With  grain, 

50,000 

24,000 

12  7.      .. 

Across   ,, 

41,000 

•  •  • 

87,      ,. 

Iron  forgings — 

Large, 

45,000 

•  •• 

•  7,     .. 

Small, 

50,000 

•  •  • 

137e       .. 

Steel  castings  (ordinary 

r 

good), 

67,000 

35,000 

107,     .. 

t  not  less  than 
]    13i-18i70 
f       in  2  ins. 

(       not  less       ) 

Steel  castings  ( Admiral t; 

?)  <          than         > 
(        63,000       \ 

•  •  • 

„           (Lloyd's), . 

j  not  exceeding  \ 
t        67,000       J 

•  •  • 

/  not  less  than 
1 10  %  in  8  ins. 

Steel  boiler  plate — 

(Ordinary  good), 

65,000 

36,000 

20  %        » 

(Admiralty)  internal 

/  not  exceeding  \ 
'    \        60,480       / 

•  •  • 

(  not  less 

20%       „ 

,,          shell,     . 

60,480-67,200 

<     than 
f   31,360 

•  •  • 

(B.  of  T.)  internal,    , 

58,240-67,200 

•  •  • 

•  •• 

,,        shell, 

60,480-71,680 

•  •  • 

18  7  in  10  ins. 
(  not  less  than 
}207oin8ins. 

Lloyd's,    . 

58,240-67,200 

•  •  • 

Steelf  orgings  ( Admiralt] 

f)     62,720-78,400 

/  34,500  to 
t  43,120 

28  7.  to  247.) 
in  2  ins.        ) 

Sheet  copper, 

30,000 

5,600 

35  70  in  8  ins. 

Copper  wire  (annealed), 

40,000 

••• 

•  •• 

Gun  -  metal      (ordinary 

r 

good) . 

27,000 

6,500 

10  7a  in  2  ins. 

Gun-metal  (Admiralty), 

31,000 

•  •  • 

•  •  • 

Phosphor  bronze  (cast), 

35,000 

19,000 

12  70  in  2  ins. 

Manganese  bronze   ,,     . 

55,000 

•  •  • 

io:<°  » 

,,             (rolled 

),'           67,000 

•  •  • 

20  7o      „ 

Muntz  metal, 

50,000 

30,000 

30%        „ 

Naval  brass,  . 

*  54,000 

24,000 

- 

25  7G  in  8  ins. 

318 


LECTURE  XXXII. 


© 

9 

CO 


e 
o 

I 

a 

•8 


N 


«m  a 
©  p. 


■3 


go    II 


P 


t 

Sag 
3.2© 


3 


a 
o 

'3 

o 

© 


4 


%|<o 


ih 


%B 


01 


5S.IC 


Tiia 


°1d 


+  S 


I 
GQ 


01 


i 


00 

s 


i 


00 


+ 

+ 

w 


c* 


%|2 


i 


CI 


S 


+ 


I 


3 


I 

8b 


i 

W 


^ 


I 


P^ 


i»-4f-- 


kJ*.*i 


i 

& 

8 


MODULI   OF   BEAM   SECTIONS. 


319 


§ 


<S 


09 

o 


w 

H 

S 

o 

CQ 

to 
O 


so 

P 
n4 

fc> 

Q 

O 


« 

8 

H 

S3 

H 

* 
O 


I" 


w 

CO 


+ 


% 
O 


t 

Si* 


g 


I 


Ol 


M 

+ 


« 


1 

«^ 

*r 

w 

i 

pa 

•^ 

-65 

i 

-O 

i 

+ 

« 

3» 

* 

rO 

» 

1 

-1    ,J 

« 

O 

« 

w 

I 

a 

^» 
I 

I 
Si 


I 

a 


a 
o 


I 


w 

+ 


§ 
53 


& 


-3tr-H     ^-^ 


I 

w 


i— *~i  ^-iri 


320  LECTURE  XXXII. 


Lecture  XXXII.— Questions. 

1.  A  wrought-iron  flanged  girder  is  required  to  support  a  travelling  load 
of  50  tons,  the  distance  between  the  supports  being  40  feet.  The  stress 
coiues  upon  the  girder  at  two  points,  the  wheels  on  the  traveller  being 
10  feet  apart.  What  section  of  girder  will  be  required  to  afford  the 
necessary  strength,  presuming  that  the  ultimate  strength  of  the  girder  is 
six  times  that  of  the  greatest  stress  to  which  it  will  be  subjected  ? 

2.  Prove  the  law  which  governs  the  transverse  strength  of  a  beam  of 
timber  when  supixirted  at  both  euds  and  loaded  at  the  centre.  How  are 
the  constants  required  for  applying  this  law  arrived  at  ? 

3.  A  bar  of  wood,  7  feet  long  and  2  inches  square,  is  supported  at  both 
ends,  and  is  broken  by  a  weight  of  500  lbs.  suspended  at  the  centre. 
What  weight  in  pounds  will  a  rectangular  bar  of  the  same  material,  sup- 
ported and  loaded  in  like  manner,  sustain,  when  its  length  is  S  feet,  its 
breadth  2&  inches,  and  its  depth  4  inches  ?    An*.  2187*5  lbs. 

4.  A  rectangular  beam  of  fir,  of  uniform  section  throughout,  is  supported 
horizontally  on  two  walls  15  feet  apart,  and  has  to  carry  a  load  of  1 4  tons 
at  5  feet  from  one  of  the  walls.  The  width  of  the  beam  is  5  inches ;  find 
iis  depth,  taking  the  breaking  load  at  four  times  the  safe  load.  How 
much  should  the  depth  of  the  beam  be  increased,  the  breadth  remaining 
constant,  if  the  load  were  shifted  from  its  original  position  to  the  centre 
of  the  beam,  the  breaking  weight  of  a  beam  of  fir  15  inches  long,  1  inch 
broad,  and  1  inch  deep,  supported  at  both  ends  and  loaded  in  the  middle, 
being  taken  at  360  lbs.  ?    Am.  8  9  inches ;  £  inch. 

5.  A  solid  rectangular  girder,  3  inches  deep  and  2  inches  broad,  is  sup- 

Sorted  at  both  ends  on  supports  5  feet  apart.     It  is  loaded  with  a  uniformly 
istributed  load,  including  its  own  weight,  of  10  cwts.  per  foot  run.     What 
is  the  maximum  intensity  of  stress  at  the  outer  fibres  ? 

6.  If  two  cast-iron  beams -one  circular  in  section  and  2*73  inches  in 
diameter,  the  other  of  rectangular  section,  3  inches  broad  and  2  inches 
deep — be  each  supported  at  two  points  20  inches  apart,  and  loaded  at  the 
centre  with  a  load  of  2  tons ;  what  will  be  the  maximum  intensity  of  stress 
produced  in  each  case  ? 

7.  A  beam  of  tir  is  built  into  a  wall  at  one  end,  and  projects  6  feet  from 
the  wall.  The  width  of  the  beam  is  4  inches  ;  find  its  depth  to  bear  safely 
a  load  of  1,200  lbs.  uniformly  distributed  along  its  length.  Assume  that  a 
bar  of  fir  1  foot  long,  1  inch  broad,  and  1  inch  deep,  will  break  under  a 
load  of  125  lbs.  when  fixed  at  one  end  and  loaded  at  the  other  end,  and 
that  the  safe  load  is  £  the  breaking  load.     Ans.  6  inches. 

8.  What  must  be  the  breadth  in  inches  of  an  oak  cantilever  or  over- 
hanging beam,  6  feet  long  and  9  inches  deep,  in  order  to  carry  a  load  of  £ 
ton  at  its  extremity,  and  how  much  must  its  breadth  be  increased  in  order 
that  it  may  carry  an  additional  load  of  J  ton  uniformly  distributed  over  it* 
length  ?  The  actual  stress  is  not  to  exceed  £  of  the  breaking  stress,  and 
the  breaking  weight  of  an  oak  cantilever  6  inches  long,  1  inch  deep,  and  1 
inch  broad,  is  280  lbs.     Ans.  2*37  inches  ;  118  inches. 

9.  A  beam  of  fir  supported  at  each  end  is  inclined  at  an  angle  of  60°  to 
the  horizon,  and  is  loaded  at  the  centre  of  its  length  with  a  weight  of  1 
ton.  The  length  of  the  beam  is  10  feet,  and  its  breadth  is  2  inches  find 
the  depth  ;  the  breaking  load  on  the  centre  of  a  beam  1  foot  long,  1  inch 
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broad,  and  1  inch  deep,  and  supported  at  the  onds  in  a  horizontal  position, 
being  450  lbs.     Ans.  3*527  inches. 

10.  A  cast-iron  cantilever  or  overhanging  beam  of  T-section  is  6  feet  long, 
and  9  inches  deep,  the  top  flange  being  6  inches  wide.  The  beam  has  to 
carry,  with  safety,  at  its  end  a  load  of  1  ton,  together  Mjith  a  distributed 
load  of  1  ton  over  its  length.  Find  the  thickness  of  the  top  flange,  the 
tensile  breaking  strength  of  cast-iron  being  8  tons  per  square  inch,  and  the 
admissible  load  for  a  safe  stress  being  one-fourth  the  breaking  load. 
An&.  1  inch. 

11.  Find  the  greatest  load  that  may  be  uniformly  distributed  on  a  cast- 
iron  girder  having  top  and  bottom  flanges  united  by  a  web  of  the  following 
dimensions — width  of  upper  flange  3  inches,  of  lower  flange  9  inches,  total 
depth  12  inches,  thickness  of  each  flange  and  of  the  web  being  1  inch, 
distance  between  the  points  of  support  10  feet — when  the  greatest 
admissible  stress  in  the  compression  flange  is  3  tons  per  square  inch,  and 
that  in  the  tension  flange  is  Ik  tons  per  square  inch.    Ans.  9*9  tons. 

12.  Make  a  diagram  of  a  flanged  cast-iron  girder  to  carry  a  load  of  12 
tons  in  the  centre,  the  distance  between  the  points  of  support  being  20 
feet.  What  should  you  make  the  depth  of  the  beam,  and  what  should  be 
the  sectional  area  of  the  top  and  bottom  flanges  respectively  ? 

13.  A  rolled  steel  girder  has  a  mean  depth  of  10  inches,  the  top  and 
bottom  flanges  are  each  6  inches  wide,  and  the  metal  in  the  flanges  and  webs 
is  \  inch  in  thickness  throughout.  If  the  breaking  strength  of  the  material 
be  taken  as  40  tons  to  the  square  inch  of  section  for  both  tension  and 
compression,  then  (using  4  as  a  factor  for  safety)  what  would  be  the 
maximum  safe  load  uniformly  distributed  over  such  a  girder,  supposing  it 
to  be  supported  at  each  end,  the  supports  being  12  feet  apart  ?  Also  make 
a  diagram  showing  the  distribution  of  the  shearing  stress  in  the  middle 
transverse  section.     (S.  &  A.  Hons.  Exam.,  1890.) 

14.  A  rectangular  beam  of  timber  is  supported  at  both  ends,  and  loaded 
by  a  weight  in  the  centre.  Make  the  necessary  calculations  for  measuring 
the  strength  of  the  beam  to  resist  breaking.  For  a  bar  of  larch  6  feet  long 
by  2  inches  square,  supported  as  above,  the  breaking  weight  is  515  lbs.  ; 
taking  this  datum,  you  are  required  to  solve  the  following  question : — A 
cistern  containing  2  tons  of  water  rests  on  two  cantilevers  of  larch,  each 
4  feet  long  and  5  inches  in  depth ;  find  the  breadth  of  each  cantilever. 
Ans.  1*85  inches. 

15.  A  cast-iron  beam  of  rectangular  section,  and  having  its  lowest  side 
horizontal,  is  supported  at  both  ends.  What  difference  should  you  make 
in  the  upper  outline  according  as  the  load  is  evenly  distributed  or  collected 
in  the  centre  ? 

16.  A  beam  will  safely  carry  a  stationary  load  of  5  tons  with  a  deflection 
pf  2  inches,  from  what  height  may  a  weight  of  200  lbs.  be  let  drop  upon  tho 
same  beam  without  deflecting  it  to  a  greater  extent?  (S.  &  A.  Exam., 
1887.)    Ans.  56  inches. 

17.  A  steady  load  of  10  tons,  suspended  at  the  centre  of  a  beam,  deflects 
it  through  |  inch.  From  what  height  would  a  weight  of  300  lbs.  requ.re  to 
fall  in  order  to  produce  a  like  deflection  when  dropping  on  the  lean? 
(S.  &  A.  Exam.,  1891.)    Ana.  22*7  inches. 

18.  A  cylindrical  iron  beam  is  15  inches  in  its  external  diameter,  and  the- 
metal  is  1£  inches  in  thickness.     The  beam  is  fixed  at  the  two  ends,  and  is 
35  feet  between  the  supports ;  find  the  greatest  load  uniformly  distributed 
that  the  beam  will  bear,  the  greatest  safe  stress  on  the  metal  being  9,000. 
lbs.  per  square  inch.     (S.  &  A.  Hons.  Exam.,  1894.) 

19.  Compare  the  resistance  to  bending  of  a  wrought-iron  I  section  beam 

21 
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when  the  beam  is  placed  like  this  I,  and  like  this  »-h  .  The  flanges  of  the 
beam  are  each  6  inches  wide  and  1  inch  thick,  and  the  web  is  j  inch  thick 
and  measures  8  inches  between  the  flanges.     (Adv.  S.  &  A.  Exam.,  1897.) 

20.  A  horizontal  bar  of  round  iron,  1  inch  diameter,  6  feet  long,  hinged 
at  the  ends,  is  subjected  to  equal  and  opposite  pushing  forces  of  1,000  lbs. 
at  its  ends,  and  a  load  of  10  lbs.  is  hung  at  the  middle  so  that  it  is  both  a 
beam  and  a  strut.  Find  the  greatest  stress  anywhere.  E  =  29  x  10s  lbs. 
per  square  inch.     (S.  &  A.  Hons.  Exam.,  1897.) 

21.  Draw  the  bending  moment  diagrams,  and  state  the  maximum  bend- 
ing moments  for  the  six  standard  cases  of  loading  and  supporting  a  beam 
of  the  same  length,  same  load.  (1)  Fixed  at  one  end,  loaded  at  the  other. 
(2)  Fixed  at  one  end,  loaded  uniformly.  (3)  Supported  at  the  ends,  loaded 
in  the  middle.  (4)  Supported  at  the  ends,  loaded  uniformly.  (5)  Fixed 
at  the  ends,  loaded  in  the  middle.  (6)  Fixed  at  the  ends,  loaded  uniformly. 
(Adv.  S.  &  A.  Exam.,  1897.) 

22.  A  uniform  beam  is  fixed  at  its  ends,  which  are  20  ft.  apart.  A  load  of 
5  tons  in  the  middle  ;  loads  of  2  tons  each  at  5  ft.  from  the  euds.  Find  the 
diagram  of  bending  moment  and  prove  your  rule.  State  what  the  maximum 
bending  moment  is,  and  where  are  the  points  of  inflexion.  (Hons.  S.  &  A. 
Exam.,  1897.) 

23.  A  rectangular  beam,  loaded  in  the  middle,  supported  at  the  ends ; 
find  the  shear  stress  at  any  point  in  any  section.  Find  the  deflection  at 
the  middle,  and  distinguish  between  the  parts  due  to  ordinary  bending 
and  to  shear.     (S.  &  A.  Hons.  Exam.,  Part  II.,  1898.) 

24.  What  occurs  at  the  cross- section  of  a  horizontal  beam,  carrying 
vertical  loads?  Where  is  the  neutral  line?  What  is  the  value  of  the 
stress  at  any  place  ?  What  is  meant  by  bending  moment  ?  Describe  any 
model  which  illustrates,  however  roughly,  what  occurs  at  a  section  of  the 
beam.     (S.  &  A.  Adv.  Exam.,  1898.) 
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LECTURE    XXXIII. 
HYDROSTATICS— HYDRAULIC  MACHINES. 

Contents.  —  Hydraulics — Fluids  —Viscosity  —  Transmission  of  Pressure 
by  a  Fluid— Pressure  of  a  Heavy  Fluid— Head— Pressure  on  an 
Immersed  Surface— Examples  I.,  II.,  III.,  and  IV. — Centre  of  Pres- 
sure— Centre  of  Pressure  on  a  Rectangle — Triangle— Circle -Ex- 
ample V. — Energy  of  Still  Water—  Common  Suction  Pump— Belt- 
driven  Suction  Pump — Example  VI. — Air  Pump — Single-acting  Force 
Pump— Single-acting  Force  Pump  with  Ball  Valves — Force  Pump  with 
Air  Vessel — Continuous  Delivery  Pumps  without  Air  Vessels — Double- 
acting  Force  Pump— Double-acting  Circulating  Pump — Worthington 
Steam  Pump — Pulsometer  Pumps — Roots'  Blower — Bramah's  Hy- 
draulic Press— Examples  VII.  and  VIII. — Hydraulic  Flanging  Press- 
Hydraulic  Jack — Examples  IX.,  X.,  and  XI. — Hydraulic  Bear— 
Lead-covering  Cable  Press — Hydraulic  Accumulator — Example  XII. 
— Hydraulic  Cranes — Hydraulic  Wall  Crane — Movable  Jigger  Crane 
—Double  Power  Hydraulic  Crane  —  Hydraulic  Capstan — Questions. 

Hydraulics. — In  its  widest  sense,  the  term  "  Hydraulics "  is 
given  to  the  study  of  the  mechanical  properties  of  fluids  and  their 
application  to  practical  puq>oses.  In  a  more  restricted  sense,  it 
refers  to  the  science  of  the  pressure  and  flow  of  water  and  their 
applications  in  engineering.  It  is  divided  into  two  sections : — 
Hydrostatics,  the  science  of  fluids  at  rest ;  and  Hydrokinetics,  the 
science  of  fluids  in  motion. 

Fluids. — In  many  investigations  it  is  necessary  for  simplicity  to 
assume  that  we  are  dealing  with  a  perfect  fluid ;  that  is,  one 
which  possesses  the  following  property  : — 

Definition. — A  fluid  is  a  substance  which  offers  no  resistance 
to  a  continuous  change  of  shape. 

There  are  two  kinds  of  fluids — those  which  are  practically  in- 
compressible, termed  liquids ;  and  those  which  are  easily  com- 
pressed, called  gases  and  vapours.  We  know  of  no  substance  which 
completely  fulfils  the  above  definition ;  but  water,  many  other 
liquids,  and  all  gases,  so  nearly  comply  with  it,  that  for  many 
purposes  we  may,  in  practice,  consider  them  as  perfect  fluids. 
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Viscosity. — Ordinary  fluids,  however,  do  offer  some  resistance 
to  a  change  of  shape,  and  the  property  in  virtue  of  which  they  do 
so  is  called  the  viscosity  of  the  fluid.  A  substance,  such  as  syrup, 
which  offers  considerable  resistance  to  a  Tapid  change  of  form,  but 
which  goes  on  changing  its  shape  so  long  as  any  deforming  forces 
are  applied  to  it,  however  small  these  forces  may  be,  is  usually 
called  a  viscous  fluid.  This  term,  strictly  speaking,  applies  to  all 
flnids,  si  nee  all  have  some  viscosity.  It  should,  however,  be  noted 
that  even  the  most  mobile  fluid  will  offer  an  appreciable  resistance 
to  a  sudden  deformation,  because  parts  of  it  have  to  be  set  in 
motion  and  their  inertia  comes  into  play.  This  must  not  be  con- 
founded with  their  viscosity. 

A  solid  body  differs  from  a  viscous  fluid  in  that  a  small  force 
produces  in  it  a  definite  change  of  shape  in  a  short  time,  and  there- 
after no  further  deformation  takes  place.  Many  solids,  however, 
such  as  lead,  tin,  copper,  and  iron,  when  subjected  to  very  great 
stresses,  behave  like  viscous  fluids,  and  keep  flowing  as  long  as  the 
pressure  is  kept  up.  Even  with  very  small  forces,  such  apparently 
solid  bodies  as  sealing  wax  and  cobbler's 
wax,  which  fly  to  pieces  when  we  subject 
them  to  a  sudden  force,  such  as  a  blow 
from  a  hammer,  will  gradually  yield 
when  sufficient  time  is  allowed,  and  con- 
sequently they  must  be  considered  as 
very  viscous  fluids.  For  instance,  a 
leaden  bullet  will  sink  in  a  thick  piece 
of  cobbler's  wax  and  a  cork  will  rise  upwards  through  it,  just  as 
they  would  do  throwgh  syrup  or  water,  but  they  may  take  many 
months  or  years  to  do  so. 

The  viscosity  of  a  fluid  is  measured  by  the  shear  stress  required 
to  deform  it  at  the  uniform  rate  of  unit  shear  strain  per  unit  time. 
Thus,  if  the  figure  represents  a  small  portion  of  fluid  and  if  a 
tangential  stress  f  acts  along  A  B  and  C  D,  the  fluid  will  change 
its  shape  by  the  part  A  B  moving  along  with  a  velocity  v,  rela- 
tively to  the  part  D  C. 

Then        Shear  strain  produced  >    _  Velocity  of  A 
'  in  unit  time  )        Distance  A  D 


Viscosity  of  a  Fluid. 


Or, 


Rate  of  shear 


v 

=  d  =  a- 


Coefficient  of  viscosity     =  //,  = 


/ 


U) 


(I) 


When  dealing  with  fluids  at  rest  and  in  hydraulic  machines, 


(H0KIZ0ST11 

transmission  of 

Fluids. 

sure  per  unit  area  is 


326  lectube  xxxm. 

suck  an  presses,  cranes,  &c,  in  which  the  motion  of  the  liquid  is 
comparatively  slow,  we  need  not  take  account  of  their  viscosity  ; 
but  when  considering  their  flow  through  pipes  and  channels  it 
becomes  of  great  importance. 

Transmission  of  Pressure  by  a  Fluid.— Pascal's  law,  that  "  fluids 
transmit  pressure  equally  in  all  directions,"  follows  at  once  from 
our  definition   of  a  fluid.     Thus, 
take  a  vessel  filled  with  a  fluid  and 
fitted   with    several  frictionless 
pistons   which   all   have   the   same 
area    and   are  held    in    place    by 
springs.      If  we  now  apply  an  in- 
ward force  through   the  spring  to 
one  of  the  pistons,  say  Vj,  we  snail 
find  that  each  of  the  other  pistons 
will  be  pushed  outward  with  the 
same  force.     Had  the  pistons  been 
of  different  areas  we  should  have 
found    the    forces  proportional  to 
their  areas,  showing  that  the  pres- 
i  in  all  directions. 
Another  property  following  from  our  definition  is  that  the  pres- 
sure on  any  surface,  real  or  imagined,  is  everywhere  normal  to 
that  .surface. 

Pressure  of  a  Heavy  Fluid— Head.— Had  the  fluid  in  the  above 
experiment  been  water  or  mercury  and   the  pistons  placed  at 
,  different  levels,  we  should  have  found  that  the  pressure  was  nut 
the  same  on  all  of  them,  but  greatest  on  the  lowest  and  least  on 
the  uppermost  piston.     This  difference 
is  due  to,  the  weight  of  the  fluid.     For 
example,  if  we  have  a  quantity  of  liquid, 
tie  pressure  at  the  bottom  end  B,  of  a 
vertical  column  AB,  would  be  greater 
than  at  A  ;    and,  since  the   pressures 
round  the  sides  of  the  column  balance 
one   another,  the   weight  and  the  pres- 
sures '  ob   the  ends    must  be  in   equi- 
librium.    The  difference  of  pressure  is, 
therefore,    equal    to   the   weight    of    a 
cylinder  of  liquid  whose.  Jength  is  A  B  and  whose  cross  section 
has  unit  area.     This  will  obviously  be  proportional  to  the  length 
of  the  column  A  B ;  that  is,  to  the  difference  of  level. 
!   ;   In  the  figure,  the  -upper  surface  is  open  to  the  atmosphere,,  and 
is,  therefore,  called  the  Free  Surface.     The  pressure  at  A  is  atntu- 
_.  spheric,  but  in  connection  with, hydraulics  it  is  customary  to  reckon 
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tbia  as  the  zero  of  reference,  and  when  we  speak  of  tbe  pressure  of 
a  fluid  we  mean  the  excess  of  its  pressure  above  that  of  the  atrao- 

Since  we  can  have  any  pressure  by  taking  AB  of  suitable 
length,  we  very  often  measure  a  pressure  by  the  length  of  the 
Vertical  column  of  liquid  which  it  will  support — or,  what  is  tbe 
same  thing,  which  will  produce  the  same  pressure— and  we  shall 
term  this  length  the  Head.  The  column  itself  we  shall  refer  to  as 
the  Pressure  Column.  With  water  each  foot  of  head,  and  with 
mercury  each  inch,  corresponds  to  nearly  half  a  pound  per  square 
inch.     The  exact  figures  are  : — 

1  Foot  of  Water      =  0-434  lb.  per  square  inch. 

1  Inch  of  Mercury  =  0491         „  „ 

If  A  be  the  height  of  the  free  surface  above  the  point  we  are 
considering,  and  w  the  weight  of  unit  volume  of  the  liquid,  the 
pressure  per  unit  area  will  be : — 

p  -  wh (II) 

For  fresh  water,  w>  may  be  taken  as  62-42,  or  nearly  62$  lbs. 
(1,000  ounces)  per  cubic  foot,  or  00361  lb.  per  cubic  inch. 

Pressure  on  an  Immersed  Surface. — If  the  above  pressure  be 
exerted  on  every  unit  of  a  surface  whose  area  is  a,  the  total  prtx- 
twe  on  that  surface  will  be : — 

V  =  *xp  =  awh (Ill) 

eutly  called  " 
quite  clear  whethc 
total  pressure  or  the  inten- 
sity of  pressure  is  meant, 
although  they  are  com- 
monly denoted  by  the  same 
term. 

On  a  plane  surface  which 
is  not  level,  the  intensity  of 
pressure  is  not  the  same  for 
all  parts.  In  such  a  case, 
we  may  find  the  total  pres- 
sure as  follows : —  

Let  AB  be  the  inter-  p^^  oti  A  Buwdoed  Surfaok. 
section  of  the  plane  of  the 

submerged  surface  with  the  free  surface  of  the  water.'  Draw  the 
line  B  O  in  that  plane  perpendicular  to  A  B,  and  take  D  E,  a 
very  narrow  strip  or  element  -of  the  surface,  -at  right  angles  to  B  C 
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and  distant  x  from  A  B.  A  B  and  D  E  will  be  parallel  since  they 
are  in  one  plane  and  both  perpendicular  to  80.  Consequently, 
D  £  will  be  horizontal,  and,  therefore,  the  intensity  of  pressure 
over  it  will  be  uniform  and  equal  to  w  y,  y  being  the  depth  of  the 
strip  below  the  surface.  Hence,  if  6  be  the  breadth  D  £  of  the 
surface  (ie  ,  the  length  of  the  strip),  and  d  x  that  of  the  strip,  the 
total  pressure  on  the  element  will  be  b  d  x  x  w  y,  or  b  d  x  w  x  sin  Q 
since  y—x  sin  $,  if  6  be  the  inclination  of  the  plane  to  the  hori- 
zontal. Now,  we  can  split  up  the  whole  surface  into  a  very  large 
number  of  such  elements  and  the  total  pressure  on  it  will  be  tue 
sum  of  all  those  on  the  elements  : — 

-rt 
P  =  10  sin  $  I    bxdx. 


* 


But  bxdx  is  the  area  of  an  element  multiplied  by  its  distance 
from  A  B,  and,  therefore,  from  the  definition  of  the  centre  of 
gravity  of  a  lamina,  the  integral  is  equal  to  the  whole  area  a 
multiplied  by  the  distance  of  its  centre  from  A  B.  Let  this 
distance  be  x,  and  let  h  =  x  sin  0,  be  the  depth  of  the  centre 
below  the  surface  : — 

Then,  P  *  to  sin  6  x  ax  =  a  UJ  h.       .     .     .     (HIa) 

This  is  evidently  the  same  pressure  as  if  the  surface  were  level 
and  immersed  at  the  same  depth  as  its  centre  of  gravity. 

Example  I. — A  cylindrical  tank,  6  feet  in  diameter  and 
10  feet  deep,  is  filled  with  water;  find  the  bursting  pressure 
round  the  base  of  the  tank,  and  the  pressure  on  its  base. 

Answer. — The  bursting  pressure  round  the  base  is  measured 
by  the  intensity  of  the  fluid  pressure  on  any  small  area  of  the 
curved  surface  infinitely  near  to  the  base.  This  pressure,  will 
be  exactly  equal  to  that  on  the  base.  Hence,  the  question 
resolves  itself  into  finding  the  intensity  of  the  pressure  on  the 
base. 

•*•  Bursting  pressure  \ 

round  the  base  >-  =     Pressure  per  square  inch  on  base. 
of  tank  j 

„  „  =      a  h  w. 

„  =     j-r-r  x  10  x  62-5  =  4-34  lbs.  per  sq.  in. 

144 

Again,     Total  pres-  1  __   f  Area  of  base  in  sq.  ins.  x  pressure 
sure  on  base  /  ~~  \     per  sq.  in. 

99 

Or,  „       „  =      "l"x  30x36x4-34  =  17,678  lbs. 
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Example  II. — A  circular  water  tank  is  20  feet  in  diameter 
and  25  feet  deep.  It  is  constructed  of  6  rings  of  cast-iron 
plates.  Find  the  total  stress  on  any  vertical  section  of  the 
bottom  row  of  plates  made  by  a  plane  passing  through  the  axis 
of  the  cylinder,  neglecting  any  assistance  afforded  by  the  flanges 
or  connection  with  the  bottom  plate.     (S.  and  A.  Exam.,  1888.) 

Answer. — It  lias  been  proved  in  Lecture  XXIX.  that  when  a 
cylindrical  shell  is  subjected  to  internal  fluid  pressure,  the  total 
stress  in  the  material  along  any  section  made  by  a  plane 
•containing  the  axis  of  the  cylinder  is  equal  to  the  total  fluid 
pressure  on  either  side  of  that  part  of  the  plane  intercepted 
within  the  cylinder. 

Hence,  total  stress  in  material  of  bottom  row  of  plates  =  total 

fluid  pressure  on  vertical  plane  through  the  axis  of  the  cylinder 

at  the  bottom  row  of  plates. 

25 
Since  the  breadth  of  each  ring  =  —  =  4£  ft. ;  therefore,  depth 

of  c.  g.  of  bottom  ring  =  h  =  25  -  \  x  4£  =  2296  ft. 

.*.    Total  stress  in  material] 

along  section  at  bottom  >  =ahw, 
row  of  plates  j 

=  (20  x  4 :£)  x  22-96  x  62-5  lbs. 

=  119,357  lbs. 

Example  III. — How  is  the  pressure  of  water  on  a  given  area 
immersed  in  it  ascertained]  A  water  tank,  8  feet  long  and 
■8  feet  wide,  with  an  inclined  base,  is  12  feet  deep  at  the  front 
and  6  feet  deep  at  the  back,  and  is  filled  with  water.  Find  the 
pressure  in  lbs.  on  each  of  the  four  sides,  and  on  the  base; 
water  weighing  62£  lbs.  per  cubic  foot. 

Answer. — The  total  fluid  pressure  on  any  area  immersed  in 
the  fluid  is  given  by  the  formula — P  =  a  h  W. 

Where  a  =  Area  of  surface  exposed  to  the  fluid  pressure, 

h  =  Depth  of  centre  of  gravity  of  immersed  area  below 
free  surface  of  fluid, 

w  —  Weight  of  a  cubic  unit  of  fluid. 

The  shape  and  dimensions  of  the  tank  will  be  readily  seen 
from  the  figure. 

(a)  To  find  t/te  total  pressure  on  tJie  front  A  B  0  D. 

Here,   a  =  AD  x  D  C  =  8  x  12  =  96  sq.  ft. 

h  =  \  depth  D  C  =  6  ft.         w  =  62  i  lbs.  per  cubic  ft. 

.\    Pressure  on  front  A  B  C  D  =  a  h  tr, 

„         =  96  x  6  x  C2J  -  36,000  lbs. 
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(b)  To  find  the  total  pressure  on  the  hack  £  F  M  N. 

Here,  a  =  FM  x  M N  =  8  x  6  =  48  sq.  ft;A  =  |EF  =  3ft 
.'.    Pressure  on  back EFMN  =  aAw, 

-  48  x  3  x  62i  =  9,000  lbs. 

(c)  To  find  the  total  pressure  on  base  C  B  M  F. 

Before  we  can  find  the  area  of  the  base,  we  must  know  its 
length  C  F.  From  F  draw  F  H  parallel  to  E  D,  and  therefore 
perpendicular  to  D  C.     Then  CHF  is  a  right-angled  triangle: 


Pressure  on  Sides  of  Tank. 

whose  sides  are  FH  =  ED  =  8  ft,   and  H0  =  DC-DH 
=  DC-EF  =  6ft 


C  F  =  JRF2  +  HC2  -  </8*  +  C2  =  10  ft 
a  =  C  F  x  0  B  »  10  x  8  -  80  sq.  ft. 

Again,  the  depth  of  the  c.  <;.  of  the  base  C  B  M  F  is  clearly — 

h  *=  £  (D  0  +  E  F)  =  9  ft 
Pressure  on  base  GBMF  =  ahw, 

-  80  x  9  x  62£  =  45,000  lbs. 


•  • 
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(d)  To  find  the  toted  pressure  on  either  side  CDEForABMN. 

In  this  case  it  is  perhaps  best  to  divide  the  trapezoidal  area 
C  D  E  F  into  two  figures  whose  centres  of  gravity  can  be  easily 
♦  determined.  Thus,  the  line  F  II  divides  the  side  CDEF  into 
a  rectangle  DEFH,  and  a  triangle  F  H  C.  Then  the  total 
pressure  on  CDEF  is  equal  to  the  sum  of  the  pressure  on 
D  E  FH  and  F  H  C. 

Area  o/D  E  F  H  ==  8  x  6  =  48  sq.  ft. 
And,  Depth  ofc.ff.of\  =  ^  E  F  ^  ^ 

•\  Pressure onDEFH*=ahw 

„  .   „  -  48  x  3  x  62£  lbs. 

Again,     Area  o/FHC  =  J  H  F  x  H  C  =  £  x  8  x  6  =  24  sq.  ft. 

The  c.  g,  of  triangle  FHC  is  at  a  distance  of  J  of  H  C  below 
the  horizontal  F'H,  and  theretore  at  a  distance  of  6  4-  \  of  6 
or  8  feet  below  D  E. 

Pressure  onFHG  =  ahw, 

„       =24x8  x62£  lbs. 

."-.  Pressure  on  side  C  D  E  $* )      iQ,  Q  iflol  ,  ol     Q    ft01  u 
orABMN  V  =  48  x  3  x  62 £  +  24  x  8  x  621  lbs., 

„  „  =48x62Jx(3  +  4)  =  2],0001bs. 

Example  IV. — A  cylindrical  vessel,  10  feet  long,  open  at  one 

L  M 


Pressure  in  Diving  Bell. 
end  and  closed  at-  the  other,  forms  a  diving  bell.     It  is  lowered 
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into  water  with  its  open  end  downwards  until  the  surface  of  the 
water  in  the  cylinder  is  at  a  depth  of  100  feet.  Find  how  iar 
the  water  has  risen  in  the  cylinder,  and  the  pressure  of  the  con- 
tained air.     (Take  the  height  of  the  water  barometer  as  34  feet.) 

Answer. — 

Let  H  =  Depth  of  surface  of  water  in  bell  =  100  feet. 
„     h  =  Height  of  water  barometer  =  34  feet. 
„      Z=  Length  of  cylinder  forming  bell  =  10  feet. 
„     x  —  Height  that  water  rises  in  belL 

Before  the  bell  is  immersed  in  the  water  the  pressure  of  the 
contained  air  is  simply  that  due  to  the  atmosphere.  After 
immersion  the  pressure  will  be  greater  than  that  of  the  atmo- 
sphere by  an  amount  due  to  a  head  of  water  of  H  feet. 

Assuming,  then,  that  the  air  in  the  bell  has  been  compressed 
according  to  Boyle's  Law  (pv=*&  const.),  we  get : — 

Press,  of  compressed  air  \  _  (  Press,  of  atmosphere 
x  Vol.  of  compressed  air  )  ~~  (     x  Vol.  of  tell. 

Vol.  of  compressed  air        Press,  of  atmosphere 
Vol.  of  bell  Press,  of  compressed  air' 

Since  the  bell  is  of  uniform  cross  sectional  area  throughout, 
we  get : — 

V  I.  of  compressed  air  _l-x 
Vol.  of  bell  T~' 

I  -  x        h 


•  • 


I    "H  +  V 


HZ  _100*10_7.16f00t 
*-H  +  A-  100  +  34  -7461eet- 

The  pressure  of  the  air  in  the  bell  when  immersed'  is  equal 
to  the  pressure  due  to  a  depth  of  (H  +  h)  feet  of  water. 

Pressure  of  air  in  bell-a  (H  +  h)  W=T7T  x  134  x  62-5 


144 
„  „         =  5816  lbs.  per  sq.  inch. 

Centre  of  Pressure. — We  could  balance  the  pressure  on  an 
immersed  surface  by  a  single  force — the  reverse  of  the  resultant 
of  the  pressure — acting  through  a  certain  point  in  the  plane  of  the 
surface,  and  this  point  is  called  the  Centre  of  Pressure. 


CENTRE  OF  PRESSURE  ON  A  RECTANGLE. 
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To  find  the  depth  of  the  centre  of  pressure  we  may  proceed  as 
follows : — 

Referring  to  our  former  figure  we  see  that  the  moment  about 
A  B  of  the  pressure  on  the  elementary  strip  DEisw^x  bdx  x  x, 
or  w  sin  6bx*  dx.     Hence  the  total  moment  is : — 


M  =  w  sin 


in  6  p 


b  x*  dx. 


Now,  b  x2  d  x  is  the  product  of  the  area  of  an  element  into  the 


square  of  its  distance  from  A  B,  and  consequen 


tlyf 


bx2dx  is  the 


second  moment,  or  moment  of  inertia,  of  the  area  about  A  B.  As 
shown  in  equation  (III)  of  Lecture  XXII.,  it  is,  therefore,  equal 
to  I  +  a  x?,  where  I  is  the  moment  of  inertia  about  an  axis  H  K, 
through  the  centre  of  gravity  parallel  to  A  B  : — 

M  =  w  sin  0  (I  +  a  x2). 

Again,  the  moment  of  the  resultant  must  be  the  sum  of  the 
moments  of  its  components.  Let  X  be  the  distance  of  the  centre 
of  pressure  from  A  B  : — 


Then, 


PX  =  M  =  w  sin  0(1  +  ax*). 

Y  _  w  sin  6  (I  +  a  x2)  _  w  sin  6  (I  +  a  sc2) 
~~  P  w  sin  $  a  x 


X- 


I  +  ax2 


ax 


(LV> 


That  is,  the  distance  of  the  centre  of  pressure  from  A  B  is  the 
ratio  of  the  second  moment  of  the  surfaee  about  A  B  to  its  first 
moment  about  the  same  axis. 

If  for  I  we  write  a  k2,  k  being  the  radius  of  gyration  about  the 
axis  H  K,  and  h  for  x  sin  $,  we  get : — 


X  = 


ak2  +  ax2     k2  +  JP     k2sm26  +  h2 


ax 


A  sin  4 


(V> 


"We  shall  now  show  how  to  apply  these  results  to  a  few  simple 
cases,  and  will  also  explain  an  easier  method  for  special  cases. 

Centre  of  Pressure  on  a  Rectangle.— First,  consider  a  rectangle 
immersed  with  one  edge  in  the  surface.  "We  find  from  Table  II. 
in  Leoture  XXII.,  that  the  value  of  k2  for  a  rectangle  is  TV  I2, 
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where  I  is  the  length  of  the  rectangle  at  right  angles  to  the  axis. 
Alio,  5  will  be  *  f:- 

X_3k^iT_(A  +  i)J-,|I.  .     .     .     (VI) 

If  the  rectangle  be  immersed  further,  until  its  centre  is  at  a 
depth  h,  the  top  edge  being  kept  horizontal,  we  do  not  get  such  a 
siiujle  result,  but  it  can  be  at  once  obtained  for  any  given  case 
(rem  equation  (V). 


We  can  also  obtain  our  result  in  the  following  manner;  — At 
every  point  in  B  C — the  central  line  of  the  rectangle— draw  a  line 
at  right  angles  to  it  of  such  a  length  as  to  represent  the  whole 
pressure  on  a  horizontal  strip  at  that  level.  When  the  ends  of 
these  are  joined  we  will  have  a  triangle  BC  D,  whose  area  repre- 
sents the  total  pressure  on  the  rectangle.  The  resultant  pressure 
will  pass  through  the  centre  of  gravity  of  this  triangle,  and  will, 
therefore,  he  two-thirda  down  from  the  vertex.  Hence,  the  centre 
of  pressure  is  distant  two-thirds  of  the  length  of  the  rectangle 
from  the  top. 

When  the  upper  edge  of  the  rectangle  is  below  the  surface,  we 
obtain,  instead  of  a  triangle  to  represent  the  pressure,  a  trapezium 
15  F  E  C,  whose  inclined  sides,  when  produced,  meet  in  the  surface 
of  the  liquid.  We  ascertain  the  centre  of  pressure  by  finding  the 
resultant  of  two  forces,  P.  and  P2,  the  former  of  which  is  pro- 
portional to  the  area  of  the  triangle  F  E  H,  and  is  two-thirds 
down  from  F,  while  the  latter  passes  through  the  centre  of  the 
rectangle  B  F  H  0,  and  is  proportional  to  its  area.  This  may  be 
done  graphically  as  explained  in  Lecture  XXVIII. 

Centre  of  Pressure  on  a  Triangle. — For  a  triangle  with  its  base 
in  the  surface,  A8  =  T'F  t%  and  x  =  J I : — 


CENTRE   Or   PRESSURE  OK  A  CIRCLE.  335 

This  may  also  be  proved  geometrically.  The  intensity  of 
pressure  on  a  horizontal  strip  is  proportional  to  its  depth  below 
the  surface,  while  the  length  of  the  strip,  and,  therefore,  its  area, 
is  proportional  to  its  distance  from  the  vertex  0.  Consequently, 
the  whole  pressure  on  each  horizontal  element  will  be  proportional 
to  the  product  x  {I  -  x)  for  elements  of  the  same  width.  The  area 
representing  the  pressure  will,  therefore,  be  a  parabola,  B  E  D  C, 
passing  through  B  and  C,  with  its  axis  perpendicular  to  B  C,  and, 
consequently,  the  centre  of  pressure  must  be  half  way  down. 


Centre  of  Pressure  on  4  Pressure  on  Sluice  Gate. 

Triangle. 

If  the  vertex  is  in  the  surface,  and  the  base  horizontal,  then 


Centre  of  Pressure  on  a  Circle.— The  only  other  case  we  shall 
consider  is  that  of  a  circle  immersed  vertically,  with  ite  centre  at  a 
depth  h.     Here  &  =  Jr2,  and  x  =  h:— 

x-i-^A' (ix) 

j  iirface,  h  =  r,  and 

X-if-t* (X) 

Where  r  is  the  radius,  and  d  the  diameter  of  the  circle. 

Example  V. — A.  sluice  gate  is  4  feet  broad  and  6  feet  deep,  and 
the  water  rises  to  a  height  of  5  feet  on  one  side,  and  2  feet  on  the 
other  side.  Find  the  pressure  on  the  gate,  and  the  centres  of 
pressure. 
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Answer. — The  net  pressure  on  the  sluice  g*te  is  evidently  equal 
to  the  difference  of  the  pressures  on  the  two  sides. 

Total  Pressure  on  Back  =  ax  hY  w  =  (4  x  5)  x  2-5  x  62*5  =  3,125  lbs. 
„  „        Front  =  a2h2w  =  (4x2)x     1x625=    500,, 

Net  pressure  on  gate  =  2,625  „ 

The  centre  of  pressure  on  the  upper  side  is  one- third  of  5  feet, 
or  1  foot  8  inches,  up  from  the  bottom,  and  on  the  lower  side,  a 
third  of  2  feet,  or  8  inches.  To  find  the  resultant  centre  of 
pressure  take  moments  about  the  bottom  of  the  gate.  Then,  if 
this  centre  be  distant  x  inches  from  the  bottom  : — 

2,025  x  x  =  3,125  x  20  -  500  x  8  =  62,500  -  4,000. 

X  =  ^4~  =  22-3  ins.  =  1  ft.  10-3  ins. 
2,o20 

Energy  of  Still  Water. — When  water  is  at  rest  it  possesses 

potential   energy   in   virtue   of  its 

position  and  of  its  pressure.     Con- 

ggE^B£Tj:     ,  sider  a  tank  filled  with  water,  and 

*.  t^7-z~^r^^^^-~-r-3    »  imagine   a   small    mass   m  of  the 

water    to   escape   from    the   tank. 

H        This    mass    will    not    only    lose 

i  ""*    i  potential  energy  through  falling  to 

I        Dmcum     Lmv,        I         a  lower  level,  but  it  could  also  do 

„  m  work  because  of  the  pressure  of  the 

Energy  of  Stiix  Water.         ^  rf  the  watw  pul8h;Dg  u  away 

It  is  convenient  to  assume  some  datum  level  at  which  we  take 
the  energy  of  position  as  zero. 

Let  H  =  Height  of  free  surface  above  the  datum  level. 

„     /ij  =  Height  of  free  surface  above  m. 

„     h2  =  Height  of  m  above  datum  level. 

„      g  «  Acceleration  due  to  gravity. 

„       p  =  Density  of  fluid  =  mass  of  unit  volume. 
And,  w  —  Weight  of  unit  volume  of  fluid  =  p  g. 

Then  the  work  done  in  forcing  out  the  mass  m  is : — 

Energy  of  Pressure  —  Volume  x  Pressure. 

„  „  as  —  x  whA  =  mghv 

And,         Energy  of  Position  =  mg  hT 

Total  Energy  =  mg(hx  +  h2)  =  mgK. 

Or,  for  a  unit  mass  :-  - 

Energy  per  unit  mass  =*  g  (hl  +  h2)  =  jH.     .     (XI) 
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This  is  constant  for  all  parts  of  a  homogeneous  fluid  at  rest,  and 
H  may  be  called  the  total  head  of  the  water  in  the  tank. 

Common  Suction   Pump.— This  consists  of  a  bored    cast-iron 
barrel  1'  B,  terminating  in  a  suction  pipe,  S  P,  fitted  with  a  per- 
forated end  or  rose  II,  which  dips  into  the  well  from  which  the 
water  is  to  be  drawn.     The  object  of  the  rose  is  to  prevent  leaves 
or  other  matter  getting  into  the  pump,  that  might  clog  and  spoil 
the  action  of  the  valves.     At  the  junction  between  the  barrel  and 
suction  pipe  there  is  fitted  a  suction  valve  S  V,  of  the  hinged 
clack  type  faced  with  leather.     The  piston  or  bucket  B  is  worked 
up  and  down  in  the  barrel  of  the  pump  by  a  force  P,  applied  to 
the  end  of  the  handle  H.      This  force  is  communicated  to  it 
through  the  connecting  link  of 
the    hinged    piston-rod,    P  R. 
In  the  centre  and  at  the  top 
of    the    bucket    is    fixed    the 
c!ack     delivery     valve    D  V, 
which     is     also     faced     with 
leather  in   order   to    make  it 
water-tight.      The   bucket   is 
sometimes  packed  with  leather; 
but,  in  the  present  instance,  a 
coil  of  tightly  woven  flax  rope 
is  wrapped  round  the  packing 
groove. 

Action  of  the  Suction  Pomp. 
— (1)  Let  the  baiTel  and  the 
suction  pipe  be  filled  with  air 
down  to  the  water-line,  and 
let  the  bucket  be  at  the  end  of 
the  down  stroke.  Now 
the  bucket  to  the  end  of  the 
up  stroke  by  depressing  the 
pump  handle.  This  tends  to 
create  a  vacuum  below  the 
delivery  valve ;  therefore,  the 
air  which  filled  the  suction  pipe 
opens  the  suction  valve,  expands, 

be  diminished 
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id  fills  the  whole  volume  of  the 

Consequently,  according  to  Boyle's  law,  its  pressure  must 

ished  in  the  inverse  ratio  to  the  enlargement  of  its  volume. 

This  enables  the  pressure  of  the  atmosphere  to  force  a  certain 

quantity  of  water  up  the  suction  pipe,  until  the  weight  of  this 

column  of  water  and  the  pressure  of  the  air  between  the  suction  and 

delivery  valve,  balance  the  pressure  of  the  outside  atmosphere. 

(2)  In  pressing  the  bucket  to  the  bottom  of  the  barrel  by  ele- 


9M 

vating  the  handle,  the  suctioa  valve  clown  and  tho  delivery  valve 
opens,  thereby  permitting  the  compressed  air  in  the  barrel  to 
escape  through  the  delivery  valve  into  the  atmosphere. 

(3)  Raise  and  depress  the  piston  several  times  so  as  to  produce 
the  above  actions  over  again,  and   thus  gradually  dimmish   tho 
volume  of  the  air  in  the  pomp  to  a  minimum.     Then  water  will 
have  been  forced  by  the  pressure  of  the  atmosphere  up  the  suction 
pipe    and    into  the 
pump,  if  the  bucket 
and  the  valves  are 
tight,  and  if  the  deli- 
very valve  when  at 
the  top  of  its  stroke 
be  not  more  than  toe 
height  of  the  hydro- 
barometric     column 
above  the  water  line 
of  the  well.* 

(4)  The  bucket 
now  works  in  water 
instead  of  in  air;  in 
fact,  the  machine 
passes  from  being  an 
air-pump  to  being  a 
water  one.  During 
the  down  stroke  of 
the  piston  water  is 
forced  through  the 
delivery  valve,  and 
during  its  np  stroke, 
this  water  is  ejected 
through  the  spout ; 
at    the    same   time, 

Bblt-dbtvbh  Suonos  Pour.  more  water  is  forced 

up  through  the  suc- 
tion pipe  and  valve  to  fill  the  vacuum  created  by  the  receding 
piston.  In  the  case  of  a  common  suction  pump  water  is  therefore 
discharged  only  during  tho  Up  stroke  of  its  piston. 

*  Theoretically,  such  a  pump  should  be  able  to  lift  water  from  a  depth 
of  Si  feet  below  the  highest  part  of  the  stroke  of  the  delivery  valve,  but 
practically,  owing  to  the  imperfectly  air-tight  fitting  of  the  piston  and  the 
valves,  it  is  not  used  for  withdrawing  water  from  wells  more  than  20  to  25 
fob  below  this  position  of  the  delivery  valve.     In  foot  such  a  pump  fre- 

rently  requires  a  bucket  or  two  of  water  to  be  poured  into  it  above  the 
hVery  valve  in  order  to  make  it  work  at  all,  if  it  should  have  been  loft 
standing  fur  soma  timu  without  being  worked. 


belt-driven  sttctkm*  pump. 
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Leather     Packing     pob 
Piston  of  Suction  Pump. 


Belt-driven  Suction  Pump. — When  we  have  to  raise  a  consider- 
able quantity  of  water  during  a  long  time,  then  it  becomes  advisable 
to  apply  power  derived  from  some  prime  mover.  The  foregoing 
figure  illustrates  an  ordinary  suction  pump  driven  by  a  belt,  with 
fast  and  loose  pulleys,  crank  shaft,  and  connecting-rod.  Here  the 
suction  valve  and  the  piston  are  faced 
with  leather  or  india-rubber,  whilst  the 
bucket  valve  is  made  of  brass  and 
ground  to  fit  its  seat.  The  upper  por- 
tion of  the  pump  is  fitted  with  a  swivel 
head,  so  that  the  pulleys  may  be  placed 
fair  in  line  with  the  driving  pulleys. 

Example  VI. — Given  two  simple  bucket  pumps,  each  having 
a  stroke  of  1  foot,  and  cross  area  of  bucket,  20  square  inches. 
Suppose  everything  perfectly  air  tight,  and  the  supply  pipe 
20  square  inches  area  in  one  case,  and  10  square  inches  area  in 
the  other.  Neglecting  friction,  you  are  to  compare  the  tensions 
on  the  pump  rods  at  ends  of  first  up  stroke  in  each  case,  suppos- 
ing the  bucket  to  be  24  feet  above  free  surface  of  the  water  in 
the  well  when  at  the  bottom  of  its  stroke.  The  supply  pipe 
reaches  to  the  under  surface  of  bucket  when  the  latter  is  at  the 
bottom  of  its  stroke. 

Answer.  — 

Let  p  =  Pressure    in  lbs.  per  sg.  ft.  on   under  surface  of 
bucket  at  end  of  first  up  stroke. 

.,    a  —  Area  of  bucket  =  -r-n  sq.  ft. 

144    * 

„    h  =  Height  of  water  barometer  =  34  ft. 

„   w-  Weight  of  1  cub.  ft.  of  water  =  62^  lbs. 

,,    x  =  Height  water  rises  in  suction  pipe  for  first  up  stroke. 

First  Case. — Lifting  or  suction  pipe  having  an  area  equal  to 
tlvat  of  the  bucket 

Then  at  end  of  first  up  stroke,  we  get : — 

Pressure  of  air  on  wpper  surface  of  )  _  Atmospherk  presmre 
oucfcet)       .         .         .         .         .j 

„  „  =ahwlbs (1) 

{Atmo8.  pressure 
JailZlmn,  i 
of  water 

„  „  =  a  (h  -  x)  w. 

And,  p  -*  (h-x)tc.    ....     (2) 
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Since  there  is  exactly  the  same  quantity  of  air  between  the 
backet  and  the  surface  of  the  water  in  the  pipe  at  the  end  of 

the  stroke  as  there  was  before  the  stroke  com- 
^A*  nienced,  we  may  apply  Boyle's  Law  to  determine 

jOm  the  volume  of  air  under  the  bucket  at  end  of 

%jj  stroke. 

p  a  x  (25  —  x)  —  ahw  x  24. 

Substituting,  p  =  (h  -  x)  w,  from  equation  (2), 
we  get : — 

(h  -a:)  (25  -  x)  =  24  h. 

Since,  h  =  34  ft.,  we  get,  by  substitution,  and 
multiplication : — 


% 


xl 


First  Cask. 


59  x  +  34  =  0. 

59  ±  57-83 


x  = 


2 


ft. 


*i he  minus  sign  in  the  numerator  of  the  fraction  on  the  right- 
hand  side  of  this  equation  is  the  only  one  admissible. 


1  '17 

x  =  =-*-  =  -58  ft  or  =  7  inches,  nearly. 


Hence, 


_  ,        f  Press,  on  upper  surface  of  bucket 

Tension  in  pump  rod  =  \      _  yj       «»  under  surface. 


it 


>> 


>> 


\       -  Press,  on  under  surfa 
=  ahw  -  a  (h  -  x)w  =  axw. 
20 


144 


x  -58  x  62-5  =  504  lbs. 


Second  Case. — Lifting  or  suction  pipe  having  an  area  equal  to 
half  that  of  the  bucket. 

The  symbols  denoting  the  same  quantities  as  before,  we  get: — 

Pressure  of  air  on  upper  surface  of  bucket  =  ahw  lbs.      .     .     (3) 

Pressure  on  under  surface  of  bucket  =  pa 

=  a(h-x)w.  .     .     (4) 

Vol.  of  air  between  bucket  and  surface  °/  )  =  l  a  x  24 
water  at  beginning  of  stroke      .         •   f 

yy  „  =  12  a  cub.  ft. 

Vol.  of  air  between  bucket  and  surface  of  \  =  l a  x  (24  _  #)  +  a  x  1 
water  at  end  of  up  stroke  .         .         .  /       *  ' 

„  „  =  J  (26  -  x)  a  cub.  ft. 
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.\     By  Boyle's  Law,  we  get : — 

(h  -  x)  w  x  £  (26  -  x)a  =  h  w  x  12  a. 

Substituting  A  =  34,  and  simplifying,  we  get: — 

x2  -  60<c  +  68  =  0 

x  =  115  ft.  or =13-8  inches,  nearly. 

Hence, 

Tension  in  pump  rod  =  a  x  to. 

20 


n 


» 


144 


x  1-15x62-5  =  10  lbs. 
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Air  Pump. — The  figure  on  next  page  is  a  sectional 
elevation  and  outside  plan  of  the  air  pump  for  the 
1500  horse-power  compound  engines  of  the  S.S. 
"  St.  RognvaldV'  which  are  fully  described  in  the 
Author's  Text- Book  on  Steam  and  Steam  Engines. 
During  the  up  stroke  of  the  pump  bucket  PB, 
condensed  steam  and  vapour  are  drawn  from  the 
surface  condenser  through  the  foot  valve  F  V,  into 
the  space  below  the  bucket,  whilst  any  water  and  Second  Case. 
vapour  that  may  have  been  lying  above  it,  are 
forced  through  the  delivery  valves  D  V,  into  the  hot  well  H. 
During  the  down  stroke  of  the  bucket,  the  water  and  vapour 
below  it  pass  upwards  through  the  bucket  valves  B  V,  into  the 
space  left  by  the  descending  bucket ;  at  the  same  time,  the  foot 
and  delivery  valves  automatically  close  on  their  seats.  These 
actions  take  place  in  succession  during  each  up  and  down  stroke 
of  the  air  pump-rod  APR,  which  passes  through  an  air-tight 
stuffing  box,  and  is  linked  to  the  piston-rod  crosshead  of  the  high- 
pressure  cylinder  by  short  connecting-rods  and  side  levers. 

The  object  of  placing  the  delivery  valves  on  the  top  of  the  air- 
pump  barrel  in  addition  to  the  ordinary  bucket  valves,  is  to  cause 
a  vacuum  to  be  produced  above  the  latter  during  the  down  stroke 
of  the  bucket,  and  thus  facilitate  their  opening,  as  well  as  to  give 
the  vapour  from  the  condenser  a  free  space  between  these  two  sets 
•of  valves  into  which  it  can  expand. 

The  cast-iron  barrel  of  the  air  pump  is  lined  with  a  truly  bored 
brass  chamber  B  Ch,  the  pump  bucket  is  rendered  tight  by  hemp 
rope  packing  H  P,  the  foot  valve  is  readily  inspected  or  removed 
by  unbolting  or  lifting  the  foot  valve  cover  FVC,  whilst  the 
whole  is  bolted  securely  to  the  surface  condenser  bracket  S  Cx  B, 
And  to  the  circulating  pump  bracket  0  Px  B. 


Single-acting  Force  Pomp, 
net  of 


PP, 
rout 
iger  * 


pipe 
>fthe 

i  the 
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action  goes  on  precisely  in  the  manner  just  explained  in  taa 
ease  of  the  suction  pump,  until  the  water  rifles  into  the  bu-mL 
Then  the  inward  stroke  of  the  plunger  drives  through  the  delivery 
valve  to  any  desired  height  or  against  any  reasonable  back  pcM- 
sui-e,  as  in  tiie  case  of  a  feed  pump  for  a  steam  boiler- 

Both  the  suction 
and    the   delivery  J 

valves  are  made  of 
brass,  and  tit  accu- 
rately into  their 
brass  seats.  The 
covers  to  the  valve 
chests  are  provided 
with  checks  Ch,  to 
prevent  the  valves 
lrom  rising  more 
than  the  distance  re- 
quired to  pass  the 
water  freely  through 

The  eye  of  the 
plunger  may  be  at- 
tached to  a  connect- 
ing-rod actuated  by 
■  band  lever,  as  in 

the  case  of  the  com-  &»Bi*-ACTnra  Force  Ptrjjr. 

Hi  on  Miction  pomp, 

or  it  may  be  worked  from  mn  eccentric  or  crank  revolved  by  a 
staun  engine  or  otber  motor.  By  whichever  way  it  is  worked, 
the  force  applied  to  the  plunger  must  be  sufficient  to  overcome 
the  friction  between  the  plunger  and  the  packing,  the  reaistaace 
due  to  Bucking  the  water  from  the  source  of  supply,  and  of  driving 
the  same  «p  to  the  place  where  it  is  delivered. 

As  in  the  case  of  the  auction  pump,  the  water  is  only  delivered 
daring  each  alternate  stroke  of  the  plunger,  and,  consequently,  in 
an  intermittent  or  pulsating  fashion. 

Very  often  three  pumps  of  this  kind  are  combined  in  one,  each 
plunger  being  driven  by  a  separate  crank  on  a  common  shaft,  and 
the  cranks  making  angles  of  1203  with  each  other.     Such  an 


be  quarter  of  d.     For  the  area  of  bore  =  —  and  the  equivalent  area  of  tha 
valve  opening  =  T<Ji.     .".  ~"     —vdh.    Oi,h=-r, 
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arrangement  is  called  a  three-throw  pump,  and  gives  a  very  steady 

Single-acting  Force  Pnmp  witt  Ball  Valvea.— The  following 
illustration  is  a  simple  modification  of  the  previous  one,  wherein 
ball  valves  are  HubntituW  for  the  common -circular  three  feathered 
type.  The  right-hand  side  forma  the  auction  and  the  left-band 
the  delivery  ride.     All  the  parte  are  made  extra  thick  and  strong 


SlSGLK-ACTTfTO  FoHCE   PuMP  WITH  BALL  VaLVKS. 

to  resist  shocks  and  vibrations,  and  most  of  the  bolt  holes  have  been 
cored  to  the  outside  of  the  flanges  for  the  purpose  of  facilitating 
rapid  connection  and  disconnection.  This  form  of  pump  is  much 
used  for  forcing  feed-water  into  steam  boilers,  &c. 

Force  Fnntp  with  Air  Vessel.— In  the  accompanying  figure  we 
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have  an  illustration  of  a  force  "pump  with  both  the  miction  and 
the  delivery  valves  placed  on  one  side  of  the  pump  barrel  and  then 
surmounted  by  an  air  vessel.  The  plunger,  instead  of  being  solid, 
as  in  the  previous  cases,  is  made  up  of  a  hollow  trunk  or  barrel, 
with  a  connecting-rod  fixed  to  an  eye-bolt  at  its  lower  end. 

Action  of  the  Air  Vessel. — Dur- 
ing the  inward  or  delivery  stroke 
of  the  plunger  barrel  P  B,  part  of 
the  water,  which  is  forced  from 
the  barrel  B,  goes  up  through 
the  delivery  valve  D  V,  into  the 
delivery  pipe  D  P,  and  the  re- 
mainder enters  the  air  vessel  A  V, 
and  consequently  compresses  the 
air  therein.  During  the  outward 
or  non-delivery  stroke  of  the  plun- 
ger the  compressed  air  in  the  air 
vessel  presses  the  rest  of  the  water 
into  the  delivery  pipe.  In  this 
simple  way  a  continuous  How 
of  water    is    maintained   in    the 

delivery  pipe,  and  with  far  lens  Force  Pump  with  Air  Vessel. 
shock,  jar,  and  noise  than  in  the 

previous  cases.  Where  very  smooth  working  is  required,  an  air 
vessel  is  also  put  on  to  the  suction  pipe  S  P.  Should  the  air  in  the 
air  vessel  become  entirely  absorbed  by  the  water,  the  fact  will  be 
noticed  at  once,  by  the  noise  and  the  intermittent  delivery.  Then, 
the  pump  should  be  stopped,  the  air  cock  A  C  opened,  and  the 
water  rnn  out.  When  the  air  vessel  is  again  full  of  air,  the  air 
cock  should  be  shut  and  the  pump  restarted. 

Continuous- delivery  Pumps  without  Air  Vessels.— A  fairly  con- 
tinuous delivery  of  water  may  be  obtained  by  making  the  plunger 
of  the  piston  form,  and  the  pump-rod  exactly  half  its  area;  for 
here,  during  the  down  stroke,  half  the  water  expelled  by  the 
piston  P,  from  the  under  side  of  the  pump  barrel  goes  up  the 
delivery  pipe  D  P,  and  the  other  half  is  lodged  above  the  piston, 
to  be  in  turn  sent  up  the  delivery  pipe  during  the  up  stroke. 
Where  very  high  pressures  are  required,  such  as  in  the  filling  of 
an  accumulator  ram,  pumps  working  on  this  principle,  but  of  the 
following  form,  are  frequently  used.  The  action  is  precisely  the  same 
as  in  the  one  just  described,  and  the  same  index  letters  have  been 
used,  so  that  the  student  will  have  no  difficulty  in  understanding 
the  figure.  The  directions  of  motion  of  the  piston  and  of  the 
ingoing  and  outflowing  water  have  been  marked  by  straight  and 
feathered  arrows  respectively. 
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With  accumulators,  and  for  other  kinds  of  high-pressure  work, 

it  is  not  advisably  to  use  air  vessels,  because  you  cannot  prevent 
the  water  which  enters  them  absorbing  air  and  carrying  the  satae 
with  it  to  the  hydraulic  machines  where  its  presence  would  be 
most  objectionable.  If  750  to  1000  or  more  lbs.  pressure  per 
square  inch  be  gener- 
ated, then  you  would 
require  a  very  large 
and  strong  air  vessel 
before  it  could  be  of  any 
service.  If  a  pressure  of 
only  750  lbs.  per  square 
inch  were  used,  then, 
since  the  normal  pres- 
sure of  the  atmosphere  is 
15  lbs.  per  square  inch, 
the  air  in  the  air  vessel 
would  be  compressed,  in 
accordance  with  Boyle's 
Law,  to  jUf,  or  -gv  of  its 
original  volume.  Conse- 
quently, with  an  air 
vessel  of  50  cubic  feet 
internal  capacity,  there 
would  be  only  I  cubic 
foot  of  air  in  it,  when  the 
_  „         „  pump  was  in  full  action. 

Doable -acting     Force 
Pump.  —  The     pumps 
e  all  single-acting,  in  tie 


which  we  have  hitherto  considered  ; 


euse  that   they  do 


,   both  suck   and  discharge  watsr  during 
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each  stroke.  This  can,  however,  be  accomplished  by  having  two 
•ets  of  suction  mid  delivery  valves  placed  at  each  end  of  the  pump 
barrel,  as  shown  by  the  accompanying  figure.  Here,  during  the 
outward  stroke  of  the  piston  the  pump  draws  water  from  the 
source  of  supply  through  the  inlet  pipe  and  suction  valve  S  V1( 
while,  at  the  same  time,  the  piston  forces  water  in  front  of  it 
through  the  delivery  valve  D  Vj,  and  outlet  pipe.  During  the 
inward  stroke,  suction  takes  place  through  S  Vs  and  discharge 
through  1)  V j,  all  as  clearly  shown  by  arrows  in  the   drawing. 


Double-acting  Fobcb  Pump. 

The  valves  are  provided  with  india-rubber  cushions  I  B.,  to  ease 
the  shock  and  minimise  the  jarring  noise  due  to  their  reaction 
and  natural  reverberation  when  they  are  suddenly  opened  and 
closed. 

Double-acting  Circulating  Fump. — The  following  figure  is  a 
sectional  elevation  and  plan  of  the  circulating  pump  for  the  same 
marine  engines  as  the  previously  described  air  pump.  During  the 
upstroke  of  the  piston  or  pump  bucket  P  E,  water  is  drawn  from 
the  sea  through  the  suction  pipe  S  F,  and  the  lower  suction  valves 
S  V,  into  the  lower  part  of  the  pump  chamber  P  Ch.  At  the 
same  time,  the  water  from  the  top  part  of  the  chamber  is  forced  up 
through  the  upper  delivery  valves  D  V,  along  the  circulating  water 
pipe  CWP,  into  the  surface  condenser  tubes,  and  from  thence  into 
the  sea.  During  the  down-stroke  of  the  piston,  the  water  which 
had  previously  entered  by  the  bottom  of  the  pump  chamber  is 
forced  through  the  lower  delivery  valves  D  V,  into  the  condenser 
tubes  and  sea,  and  at  the  fame  time,  more  water  is  taken  into  the 
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top  part  of  the  pump 
chamber  from  the  sea 
through  the  upper  suo- 
tion  valves  S  V.  These 
double      actions     take 

Slace  in  the  manner 
escribed  during  each 
stroke,  so  that  a  stream, 
of  cold  water  is  kept 
flowing-through  the  con- 
denser tubes,  in  order  to 
maintain  a  vacuum  dur- 
ing the  exhaust  of  the 
steam  from  the  low- 
pressure  cylinder  on  to 
the  outside  of  the  cooled 
condenser  tubes. 

The  cast-iron  pump 
barrel  of  the  circulat- 
ing pump  is  lined  with 
a  truly  bored  brass 
pump  chamber.  The 
pump  piston  is  also 
made  of  brass,  and  is 
rendered  sufficiently 
water- tight  by  the 
simple  device  of  turn- 
ing three  grooves  in 
its  outer  cylindrical 
surface.  The  pump- 
rod  passes  through  a 
water-tight  gland  and 
stuffing-box,  and  is  con- 
nected to  the  recipro- 
cating piston-rod  cross- 
head  by  links  and  side 
levers,  in  the  same  way 
as  the  air  pump-rod. 
The  whole  is  securely 
bolted  to  the  surface 
condenser  and  air  pump 
brackets. 

Wortbington  Steam 
Pump.— The  perspec- 
tive and  sectional  views 
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of  this  well-known  pump,  together  with  the  following  description, 
will  serve  to  explain  the  construction  and  action  of  one  of  the  best 
examples  of  the  duplex  class  of  steam  pumps  for  feeding  boilers, 
working  accumulators,  and  hoists.  It  is  termed  a  duplex  pump, 
from  the  fact  that  it  consists  of  two  steam  and  two  water  cylinders 
placed  side  by  side.  The  pumps  draw  water  from  the  auction  pipe 
S  P,  and  are  in  this  case  safeguarded  from  shock  on  the  suction 
aide  by  an  air  vessel  S  A  V.  The  water  is  admitted  through  the 
suction  valves  S  V,,  S  V„  at  each  stroke  respectively,  and  delivered 
by  the  valves  D  Vs,  D  Vs,  into  the  discharge  pi[>e  D  P,  under  the 
smoothing  action  of  the  discbarge  air  vessel  DAY. 


Vxnioax,  Section  of  the  Wosthisotoh  Steam  Pomp. 

The  steam  pistons  and  the  pump  plungers  are  directly  connected 
together  by  a  piston-rod,  and  give  a  swinging  motion  to  the  inter- 
mediate long  levers  L,  which  are  attached  by  two  separate  spindles 
to  two  shorter  levers  which  work  the  slide  valve  spindles.  When- 
ever one  of  the  steam  pistons  moves  towards  either  end  of  its  stroke 
the  other  piston  is  approaching  the  opposite  end  of  its  stroke,  and 
by  the  combination  of  levers,  piston-rods,  and  spindles  the  slide 


valve  of  the  one  steam  cylinder  is  actuated  by  its  neighbour.  Tbo 
slide  valves  have  neither  lap  nor  lead,  but  immediately  the  piston 
of  one  cylinder  covers  one  or  other  of  the  inner  exhaust  ports  the 
steam  in  that  cylinder  is  cushioned,  and  thus  the  pistons  are  pre- 
vented from  striking  their  cylinder  covers.  Each  piston  as  it 
reaches  the  end  of  its  stroke  automatically  waits  for  its  slide  valve 


Fhhsfective  View  of  the  Woktiunotod  Steak  Pumt. 

to  be  moved  by  the  other  piston-rod  before  it  makes  a  return  stroke. 
By  this  arrangement,  the  pump  valves  have  time  to  close  properly 
oil  their  seats,  and  a  natural  smooth  motion  of  the  whole  of  the 
working  parts  takes  place.  There  are  no  dead  pointain  this  form 
of  duplex  pump,  consequently  it  is  always  ready  to  be  started  either 
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by  the  opening  of  the  stop  valve  or  by  the  automatic  action  of  a 
float  connected  to  the  throttle  valve  by  a  chain  or  rope. 

Pulsometer  Pumps. — The  very  first  steam  pump,  which  was 
invented  by  Thomas  Savery  in  1698,  had  no  working  parts  except 
the  valves.  This  type  has  been  revived  for  certain  kinds  of  work  in 
pumps  of  the  frolsometer  class,  of  which  Bailey's  "  Aqua  Thruster" 
is  a  good  example.  It  consists  of  two  long  chambers,  in  each  of 
which  there  is  a  valve  opening  upwards  at  the  bottom,  and  one 
opening  outwards  at  the  side.  At  the  top  junction  between  these 
two  chambers  there  is  a  flap  valve  which  can  put  either  in  com- 
munication with  a  steam  pipe  while  the  other  is  shut  off  therefrom. 

Now,  suppose  the  right-hand  chamber  to  be  full  of  water  while 
the  left  one  is  full  of  steam,  and  that  the  upper  valve  is  in  the 
position  shown.  Steam  will  enter  the  right-hand  chamber  and 
force  the  water  out  through  the  delivery  valve  at  the  side.  At 
the  same  time  the  steam  in  the  lefc  compartment  will  be  con* 
densing,  and  water  will  therefore  rise  into  it  through  the  bottom 
valve,  provided  the  apparatus  be  not  too  far  above  the  free  surface 
of  the  water.  The  inertia  of  this  water  will  cause  it  to  continue 
in  motion  after  all  the  steam  is  condensed,  and  it  will  therefore 
compress  the  air  that  remains  to  a  sufficient  extent  to  shift  over 
the  valve  to  the  other  side.*  If  there  is  no  air,  then  the  water 
itself  will  strike  the  valve  and  knock  it  over  to  the  other  side. 
The  conditions  of  the  chambers  are  now  interchanged.  Water 
will  be  forced  out  from  the  left  one,  and  fresh  water  will  rise  into 
the  other,  and  the  process  begins  again. 

A  large  lossoccuis  in  this  kind  of  pump  through  the  conden- 
sation of  steam  during  the  down  stroke  of  the  water,  and  also 
owing  to  the  fact  that  the  steam  is  used  non-expansively.  To 
reduce  the  former  loss  little  cocks  open  into  the  top  of  the  cham- 
bers and  admit  a  little  air  during  the  time  there  is  a  vacuum 
inside.  This  air  prevents  the  steam  from  coming  so  quickly  into 
contact  with  the  water  as  it  otherwise  would  do,  and  thus  reduces 
the  loss  during  admission.     A  slight  escape  of  steam  takes  place* 

*  This  is  not  the  common  explanation  of  the  working  of  the  pulsometer 
-valve.  It  is — "As  soon  as  the  water  is  lowered  below  the  upper  surface  of 
the  delivery  valve,  steam  blows  through  with  some  violence  and  causes  a 
commotion  and  a  rapid  condensation  in  the  chamber.  The  valve  is  then 
<dravm  to  the  right-hand  side. "  This  is  quite  wrong.  The  valve  can  only 
be  shifted  by  being  pushed,  owing  to  the  pressure  on  the  closed  side  becom- 
ing greater  than  that  on  the  other  side,  and  it  is  difficult  to  see  how  the 
pressure  in  a  chamber  in  direct  communication  with  the  boiler  can  become 
less  than  that  in  one  where  the  steam  is  already  all  condensed,  and  where 
the  pressure  is  considerably  below  that  of  the  atmosphere.  Besides,  it  is 
probable  that  in  steady  working  the  water  never  gets  as  low  as  the 
delivery  valves. 


PuLSOMrrER  Pump  by  W.  H.  Bait.kt  k  Co ,  I/td.,  Mahchbtbr. 
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through  these  cocks,  as  they  are  always  kept  open ;  but  as  their 
bore  is  so  very  small,  the  loss  is  less  than  the  gain.  To  diminish 
the  latter  loss  an  extra  self-acting  valve,  called  the  "grel,"  has 
been  added  to  some  forma  of  pulsometer  with  the  intention  of 
cutting  off  the  steam  earlier,  and  then  using  it  expansively. 

Pumps  of  this  class  are  exceedingly  handy  for  dealing  with 
dirty  water  and  for  temporary  purposes  owing  to  their  simplicity, 
few  working  parte,  and  the  ease  with  which  they  can  be  erected. 
It  is  sufficient  to  suspend  them  by  a  chain  and  connect  them  by  a 
pipe  to  a  portable  boiler.  A  suction  pipe  projects  down  below  the 
water  surface,  and  a  flexible  hose  pipe  will  carry  off  the  discharged 
water.  The  full  page  illustration  shows  the  "  Aqua  Thruater  "  in 
use  for  pumping  water  from  a  dock  during  its  construction. 

Roots'  Blower. — A  form  of  rotary  pressure  pump,  known  as 
.Boots'  Blower,  is  need  for  obtaining  a  blast  of  air  at  a  moderate 


Two  Eosms  or  Boots'  Bluwkk. 

pressure,  and  for  pumping  liquids.  Two  vanes  rotate  inside  a 
closed  casing,  and  sweep  the  fluid  round  with  them.  They  are 
connected  by  spur  wheels  outside  so  as  to  be  always  at  right 
angles  to  each  other,  and  they  have  such  a  shape  that  practically 
nothing  is  carried  backwards  at  the  central  part  of  the  machine. 
They  can  produce  a  higher  pressure  than  an  ordinary  blowing  fan, 
and  are  handier  for  many  purposes  than  a  blower  of  the  cylinder 
and  piston  type.  The  student  should  note  that  this  is  not  a 
centrifugal  pump  or  fen,  although  there  are  no  reciprocating  parts, 
but  simply  a  rotary  form  of  pressure  pump. 

If  a  fluid  be  forced  through  this  machine,  then  it  will  cause  the 
vanes  or  teeth  to  rotate ;  hence  it  will  work  as  a  motor,  and  there- 
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fore  it  is  a  reversible  machine.  Many  ingenious  attempts  have 
been  made  to  produce  economical  steam  engines  on  this  principle  ; 
but  largely  owing  to  the  difficulty  of  keeping  them  tight,  they 
have  not  been  so  successful  as  their  sanguine  inventors  expected.* 
Bramah'8  Hydraulic  Press. — This  useful  machine  was  invented 
by  Pascal,  but  he  could  uot  make  the  moving  parts  water-tight. 
B  ram  ah,  about  the  year  179t>,  discovered  a  means  by  which  this 
difficulty  was  effectually  overcome ;  and  thus  the  instrument  has 
been  handed  down  to  us  under  his  name.  As  may  be  seen  from 
the  following  figure,  it  consists  of  a  single-acting  force  pump  in 
connection  with  a  strong  cylinder  containing  a  plunger  or  ram, 
which  is  forced  outwards  from  the  cylinder  through  a  tight  collar 
by  the  pressure  of  the  water  delivered  into  the  cylinder  from  the 
force  pump. 


*4r 


Vertical  Section  of  a  Small  Bkamah  Hydra-tug  Press. 

After  what  has  been  written  about  force  pumps,  we  need  not 
particularise  about  this  part  of  the  machine,  except  to  say  that 
the  suction  and  delivery  valve  boxes  at  S  V  and  D  V  can  be 
disconnected  from  the  pump,  and  the  valve  cover-checks  removed 
at  any  time  for  the  purpose  of  examining  the  parts,  or  of  regrinding 
the  valves  into  their  seats.  The  pump  plunger  P  P,  extends 
through  a  stuffing-box  and  gland  tilled  with  hemp  packing,  and  is 
guided  Ly  a  centrally  bored  bracket  bolted  to  the  top  flange  of  the 

*  See  Lecture  XXXV.  for  Centrifugal  Pumps. 
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pump.  The  lever  L,  fits  through  a  slot  in  this  guide-bar,  whereby 
it  has  an  easy  free  motion,  when  communicating  the  force  applied 
through  it  to  the  pump  plunger.  The  relief  valve  RV,  has  a 
loaded  lever  so  adjusted  as  to  rise  and  let  the  water  escape  when 
the  pressure  exceeds  a  certain  amount.  It  may  also  be  used  for 
ascertaining  the  pressure  on  the  object  under  compression,  or  for 
lowering  the  ram  R,  by  simply  lifting  the  little  lever  and  pressing 
down  the  table  T,  when  the  water  flows  easily  from  the  ram 
cylinder  R  C,  by  the  delivery  pipe  D  P,  and  the  relief  valve.  The 
delivery  pipe  is  made  of  solid  drawn  brass,  and  the  ram  cylinder 
is  carefully  rounded  at  the  bottom  end,  instead  of  being  flat,  in 
order  that  it  may  be  of  the  strongest  shape.*  The  guide  pillars 
G  P,  are  securely  bolted  to  the  base  B,  and  to  the  top  cross  girder 
C  G,  by  nuts  and  washers. 

The  cup  leather  packing  0  L, 
deserves  special  attention,  because 
it  formed  the  chief  improvement 
by  Bramah  on  Pascal's  press.  It 
consists  of  a  leather  collar  of  f) 
section,  placed  into  a  cavity  turned 
Cross  Section  of  Ordinary  «**<**•  n«*k  of  the  cylinder,  and 
Leather  Packing.  **P*   there    DV  tne    gland    of    the 

cylinder  cover. 
This  collar  is  made  from  a  flat  piece  of  new  strong  well-tanned 
leather,  thoroughly  soaked  in  water,  and  forced  into  a  metal  mould 
of  the  requisite  size  and  shape  to  give  it  the  form  of  a  (J  collar. 
The  central  or  disc  portion  of  the  leather  is  then  cut  out,  and  the 
circular  edges  are  trimmed  up  to  a  sharp  bevel  as  shown. 

The  following  figure  shows  an  enlarged  section  of  Bramah V 
packing  suitable  for  a  huge  press,  where  the  desired  shape  of  the 
leather  collar  L  0,  is  maintained  by  an  internal  brass  ring  B  R, 
and  an  outside  metal  guard  ring  G  R,  resting  on  a  bedding  of 
hemp  H.  It  will  be  observed  at  once,  from  an  inspection  of  this 
figure,  that  the  water  which  leaks  past  the  easy  fit  between  the 
plunger  or  ram  R,  and  the  cylinder  C,  presses  one  of  the  sharp* 

*  In  the  case  of  large  cylinders  for  very  great  procures,  the  lower  or 
inner  end  of  the  cylinder  should  be  carefully  rounded  off,  both  inside  and 
outside.  For,  if  left  square,  or  nearly  square,  the  crystals  formed  in  the 
casting  of  the  metal  naturally  arrange  themselves  whilst  cooling  in  such  a 
manner  as  to  leave  an  initial  stress,  and  consequent  weakness,  inviting 
fracture  along  the  lines  joining  the  inside  to  the  outside  corners  of  the 
cylinder  end.  The  severe  shocks  and  stresses  to  which  this  weak  line  of 
division  is  subjected  during  the  working  of  the  press  would  sooner  or  later 
force  out  the  end  of  the  cylinder,  in  the  shape  of  the  frustrum  of  a  cone, 
unless  the  cylinder  had  been  made  unnecessarily  thick  and  heavy  at  the- 
bottom  end. 
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edges  of  the  leather  collar  against  the  rani,  and  the  other  edge 

against  the  side  of  the  bored  cavity  in  the  ueek  of  the  cylinder, 

with  a  force  directly  proportional 

to  the  pressure  of  the  water  in  the 

cylinder.     By  this  simple  automatic 

action,  the   greater  the  pressure  in 

the  cylinder  the  tighter  does   the 

leather  collar  grip  the  ram  and  bear 

on  the  cylinders  neck. 

Referring  again  to  the  figure  of 
the  Bianiau  press,  by  taking  mo- 
ments about  the  fulcrum  at  F,  we 
obtain  the  pressure  Q,  on  the 
plunger  of  the  force  pump.  Neglect- 
ing weight  of  lever  and  friction,  we 
get:— 

P  x  AF  =  Q  x  BF. 
„       P  x  AF 


BF 


Further,  we  know  that  the  statical 
pressure  Q,  is  transmitted  with  un- 
diminished force  to  every  correspond- 
ing area  of  the  cross  section  of  the 

Q  :W: :  area  of  plunger  :  area  of  ram. 

W  x  area  of  plunger  =  Q  x  area  of  ram. 
Or,  W  x  <rr*  =  Q  x  tRI 

Where  r  =  radius  of  plunger,  and  R  =  radius  of  ram,  both  in  the 
same  unit.  Substituting  the  previous  value  for  Q,  and  dividing 
each  side  of  the  equation  by  it,  we  get :— 

w„--£i££„M 

w  -  P  *  AF      R*      P  x  AF      r^ 
BF       *   r2  BF       X  d*' 

Where  I>  and  d  are  the  diameters  of  the  ram  and  plunger 
resjieotively. 

Example  VII. — In  a  small  Bramah  press,  P  =  50  lbs.,  A  F 
=  20  ina.,  B  F  =  2  ins.,  area  of  plunger  =  1  sq.  in.,  whilst  area  of 
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ram  =  14  sq.  ins.      Find  W,  neglecting  friction  and  weight  of 
lever. 

Answer. — By  the  above  formula  : — 

m      P  x  A  F      R* 


w  =  soxjo    u    7)000  lb8 

Z  1 


Example  YIII. — In  Brainah's  original  press  at  South  Kensing- 
ton the  plunger  is  3  ins.  in  diameter,  and  it  acts  at  a  distance  of  6  ins. 
from  the  fulcrum,  which  is  at  one  end  of  a  levor  10  ft.  3  ins.  long, 
carrying  a  loaded  scale-pan  at  the  other  end.  What  should  be  the 
pressure  of  the  water  in  the  press  in  order  to  lift  a  weight  of 
3  cwts.  in  the  scale-pan,  neglecting  the  weight  of  the  lever?  Make 
a  diagram  of  the  arrangement     (S.  and  A.  Exam.,  1892.) 

Answer. — Here  d  =  3   ins.,  consequently  the  area  of  the 

iff 

plunger  =  —  d2  =  -7854  x  3  x  3  =  7  sq.  ins.,  and  BF  =  6  ins. ; 

A  F  -  10  ft.  3  ins.  =  123  ins. ;  P  =  3  cwts.  =  3x112  =  336  lbs. 
Now  we  have  to  6nd  the  pressure  per  sq.  in.  on  the  ram  that  will 
balance  P,  acting  with  the  stated  advantage,  since  the  area  of  the 
ram  is  not  given. 

By  the  above  formula : — 

_       P  x  AF       area  of  1  sq.  in.       336  x  123       1 

\Y    — x =  ■ —  x    — 

B  F  area  of  plunger  6  7 

Or,  W  =  984  lbs.  per  sq.  in. 

Hydraulic  Flanging  Press. — As  an  example  of  the  practical 
application  of  the  Bramah  press  to  modern  boiler-making,  the 
accompanying  illustration  shows  the  form  which  it  takes  when 
used  for  flanging.  It  is  worked  by  a  high-pressure  water  supply 
derived  from  a  central  accumulator,  which  may  at  the  same  time 
be  used  to  work  cranes,  punching,  riveting,  and  other  similar 
machine  tools. 

The  operation  of  flanging  the  end  tube-plates  of  a  locomotive 
boiler  is  carried  out  in  the  following  manner : — The  ram  R  is 
lowered  to  near  the  bottom  of  the  hydraulic  cylinder  H  C,  in  order 
to  leave  room  to  place  the  heated  boiler  plate  on  the  movable  table 
T2.  High-pressure  water  is  then  admitted  from  the  central  ac- 
cumulator to  the  auxiliary  cylinders  AC,  thus  forcing  the  side 
rams  S  It,  with  their  table  T2,  and  the  plate  P  vertically  upwards, 


until  the  upper  surface  of  the  plate  bears  hard  against  the  bearers 
B,  or  internal  part  of  the  dies.  Water  from  the  same  source  is 
now  admitted  into  the  hydraulic  cylinder  H  C,  and  forces  up  the 
ram  £  with  its  table  Tv  supporting  columns  8  C,  and  the  external 


Labor  Hydraulic  Press  foe  Flanging  Boiler  Plate*.* 

"  Hie  above  figure  is  a  reduced  copy  of  one  from  Prof.  Henry  Robinson's 
book  on  Hydraulic  Machinery,  published  by  Messrs.  Charles  Griffin  &  Co. 
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part  of  the  dies  D,  until  the  latter  has  quietly  and  smoothly  bent 
the  heated  edge  of  the  plate  round  the  curved  corner  of  the  inter- 
nal bearer  B.  The  ram  R  is  now  lowered,  carrying  with  it  the 
table  T,  and  dies  D,  by  letting  out  the  water  from  H  C.  Then 
the  table  T2  with  the  flanged  plate  is  lowered  by  letting  out 
water  from  A  C.  The  plate  is  removed  from  its  table,  allowed  to 
cool,  faced,  placed  in  position  in  the  barrel  of  the  boiler,  marked 
off  for  the  rivet  holes,  drilled,  rimed,  and  riveted  in  the  usual 
manner.  The  student  will  thus  understand  what  a  useful  and 
powerful  tool  a  hydraulic  press  is  to  the  engineer  in  the  hands  of  a 
skilful  workman ;  for,  it  can  be  made  to  do  better  work  in  far  less 
time,  and  with  far  greater  certainty,  uniformity,  and  exactitude, 
than  the  boiler-smith  can  turn  out,  with  any  number  of  hammer- 
men to  help  him.  It  is  fast  replacing  the  steam-hammer  for 
cressing  work,  and  also  steam  or  belt-driven  punching  and  riveting 
machines,  steam  cranes,  screw  and  wheel -gear  hoists,  as  well  as 
the  screw  press  for  making  up  bales  of  goods. 

Hydraulic  Jack. — This  is  a  combined  force  pump  and  hydraulic 
press  arranged  in  such  a  compact  form  as  to  be  readily  portable, 
and  applied  to  lifting  heavy  weights  through  short  distances.  It 
therefore  effects  the  same  objects  us  the  screw-jack,  but  with  less 
manual  effort  and  with  greater  mechanical  advantage. 

The  base  on  which  the  jack  rests  is  continued  upwards  in  the 
form  of  a  cylindrical  plunger,  so  as  to  constitute  the  ram  of  the 
hydraulic  cylinder  H  C.  Along  one  side  of  this  ram  there  is  cut  a 
grooved  parallel  guide  slot  GS,  into  which  fits  a  steel  set  pin, 
serewed  through  the  centre  of  a  nipple  cast  on  the  side  of  the 
cylinder  (not  shown  in  the  drawings)  for  the  purpose  of  guiding 
the  latter  up  and  down  without  allowing  it  to  turn  round.  The 
top  of  the  ram  has  bolted  to  it  a  water-tight  eup  leather  C  L,  by 
means  of  a  large  washer  and  screw-bolt. 

The  actien  of  this  cup  leather  is  precisely  the  same  as  the 
leather  collar  in  the  cylinder  of  the  Bramah  press  already  de- 
scribed; but  it  has  only  to  be  pressed  by  the  water  in  one  direction 
— viz.,  against  the  sides  of  the  truly-bored  cast-steel  cylinder, 
instead  of  against  both  the  ram  and  the  cylinder  neck,  as  in  the 
former  case.  The  head  H  and  upper  portion  of  the  machine  is 
of  square  section,  and  is  screwed  on  to  the  hydraulic  cylinder  in 
the  manner  shown  by  the  figure.  It  contains  a  water  reservoir 
"W  B,  which  may  be  filled  or  emptied  through  a  small  hole  by 
taking  out  the  screw  plug  S  P.*     In  the  centre  line  of  the  head- 

*  This  screw  plug  S  P  is  slackened  back  a  little  to  let  the  air  in  or  out 
of  the  top  of  the  water  reservoir  when  working  the  jack.  There  is  gene- 
rally another  and  separate  screw  plug  opening  for  filling  or  emptying  the 
water  reservoir,  quite  independent  of  the  above-mentioned  one,  which  is 
used  in  this  case  for  both  purposes. 
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piece  there  is  placed  a  small  force  pump,  the  lower  end  of  which 
is  screwed  into  the  centre  of  the  upper  end  of  the  hydraulic  cylin- 
der. This  pump  is  worked  by  the  up-and-down  movement  of  a 
handle  placed  on  the  squared  outstanding  end  of  the  turned  crank 
shaft  C  S.  To  the  centre  of  the  crank  shaft  there  is  fixed  a  crank 
C,  which  gears  with  a  slot  in  the  force-pump  plunger  P,  and  thus 
the  motion  of  the  handle  is  communicated  to  the  pump  plunger. 
By  comparing  the  right-hand  section  of  the  water  reservoir,  and 
the  section  on  the  line  A  B,  with  the  vertical  left-hand  section  of 
the  jack,  it  will  be  seen  where  the  inlet  and  delivery  valves  I  V 
and  D  V  are  situated.  On  raising  the  pump  plunger  P,  water  is 
drawn  from  W  R  into  the  lower  end  of  the  pump  barrel  through 
IV,  and  on  depressing  the  plunger  this  water  is  forced  through 
the  delivery  valve  D  V,  into  the  hydraulic  cylinder,  thus  causing  a 
pressure  between  the  upper  ends  of  the  cylinder  and  the  ram,  and 
thereby  forcing  the  cylinder,  with  its  grooved  head  H,  and  foot- 
step S,  upwards,  and  elevating  whatever  load  may  have  been 
placed  thereon.  Both  the  inlet  and  outlet  valves  are  of  the  kind 
known  as  *'  mitre  valves."  They  have  a  chamfer  cut  on  one  or 
more  parts  of  their  turned  spindles,  so  as  to  let  the  water  in  and 
out  along  these  channels.  The  valves  are  assisted  in  their  closing 
action  by  small  spiral  springs  S  S,  bearing  in  small  cups  or  hollow 
centres,  as  shown  more  clearly  in  the  case  of  D  V  by  the  enlarged 
section  on  A  B. 

When  it  is  desired  to  lower  the  jack,  the  relief  valve  R  V  is 
screwed  back  and  the  water  is  thus  allowed  to  be  forced  up  again 
into  W  R. 

Example  IX. — Mr.  Croydon  Marks,  in  his  book  on  Hydraulic 
Machinery,  illustrates  and  describes  another  method  of  lowering 
the  jack-head  (first  introduced  by  Mr.  Butters,  of  the  Royal 
Arsenal,  Woolwich),  where,  by  a  particular  arrangement,  the  inlet 
and  delivery  valves  are  acted  upon  by  an  extra  depression  of  the 
handle,  and  consequent  movement  of  the  pump  plunger.  He  also 
gives  the  main  dimensions,  with  a  drawing,  of  the  standard  4-ton 
pattern  as  used  by  the  British  Government,  where  the  ram  has  a 
diameter  D  =  2  ins.,  the  pump  plunger  a  diameter  d-\  in. ;  and  the 
ratio  of  the  leverage  of  the  handle  to  the  erank  is  16  to  1.  There- 
fore,  from  the  previous  formula  we  find  that : — 

mi    ™         •    7  AJ  W     AF     D*     16     22     64 

1 he  Theoretical  Advantage  =  "p"  =  w~-pi  x  7/2  =  T  x  T*  "  T~* 

And  he  instances  two  trials  by  Mr.  W.  Anderson,  the  Inspector- 
general  of  Ordnance  Factories,  to  determine  the  efficiency  of  these 
jacks,  where,  with  a  pressure  on  the  end  of  the  working  handle  of 
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76  lbs.,  tbe  theoretical  load  should  have  been  76  lbs.  x  theoretical  , 

advantage  =  76  x  64  =  4,864  lbs.,  instead  of  which  it  was  only 
3,738  lbs.  :— 

4,864  lbs.  :  3,738  lbs.  :  100  :  x. 

^  3,738  x  100  ,     -  . 

Or,  x  =        .  Qg< —  =  77  per  cent,  efficiency.  i, 

4,864  t 

In  a  second  trial,  a  load  of  1,064  lbs.  required  a  pressure  of 
22  lbs.  on  the  handle,  and  consequently  the  efficiency  at  this 
lighter  load,  as  might  be  expected,  was  less,  or  only  74  per  cent. 

Example  X. — With  a  hydraulic  jack  of  the  dimensions  given 
above,  and  of  77  per  cent,  efficiency,  it  is  desired  to  lift  a  load  of 
4  tons ;  what  force  must  be  applied  to  the  lever  handle  1 

Answer. — By  the  previous  theoretical  formula  : — 

W  = 


P  = 


But  the  efficiency  of  the  machine  is  only  77  per  cent.,  consequently 
140  lbs.  is  77  per  cent,  of  the  force  required : — 

77  :  100  :  :  140  lbs.  :  x  lbs. 

140  x  100       lol  Q1  lu 
x  = == =  181-81  lbs. 

77 

Example  XI. — Show,  with  the  aid  of  sectional  sketches,  the 
construction  of  the  ordinary  hydraulic  lifting  jack.  If,  in  such 
a  machine,  the  mechanical  advantage  of  the  lever  or  handle  is 
12  to  1,  and  the  diameter  of  the  lifting  ram  is  2  inches,  while 
the  diameter  of  the  plunger  is  §  of  an  inch,  what  weight  can  be 
lifted  theoretically  when  a  pressure  bf  50  lbs.  is  applied  to  the 
lever  handle?     (S.  &  A.  Exam.,  1891.) 

Answer. — The  hydraulic  jack  has  been  fully  described  and 
illustrated  in  this  lecture. 

Let  D  =  Diameter  of  ram  =  2  inches. 
„      rf=  „  plunger  =  |  inch. 

„      n  —  Mechanical  advantage  of  lever  =  12  :  1. 
„     P  =  Effort  applied  at  end  of  lever  =  50  lbs. 
yj   W  =  Weight  raised. 
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If  Q  denotes  the   pressure  on  the   plunger,  caused  by  the 
effort  P  applied  at  the  end  of  the  lever,  then  : — 


But, 


Q  =  Pn. 

W  _     area  of  ram        D2 
Q     area  of  plunger     d2' 

WD2 
Pn~rf2# 


This  is  a  formula  giving  the  relation  between  W,  P,  n,  D, 
and  d,  which  is  also  true  for  the  hydraulic  press. 

Substituting  the  above  values  in  this  formula,  we  get : — 

W  22 


50x12     (§)2' 

W  =  3,134  lbs.,  or  =  1*4  tons,  nearly. 

Hydraulic  Bear. — This  is  another  very  useful  application  of  the 
hydraulic  press  and  force  pump.  It  is  used  in  every  shipbuilding- 
yard  and  bridge-building  works.  By  comparing  the  drawing  with 
the  index  to  parts,  it  may  be  seen  that  its  construction  and  action 
are  similar  to  the  hydraulic  jack  just  described  in  full  detail,  and 
we  need  say  nothing  more  than  direct  the  student's  attention  to 
the  action  of  the  raising  cam,  and  to  the  means  by  which  the  appa- 
ratus is  lifted  and  suspended.  In  order  to  raise  the  punch  P,  for 
the  admittance  of  a  plate  between  it  and  the  die  D,  the  relief 
valve  BY,  must  first  be  turned  backwards,  aud  the  lever  L, 
depressed.  This  causes  the  corner  of  the  raising  cam  R  C,  to  force 
the  hydraulic  ram  H  B,  upwards,  and  the  water  from  the 
hydraulic  cylinder  H  0,  back  into  the  water  reservoir  W  R.  The 
relief  valve  B  V,  may  now  be  closed  and  the  plate  adjusted  in 
position.  Then  the  pump  lever  P  L,  can  be  worked  up  and  down 
until  the  punch  P,  is  forced  through  the  plate,  and  the  punching 
drops  through  the  die  hole  D.  in  the  metal  frame  M  F,  to  the 
ground,  or  into  a  pail  placed  beneath  to  receive  it. 

The  whole  bear  is  suspended  by  a  chain  (worked  by  a  crane  or 
other  form  of  lifting  tackle)  attached  to  a  shackle,  whose  bolt 
passes  through  a  cross  hole  in  the  back  of  the  metal  frame  M  F, 
just  above,  but  a  little  to  the  front  of,  the  centre  of  gravity  of  the 
machine.  This  hole  and  shackle  are  not  shown  in  the  drawing, 
but  the  student  can  easily  understand  that  the  hole  would  be 
bored  a  little  above  where  the  letters  B  C,  appear  on  the  side  view, 
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and  that  the  chain  would  pass  clear  of  the  pump  lever,  si 
works  well  to  the  right-hand  aide  of  the  bear. 


Side  View  ahb  Section.  End  View  and  Bectio: 

The  Hydraulic  Bear,  or  Portable  Puncbikg  Machine. 


P  L  represents  Pump  lever. 
CS         „         Crankshaft. 

C  „  Crank. 

PP  ,,  Pump  plunger. 
WR  ,,  Water  reservoir. 
IV         ..         Inlet  valve. 

Delivery  valve. 


RV 


Relief  valve. 


H  C  represents  Hydraulic  cylinder. 
CL         „         Cup  leather. 
HR         „         Hydraulic  ram. 
RC         „         Raising  cam. 
L        „        Lever  for  RC. 
P         „         Punch. 
Die  ring 
Metal  frame. 


MF 


Lead-covering  Cable  Press.  —  Hydraulic  presses  are  now- 
employed  for  making  lead  pipes,  and  for  covering  electric  light 
cables  with  a  close-fitting  tube  of  lead.  For  the  former  purpose 
the  lead  is  heated  until  it  is  nearly  melted  in  a  strong  chamber 
from  which  it  is  forced  by  rams  to  squirt  through  a  die  at  the  top 
of  the  machine.  A  mandrel  projects  into  the  centre  of  the  die, 
and,  consequently,  the  lead  issues  as  a  continuous  tube. 

The  accompanying  figure  illustrates  a  press  for  covering  electric 
cables  with  lead  in  this  manner,  as  carried  out  by  Messrs.  Siemens 
Brothers,  at  their  Woolwich  works.  It  consists  essentially  of  a 
receiver  in  which  two  rams  work,  and  which  contains  a  mandrel 
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and  matrice.  The  lead  is  melted  in  the  melting  pot  at  the  top  by 
gas  or  petroleum,  aod  is  then  poured  into  the  receiver  below. 

The  cable  enters  at  one  side  of  the  receiver,  and  passes  through 
the  mandrel  and  leaves  at  the  other,  while  as  soon  as  the  rams 
begin  to  force  their  way  into  the  receiver,  the  lead  casing  is  formed 
round  the  cable. 

The  matrice  can  be  so  nicely  adjusted  by  means  of  steel  cones, 
that  a  lead  casing  of  perfectly  uniform  thickness  of  a  fraction  of  a 
millimetre,  can  be  obtained.     An  excellent  feature  of  this  press  is. 


Press  for  Covering  Cables  with  Lead,  by  Fried.  Krdpp  Grcsonwerk, 

that  it  possesses  two  rams  which,  by  distributing  the  pressure  more 
uniformly,  ensure  a  more  regular  casing  than  is  possible  with  only 
one,  as  is  usually  the  case.  The  two  rams  are  connected  together 
by  an  adjusting  apparatus  so  that  they  will  both  move  forward  at 
the  same  rate.  The  mandrels  and  matrices  can  easily  be  changed 
to  suit  cables  whose  diameters  range  from  £  in.  to  2|  ins. 
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Hydraulic  Accumulator. — The  demand  for  hydraulic  power  to 
■work  elevators,  cranes,  swing  bridges,  dock  gates,  presses,  punching 
and  riveting  machines,  &c,  being  of  an  intermittent  nature — at 
one  moment  requiring  a  full  water  supply  at  the  maximum  pres- 
sure, and  at  another  a  medium  quantity,  whilst  in  many  cases  all 
the  machines  may  be  idle — it  is  evident  that  if  an  engine  with 
pumps  were  devoted  to  supplying  this  demand  in  a  direct  manner, 
the  power  thereof  would  have  to  be  equal  to  the  greatest  require- 
ments of  the  plant,  and  would  have  to  instantly  answer  any  and 
every  call  from  the  same.  In  the  case  of  a  low-pressure  supply,  as 
for  lifts,  this  difficulty  is  best  overcome  by  placing  one  tank  in  an 
elevated  position  at  the  top  of  the  hotel  or  building  where  the  lift 
is  required,  and  another  tank  below  the  level  of  the  lowest  flat. 
Then  a  small  gas  engine  working  t  two  or  three-throw  pump,  or  a 
Worthington  duplex  steam  pump,  may  be  used  to  elevate  the 
water  more  or  less  continuously  from  the  lower  to  the  higher  tank. 
The  "  head  "  of  water  in  the  elevated  tank  will,  if  sufficient,  work 
the  lift  at  the  required  speed,  and  the  discharged  water  from  the 
hydraulic  cylinder  will  enter  the  lower  tank,  to  be  again  sent 
round  on  the  same  cycle  of  operations.  Should  the  lift  be  stopped 
for  any  considerable  time,  then  a  float  in  the  upper  tank,  connected 
by  a  rope  or  chain  with  the  shifting  fork  for  the  belt-driven  pumps 
(in  the  case  of  the  gas  engine)  will  force  the  belt  over  on  to  the 
loose  pulley,  or  shut  off  the  steam  from  the  Worthington  pump. 
And  when  the  water  falls  in  the  upper  tank,  the  float  will  cause  a 
reverse  movement  of  the  rope  and  shift  the  belt  to  the  tight  pulley, 
or  open  the  steam  valve,  and  so  start  the  pumps. 

When  the  pressures  required  are  great,  such  as  for  cranes,  &c, 
where  700  lbs.  on  the  square  inch  is  considered  a  very  medium 
pressure,  an  elevated  tank  would  be  out  of  the  question,  for  it 
would  have  to  be  fully  1600  feet  high  in  order  to  exert  this  force 
and  to  overcome  friction.  Under  these  circumstances  recourse  is 
had  to  a  very  simple  and  compact  arrangement  called  an  accumu- 
lator, of  which  we  here  give  a  lecture  diagram,  without  any 
details  of  cocks  or  valves,  and  automatic  stopping  and  starting 
gear.  A  steam  engine,  or  other  motor,  works  a  continuous  delivery 
pump,  of  the  combined  piston  and  plunger  type,  without  an 
air  vessel,  as  already  illustrated  in  this  lecture.  The  water  from 
the  pump  enters  the  left-hand  branch  pipe  leading  into  the 
foot  of  the  accumulator  cylinder,  and  forces  up  the  accumulator 
ram  with  its  crosshead  or  top  T-piece  and  the  attached  weight  or 
dead  load,  until  the  ram  has  reached  nearly  to  the  end  of  its  stroke. 
Then  the  top  of  the  T-piece,  or  a  projecting  bracket  on  the  side  of 
the  wrought-iron  cylinder  containing  the  dead  load,  engages  with 
and  lifts  a  small  weight  attached  to  a  chain  passing  over  a  pulley 
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fixed  to  the  guide  frame  or  to  the  wall  of  the  accumulator  house. 
This  chain  is  connected  directly  to  the  throttle  valve  of  the  steam 
supply  pipe,  or  to  the  belt-shifting  gear  if  the  pump  is  driven 
by  belt  gearing,   and    being    provided    with    a    counter- weight, 
the  motor  and  pump  are  automatically  stopped  by  the  raising  of 
the  weight  and  the  chain  in  the  accumulator  house.     Should  the 
water  which  has  been  forced 
into  the  accumulator  cylinder 
be  now  used  by  a  crane  or 
other  machine,  the   load  on 
the  ram  causes  it  to  follow  up 
and  keep  a  constant  pressure 
on  the  water.     The  starting 
weight  falls  as  the  receding 
T-piece  or  bracket  descends, 
4  and  thus  pulls    the  starting 

^  chain,  and   opens  the  steam 

<£  engine  throttle  valve,  or  shifts 

■S  the  belt  from  the  loose  to  the 

3  fixed  pulley,  and  again  sets 

the  pump  to  work.  Should 
the  hydraulic  machines  be 
working  continuously,  then 
the  pump  is  kept  going,  for 
the  water  from  it  passes 
directly  on  to  the  machines, 
Fhom  and  only  the  surplus  water 

Pum  finds  its  way  into  the  accumu- 

lator cylinder  if  the  pump's 

m „  supply  exceeds  the  demand  of 

The  HYOBAinJC  Accumulator.         the  machines  for  water. 

Index  to  Parts.  The    annular   cylinder    of 

A  C  for  Accumulator  oylinder.  wrought  iron  is  generally  filled 

AP  „  Accumulator  plunger  or  ram.         with    scrap   iron,    iron    slag, 

W  „  Weight  or  load  contained  in  an    gana      Dr    other    inexpensive 

EFS&SAEX   heavymaterial.    Theaccumu- 

top  of  Tpisce  or  crosshead.     ^tor    cylinder    A  C,    has    a 

stuffing-box  and  gland  at  its 

upper  end.     A  coil  of  bemp  woven  into  a  firm  rectangular  section 

and  smeared  with  white    lead  is  placed  in  the  bottom  of  the 

stuffing  box.     The  gland  is  screwed  down  on  the  top  of  this  packing 

until  at  the  normal  pressure  the  water  in  the  cylinder  cannot  leak 

past  it.     Cup  leather  packing  is  seldom  used  for  this  simple  form 

of  accumulator ;  just  the  ordinary  packing  that  would  be  used  for 

pump  rods  is  found   to   answer  all  requirements.     Thia  is  the 
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simplest  form  of  accumulator  which  we  have  here  described,  but 
other  forms  will  be  illustrated  in  the  next  lecture. 

Example  XII. — Describe  and  sketch  in  section  an  hydraulic 
accumulator,  showing  how  the  ram  is  kept  tight  in  the  cylinder. 
An  hydraulic  press,  haying  a  ram  16  inches  in  diameter,  is  in  con- 
nection with  an  accumulator  which  has  a  ram  8  inches  in  diameter 
and  is  loaded  with  50  tons  of  ballast ;  what  is  the  total  pressure 
on  the  ram  of  the  press  1     (S.  &  A.  Exam.,  1892.) 

Answer. — The  first  part  of  the  question  is  answered  by  the 
previous  figure  and  by  the  text. 

By  Pascal's  Law  the  pressure  per  square  inch  in  the  accumulates 
is  equal  to  the  pressure  per  square  inch  in  the  hydraulic  press. 
Consequently  : — 

Total  Pressure  on  Press  Cross  Area  of  Press  Ram 


Total  Load  on  Accumulator     Cross  Area  of  Accumulator  Ram 

50      4  \4         /       fc2 

-»      50  x  16  x  16       ftAA  , 

p  = — -  200  tons. 

8x8 


•  • 


Hydraulic  Cranes. — Another  very  common  application  of 
hydraulic  power  is  the  working  of  cranes  for  handling  goods  at 
wharves,  warehouses,  or  railway  depSts,  and  we  illustrate  a 
simple  one  for  the  latter  purpose  In  this  crane,  the  lower 
part  of  the  pillar  forms  the  cylinder  for  a  ram  H  It,  which  carries 
a  pulley  M  F,  at  its  upper  end  and  is  actuated  by  the  water 
pressure.  A  chain,  fastened  at  one  end  to  the  crane  pillar,  passes 
over  this  pulley  and  then  round  two  fixed  ones  F  P,  before  going  to 
the  jib  pulley.  Hence,  when  the  ram  is  forced  up,  the  chain  will 
be  pulled  up  twice  as  far.  A  small  slide  valve,  actuated  by  the 
handle  V  H,  controls  the  supply  of  water  to  the  hydraulic 
cylinder.  By  means  of  this  valve,  the  cylinder  is  put  into 
communication  with  either  the  pressure  or  the  exhaust  pipe,  or  it 
may  be  cut  off  from  both.  The  weight  of  the  ram  arid  load 
attached  to  the  hook  H,  are  utilised  to  drive  out  the  water  on  the 
return  stroke. 

Hydraulic  Wall  Crane. — Our  next  figure  shows  a  crane  on  the 
same  principle  fixed  to  the  wall  of  a  warehouse  or  shed.  In  this 
case,  however,  the  motion  of  the  ram  is  magnified  eight  times  by 
placing  four  pulleys  side  by  side  on  the  end  of  the  large  ram  which 
here  moves  downwards.     The  slewing  of  this  crane  is  also  accom- 

24 
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HYDRAULIC   WALL  CRASH. 
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plished  by  hydraulic  means  as  follows: — Each  end  of  a  chain, 
which  pauses  round  a  wheel  at  the  bottom  of  the  crane,  is  taken 
over  a  pulley  on  a  separate  small  ram,  and  then  fixed  to  the  frame- 
work. Matters  are  so  arranged,  that  when  these  two  smaller  rams 
are  at  their  half  strokes  the  crane  projects  at  right  angles  to  the 
wall.  If  water  be  admitted  below  one  of  the  rams  that  end  of  the 
chain  is  forced  up  and  the  crane  is  hauled  round.  At  the  same 
time,  the  other  ram  is  pulled  down  by  the  chain  so  as  to  be  ready 
to  bring  the  crane  back  when  required. 

Movable  Jigger  Hoist. — For  lifting  light  loads,  say  under  a  ton, 


Movable  Jigger  Hoist  by  W.  H.  Bailey  *  Co.,  Ltd.,  Manchester. 

from  a  ship's  hold,  jigger  hoists  are  often  employed.  The  lifting 
chain  or  rope  is  wound  on  the  large  drum,  while  the  ram  actuates 
another  chain  coiled  on  a  small  drum  on  the  same  axis.     Oonse- 
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quently,  the  load  is  lifted  very  rapidly,  as  the  motion  is  magnified 
first  by  the  sheaves  on  the  ends  of  the  ram  and  cylinder,  and  then 
by  the  wheel  and  axle  arrangement.  The  jigger  stands  on  the 
quay  and  the  lifting  chain  passes  over  a  pulley  hung  from  one  of 
the  ship's  derricks.  The  valve  gear  can  be  worked,  if  desired,  by 
a  rope  from  the  ship's  deck. 

Double  Power  Hydraulic  Crane. — A  disadvantage  of  hydraulic 
pressure  apparatus  is,  that,  as  a  rule,  the  same  amount  of  water  is 
used  with  a  light  load  as  with  a  heavy  one,  any  surplus  energy 
being  consumed  in  fluid  friction.  To  reduce  this  loss  Lord 
Armstrong  employed  a  combined  ram  and  piston  as  shown  in  the 
figure  on  next  page. 

With  the  valves  in  the  position  shown,  both  ends  of  the  cylinder 
are  in  communication  with  the  supply  pipe,  and  the  ram  is  moved 
forward  by  the  pressure  on  the  difference  between  the  areas  of  the 
piston  and  ram.  The  water  used  also  corresponds  to  this  differ- 
ence of  area  because  that  in  the  right-hand  end  of  the  cvlinder  is 
forced  round  to  the  left,  and  only  the  remainder  comes  from  the 
accumulator.  Now,  if  we  require  to  lift  a  greater  load  than  the 
crane  will  raise  under  these  conditions,  V3  must  be  closed  and  V4 
opened.  This  allows  the  water  at  the  front  of  the  piston  to  escape, 
and  we  get  the  full  pressure  on  the  back  of  the  piston.  To  lower 
the  load,  Y1  is  closed  and  V2  opened.  Then,  the  water  escapes 
from  the  lett  of  the  piston  partly  to  the  exhaust  and  partly  to 
i;he  other  end  of  the  cylinder.  The  relief  valve  allows  a  little 
water  to  escape  back  to  the  supply  pipe  whenever  the  pressure 
•in  the  valve  chamber  rises  above  that  of  the  accumulator,  owing 
to  the  sudden  closing  of  the  outlet  valve.  This  gear  is  designed 
to  work  horizontally  in  a  chamber  sunk  into  the  ground  below  the 
crane. 

Hydraulic  Capstan. — When  a  continuous  rotary  motion  is  re- 
quired from  hydraulic  power,  the  usual  method  is  to  put  three 
single-acting  oscillating  cylinders  in  symmetrical  positions  round 
the  shaft,  with  all  three  pistons  acting  on  one  crank  pin,  while 
the  motion  of  the  cylinder  itself  uncovers  the  openings  for  the 
inflow  and  exit  of  the  water  at  the  proper  time.  As  an  example, 
we  illustrate  a  hydraulic  capstan  for  use  on  dock  quays.  In  this 
one  there  are  four  cylinders  with  their  mid  positions  90°  apart. 
A  plunger  in  each  acts  on  the  crank  below  the  capstan.  The 
water  enters  and  leaves  by  passages  in  the  trunnions  on  which  the 
cylinders  swing,  and  these  passages  are  opened  at  the  right  moment 
by  the  oscillation  of  the  cylinder* 
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Lecture  XXXIII. — Questions. 

1.  One  side  of  a  reservoir  has  a  slope  of  12  vertical  to  5  horizontal ;  what 
is  the  whole  amount  of  the  pressure  of  the  water  against  50  feet  of  its 
length,  when  the  depth  of  the  water  is  12  feet  ?    Ana.  243,750  lbs. 

2.  In  an  empty  dock  the  water  is  level  with  the  sill  at  the  lowermost 
edge  of  the  dock  gate,  the  level  of  the  water  on  the  opposite  side  of  the 
gate  being  JO  feet  above  the  silL  The  dock  gate  is  10  feet  wide,  find  the 
pressure  in  pounds  on  the  dock  gate.  If  the  water  were  at  a  level  of  5  feet 
in  the  dock,  the  level  outside  being  the  same  as  before,  how  much  would 
the  pressure  on  the  gate  be  relieved  ?    Ana.  31,250  lbs. ;  7,812*5  lbs. 

3.  State  Archimedes'  principle.  A  cylindrical  can  is  6  inches  in  diameter 
and  30  inches  deep,  ana  is  required,  when  empty,  to  stand  in  a  bath  of 
water  30  inches  deep  without  being  lifted  up.  To  what  weight  must  the 
can  be  loaded,  the  weight  of  a  oubic  foot  of  water  being  62J  lbs.  ?  Ana. 
30679  lbs. 

4.  A  rectangular  tank,  4  feet  square,  is  filled  with  water  to  a  height  of  3 
feet.  A  rectangular  block  of  wood,  weighing  125  lbs.,  and  having  a  sec- 
tional area  of  4  square  feet,  is  placed  in  the  tank,  and  floats  with  its  sides 
vertical  and  with  this  section  horizontal.  How  much  does  the  water  rise 
in  the  tank,  and  what  is  now  the  pressure  on  one  vertical  side  of  the  tank  ? 
Ana.  2  inches ;  1,253  lbs.     (S.  &  A.  Exam.,  1892.) 

5.  The  total  force  in  the  direction  of  the  motion  of  a  piston  is  the  cross- 
sectional  area  of  the  cylinder  multiplied  by  the  pressure.  Why  is  this  so, 
the  piston  not  having  a  plane  surface  ?    (S.  &  A.  Adv.  Exam.,  1S98.) 

6.  An  escape  valve,  loaded  partly  by  a  weight  and  partly  by  a  spring, 
is  fitted  to  a  main  conveying  water  under  pressure,  and  is  required  to  open 
automatically  when  the  water  pressure  rises  above  a  certain  amount. 
Sketch  and  describe  the  construction  of  such  a  valve  when  arranged  on  the 
double  beat  principle,  and  explain  clearly  the  hydrostatic  prmciple  in- 
volved therein.     (S.  &  A.  Exam.,  1890.) 

7.  Prove  that  when  a  thin  spherical  shell  is  exposed  to  the  bursting 
pressure  of  gas  or  liquid  the  stress  in  the  material  is  half  as  great  as  that 
within  the  curved  surface  of  a  thin  cylindrical  shell  exposed  to  the  like 
pressure,  each  shell  being  of  the  same  thickness  and  diameter.  (S.  &  A. 
Exam.,  1891.) 

8.  Sketch  a  combined  plunger  and  bucket  pump  with  index  of  parts,  ex- 
plaining its  use  and  action,  also  sketch  its  application  to  the  lifting  of 
water  from  deep  mines.  Suppose  a  pump  raises  5,000  gallons  every  half 
minute  from  a  depth  of  600  feet  with  30  per  cent,  loss  in  system,  what  is  the 
horse-power  required?    Ana.  1,874  H.P. 

9.  Describe  a  force  pump  for  supplying  water  to  the  accumulator  of 
hydraulic  cranes.     Sketch  a  section  through  the  plunger  and  valves. 

10.  Sketch  and  describe  a  force  pump  having  a  solid  plunger,  showing  the 
construction  of  the  valves.  The  diameter  of  the  plunger  is  24  inches,  and 
it  is  driven  by  a  crank  2  inches  in  length  making  30  revolutions  per  minute. 
Find  the  cub.  ins.  of  water  pumped  in  5  minutes.     Ana.  2,945  cub.  ins. 

1 1 .  Describe  and  illustrate  by  a  longitudinal  section,  and  such  other  views 
as  may  be  necessary,  the  construction  and  action  of  a  double-acting  pump 
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and  its  valves,  supposing  the  pump  cylinder  to  be  of  34  inches  internal 
diameter,  and  to  work  at  a  pressure  of  700  lbs.  per  square  inch.  Of  what 
materials  would  the -several  parts  be  constructed?  (S.  &  A.  Exam.,  1893.) 

12.  A  vertical  single-acting  pump  has  to  elevate  water  50  fathoms.  The 
bore  of  the  pump  is  6  inches ;  stroke,  ti  feet ;  number  of  up  strokes,  10  per 
minute.  Find  (a)  the  pressure  per  square  inch  on  the  pump  backet  when 
it  is  at  the  bottom  of  its  stroke ;  (b)  the  weight  of  water  discharged  per 
minute ;  (c)  the  horse-power  of  the  engine,  required  to  drive  the  pump, 
supposing  30  per  cent,  of  the  engine-power  to  be  lost  by  friction,  &e. 
Sketch  an  arrangement  of  the  kind.  Am.  (a)  130*28  lbs.  per  square  inch  : 
(6)  736*31  lbs.;  (c)  9*56  H. P. 

13.  Give  any  method  with  which  you  are  acquainted  whereby  the  valves 
in  a  pumping  engine  may  be  relieved  from  the  shock  due  to  the  inertia  of 
the  water  in  the  mains. 

14.  A  pump  for  exhausting  air  from  a  receiver  has  a  solid  piston  and  one 
valve  in  the  casing.  Describe,  with  a  sketch,  the  construction  of  the 
pump,  and  explain  the  nature  of  the  improved  form  known  as  SprengePs 
pump,  where  a  small  portion  of  mercury  forms  the  piston,  and  no  valve  is 
required.     (S.  &  A.  Exam.,  1889.) 

15.  Describe  and  show,  with  the  aid  of  necessary  sketches,  the  construc- 
tion of  the  "Pulsometer."  Describe  how  it  works,  and  indicate  the 
contrivances  introduced  to  promote  the  steady  flow  of  water  and  to  prevent 
sudden  shocks  upon  the  apparatus.  Is  the  pulsometer  an  economical 
arrangement  for  raising  water  ?  Give  reasons  for  your  answer.  What,  if 
any,  are  its  advantages  over  the  ordinary  piston  pump  ?  (S.  &  A.  Hons. 
Exam.,  1896.) 

16.  Sketch  in  section  the  cylinder,  ram,  and  leather  collar  of  an  hydraulic 
press.  Explain  the  principle  of  the  press  and  the  manner  in  which  the 
escape  of  water  is  prevented.  Example— The  sectional  area  of  the  plunger 
of  the  force  pump  is  TV  taat  ot  tae  ram,  and  the  leverage  gained  by  the 
pump  handle  is  12  to  1,  find  the  pressure  on  the  ram  when  a  force  of  60 
lbs.  is  exerted  at  the  end  of  the  pump  handle.     Arts.  36,000  lbs. 

17.  Describe,  with  a  sectional  sketch,  a  hydraulic  press  where  the  ram  is 
actuated  in  both  directions.  Show  the  position  and  forms  of  the  cup 
leathers. 

18.  The  return  stroke  in  an  hydraulic  press  is  often  accomplished  by  form- 
ing the  ram  like  a  piston  with  a  very  large  piston-rod.  Sketch  in  longi- 
tudinal section  such  a  press,  showing  the  arrangement  of  the  leathers. 
What  will  be  the  relative  speeds  of  the  forward  and  return  strokes  of  the 
ram  when  the  larger  and  smaller  diameters  are  15  inches  and  14  inches 
respectively,  the  pumps  for  the  supply  of  water  running  at  the  same  speed 
in  both  cases?    (S.  &  A.  Adv.  Exam.,  1894.) 

19.  In  some  hydraulic  presses  a  single  valve,  held  down  by  a  lever  and 
weight,  is  used  both  to  indicate  and  relieve  the  pressure.  Sketch  the 
valve  in  position  and  explain  its  action. 

20.  Describe  clearly  and  show  with  sketches  the  construction  and  action 
of  any  one  form  of  portable  hydraulic  riveting  machine  with  which  you 
are  acquainted.  Show  clearly  the  valves  and  connections  by  which  the 
pressure  is  applied  to  close  the  rivet,  and  how  the  pressure  is  released  and 
the  tool  withdrawn  from  the  rivet  head  when  the  riveting  is  completed. 
How  is  the  water  pressure  conveyed  to  the  machine?  (S.  &  A.  Hons. 
Exam.,  1895.) 

21.  What  are  the  advantages  in  forcing  large  masses  of  steel  by  hydraulic 
pressure  over  the  same  operation  performed  by  the  steam  hammer  ?  Show 
clearly,  with  the  assistance  of  the  necessary  sketches,  the  method  em- 
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ployed  in  hydraulic  forging  presses  for  briDging  the  ram  or  pressing  surface 
rapidly  back  from  the  work  after  each  application  of  the  pressure.  (S.  & 
A.  Hons.  Exam.,  1896.) 

22.  Sketch  a  section  through  an  hydraulic  lifting  jack  and  hydraulic  bear, 
and  describe  the  manner  in  which  the  pressure  exerted  on  the  handle  is 
transmitted  to  the  ram. 

23.  A  4-ton  hydraulic  lifting  jack  has  a  lifting  ram  of  2  inches  in  diameter, 
and  a  pump  plunger  of  1  inch  in  diameter.  The  jack  is  worked  by  a  lever 
handle,  the  leverage  being  16  to  1.  What  pressure  must  be  applied  at  the 
end  of  the  handle  in  order  to  lift  a  load  of  25  cwts.,  if  the  efficiency  of  the 
machine  is  80  per  cent.  ?  Make  a  vertical  section  of  the  jack,  showingthe 
valves  and  the  mode  of  connecting  the  lever  with  the  pump  plunger.  How 
can  the  weight  be  lowered  slowly  and  regularly  without  jerks?  (S.  &  A. 
Adv.  Exam.,  1894.) 

24.  Explain,  with  the  aid  of  a  sectional  sketch,  the  action  and  construc- 
tion of  the  hydraulic  jack.  How  is  the  pressure  taken  off  and  the  load 
slowly  lowered?  If  the  ram  is  2  inches  in  diameter,  the  pump  plunger 
}  inch,  and  the  mechanical  advantage  of  the  handle  10,  what  is  the  total 
mechanical  advantage,  neglecting  friction?    (S.  &  A.  Adv.  Exam.,  1897.) 

25.  Make  a  sketch  of  a  10-ton  hydraulic  jib  crane  in  which  the  lifting 
cylinder  is  carried  in  the  pillar  or  post  of  the  crane.  What  would  be  the 
diameter  of  ram  required  in  the  arrangement  you  adopt,  supposing  water 
to  be  supplied  to  the  crane  at  a  pressure  of  700  lbs.  per  square  inch, 
neglecting  friction,  &c.  ?    (S.  &  A  Exam.,  1891.) 

26.  What  is  the  object  of  a  relief  valve  in  an  hydraulic  crane,  and  where 
is  it  placed  ?  Sketch  a  longitudinal  section  through  the  cylinder  and  ram 
of  a  crane  working  at  two  powers.  Explain  the  mode  of  action.  (S.  & 
A.  Exam.,  1888.) 

27.  Describe,  with  sketches,  some  form  of  hydraulic  lift,  and  the  manner 
in  which  it  is  worked.     (S.  &  A.  Exam.,  1889.) 

28.  Describe  with  sketches  a  direct-acting  80  foot  hydraulic  lift,  to  carry 
a  load  of  1  ton,  the  ram  is  4  inches  diameter,  and  the  moving  parts  are 
balanced  by  a  counterweight  and  chain.  The  lift  is  worked  from  a  tank  of 
water  40  feet  above  the  highest  level  of  the  platform  and  an  intensifier 
must  be  used.     (S.  &  A.  Hons.  Exam.,  Part  II.,  1898.) 

29.  Make  a  section  through  the  cylinder  of  an  hydraulic  crane  with  two 
powers  as  applied  for  raising  weights.  Give  a  -eneral  description  of  the 
crane,  and  explain  the  mode  of  working  it  bv  referring  to  your  sketch. 

30.  Describe  the  general  construction  of  the  lifting  apparatus  in  the 
hydraulic  crane,  making  a  sketch  of  the  cylinder  and  ram.  Show  the 
method  of  obtaining  two  powers  from  a  single  cylinder.  In  what  way  is 
the  pulley  principle  applied  in  such  cranes  ? 

31.  In  an  hydraulic  crane  with  two  powers  show  (1)  the  apparatus  for 
lifting  the  weight,  (2)  the  method  of  slewing  or  rotating  the  jib  of  the 
crane. 

32.  Explain  the  advantage  to  be  derived  from  making  the  length  of 
stroke  of  an  hydraulic  engine  adjustable.  Describe  and  give  sketches  cf  a 
construction  for  this  purpose. 
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LECTURE  XXXIV. 
HYDRAULIC  APPLIANCES  IN  GAS  WORKS. 

Contents. — Labour-Savins  Appliances  in  Modern  Gas  Works — Pumping 
Engines  and  Accumulator — Example  I. — Differential  Accumulator — 
Brown's  Steam  Accumulator— Small  Hydraulic  Accumulator  Plant — 
Arrol-FouhV  Gas  Retort  Charging  Machine — Foulis'  Withdrawing 
Machine  for  Gas  Retorts — Results  of  Working— Questions. 

Laboor-Saving  Appliances  in  Modern  Gas  Works.* — In  no 
industry  have  the  conditions  of  labour  undergone  more  radical 
and  rapid  changes  than  in  large  modern  gasworks.  Until 
recently,  the  coal  was  emptied  by  hand  from  railway  waggons  or 
from  carts  at  the  most  convenient  position  for  the  retort  benches. 
If  the  lumps  of  coal  were  too  large,  they  were  broken  up  by 
manual  labour,  and  the  retorts  were  charged,  as  well  as  dis- 
charged, by  hand.  The  surplus  coke,  beyond  what  was  required 
for  the  furnaces,  was  quenched,  wheeled  into  a  yard,  and  there 
screened  and  tilled  into  carts  or  waggons,  all  by  hand  labour. 

In  modernised  works,  the  coal  is  usually  delivered  direct  from 
the  railway  truck  into  the  hopper  of  the  mechanically-driven 
coal  breaker.  After  passing  through  this  machine,  it  is  raised 
by  an  elevator  to  a  large  hopper,  which  is  so  fixed  that  the  coal 
can  be  automatically  delivered  into  the  hopper  of  any  of  the 
charging  machines.  The  charging  of  the  retorts  is  then  per- 
formed by  means  of  a  hydraulic  charging  machine  more  evenly 
and  otherwise  better  than  by  hand.  After  carbonisation,  the 
coke  is  withdrawn  from  the  retorts  by  a  hydraulic  drawing 
machine.  These  two  operations  now  entail  a  minimum  of  labour 
and  inconvenience  from  heat  to  the  attendants.     The  surplus 

*  I  am  indebted  to  Mr.  Andrew  S.  Biggart,  of  Sir  William  Arrol  &  Co., 
Ltd.,  Glasgow,  for  the  drawings  from  which  the  three  electros  of  the 
General  Arrangement,  Charging,  and  Drawing  Machines  were  made.  I  am 
also  indebted  For  the  information  contained  in  Mr.  Biggart's  paper  which 
he  read  before  the  1895  Glasgow  meeting  of  the  Institution  of  Mechanical 
Engineers,  as  well  as  to  Mr.  Foulis,  the  General  Manager  of  the  Glasgow 
^Corporation  Gas  Trust  for  showing  me  the  whole  of  the  plant  in  operation. 
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coke,  guided  in  its  descent  by  shoots,  falls  into  a  bogie  under- 
neath the  floor,  and  is  run  out  to  the  yard  by  small  locomotives. 
In  some  instances  conveyors,  which  are  placed  underneath  the 
stage  floor,  carry  the  coke  to  circular  revolving  screens,  whence 
it  is  delivered  into  large  storage  hoppers,  railway  waggons,  or 
bags  for  small  consumers. 

The  old  methods  involved  continuous  and  repeated  operations 
performed  by  hand ;  while  the  new  are  such  that  no  hand  labour 
is  employed  in  dealing  with  the  coal  from  the  time  it  leaves  the 
railway  truck  until  it  arrives  there  again  in  the  form  of  coke. 
Hand  labour  is  thus  entirely  superseded  by  mechanical  power,  to 
the  great  advantage  of  both  the  labourer  and  the  employer. 
The  number  of  men  required  in  the  retort  house  under  the  new 
system  is  less  than  half  that  required  under  the  old  method. 
The  saving  which  this  represents,  after  allowing  for  maintenance 
of  plant  and  interest  on  additional  capital,  will  average  about 
one  shilling  per  ton. 

Pumping  Engines  and  Accumulator. — The  general  arrangement 
of  this  portion  of  the  plant  is  illustrated  by  the  following  side 
elevation  and  plan.  The  steam  engine  and  pumps  are  situated 
either  in  the  main  engine  room  of  the  gasworks  or  in  a  con- 
venient house  not  far  removed  from  the  steam  boilers  ;  while  the 
accumulator  may  be  placed  in  an  annex,  where  there  is  plenty  of 
head  room  for  the  guide  timbers.  From  what  has  already 
been  said  about  the  construction  and  action  of  the  Armstrong 
accumulator  in  the  preceding  Lecture,  and  by  carefully  compar- 
ing the  present  figures  with  the  index  to  parts  (which  has 
been  tabulated  in  nearly  the  exact  sequence  of  the  operations) 
the  student  will  have  no  difficulty  in  understanding  the  generat- 
ing plant  which  serves  to  supply  hydraulic  power  to  the  charging 
and  drawing  machines  in  the  retort  houses. 

The  steam  engine  drives  the  rams  R  of  the  pumps  P  direct 
from  a  back  extension  of  the  piston-rods.  From  the  pumps  the 
water  is  forced  into  the  accumulator  cylinder  A  C  at  such  a 
pressure  that,  acting  on  the  accumulator  ram,  it  is  capable  of 
lifting  the  heavy  dead-weight  bolted  to  the  upper  end.  This 
weight  is  provided  with  guide  arms  G  A,  bearing  upon  planed 
iron  rails  fixed  to  the  vertical  guide  timbers  GT.  When  the 
guide  arms  have  reached  a  certain  height,  the  one  at  the  right 
hand  begins  to  lift  a  weight  attached  to  a  chain  on  the 
weighted  lever  of  the  throttle  valve  T  V.  During  the  remainder 
of  the  ascent  of  the  accumulator  the  automatic  starting  chain 
AS  is  slackened  until  the  throttle  valve  is  closed,  and  the 
engine  is  stopped  before  the  guide  arms  reach  the  cross  beam, 
which  connects  the  upper  ends  of  the  guide  timbers.     Should 
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the  chain  stick,  or  anything  fail  about  this  automatic  system  of 
stopping  the  engine,  then  a  second  chain,  which  connects  the 
weight  at  the  end  of  the  relief  valve  R  V  to  the  counterpoise  ball 


r  Steam  Pipe. 

,    Stop  Valve. 

,    Throttle  Valve. 

,    Automatic  Starting  and 

Stopping  Apparatus. 
,    Steam  Cylinder. 
,    Exhaust  Pipe. 


V  C  for  Valve  Chest  for  Pomps, 

K  ,,  Rams. 

P  „  Pumps. 

RV  „  Relief  Valve. 

AC  „  Accumulator  Cylinder. 

DP  ,,  Delivery  Pipe. 

G  A  „  Guide  Arms. 

GT  „  Guide  Timbers. 

LC  „  Load  Casing. 

RT  „  Roof  TietKods. 
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attached  to  the  chain  A  S,  is  tightened  up  just  before  the  guide 
arms  reach  the  uppermost  limit  of  their  travel.*  This  action 
releases  the  downward  pressure  on  the  relief  valve,  and  permits 
sufficient  water  to  escape  to  prevent  any  further  elevation  of 
the  accumulator  ram.  The  governor  G  now  prevents  the  engine 
from  racing.  When  water  is  used  by  any  of  the  hydraulic 
machines  it  flows  to  them  from  the  accumulator  cylinder  through 
the  delivery  pipe  D  P.  This  allows  the  accumulator  ram  and 
weight  to  sink  until  the  ball  attached  to  A  S  re-asserts  its  pull 
on  the  throttle  valve,  and,  automatically  opening  it,  starts  the 
engine. 

It  is  evident  that  if  a  set  of  engines  and  pumps  were  devoted 
to  the  direct  supply  of  high-pressure  water  to  several  machines, 
their  output  would  have  to  be  equal  to  the  greatest  require- 
ments of  the  plant  at  any  instant ;  but  by  the  introduction  of 
the  accumulator  and  its  automatic  starting  and  stopping  gear 
we  have  a  simple  means  of  ensuring  a  constant  supply  of  water 
at  the  desired  pressure  with  a  smaller  engine. 

Ad  accumulator,  therefore,  performs  several  very  important 
functions  in  a  most  efficient  manner : — 

(1)  It  acts  as  a  reservoir  for  the  storage  of  energy. 

(2)  It  acts  as  a  regulator  of  pressure. 

(3)  It  acts  like  a  flywheel  in  taking  up  and  giving  out  power  in 
direct  sympathy  with  the  immediate  wants  of  supply  and  demand. 

(4)  It  acts  as  an  elastic  buffer,  and  prevents  the  breakage  of 
joints,  <fec 

(5)  It  automatically  controls  the  motive  power. 

The  efficiency  of  an  accumulator  has  been  proved  to  be  as  high 
as  98  per  cent.,  only  1  per  cent,  being  lost  through  friction  in 
charging,  and  1  per  cent,  in  discharging  it,  as  tested  by  \  ressure 
gauges  on  the  supply  and  discharge  pipes.  Its  total  store  of 
energy  is,  however,  comparatively  small,  since  it  is  only  equal  to 
the  potential  energy  of  the  weight  raised.  Hence,  if  W  lbs.  be  the 
total  weight  raised  in  the  accumulator,  and  H  feet  the  difference 
of  height  between  its  highest  and  lowest  positions,  we  have: — 

Energy  Stored  in )  =  w  H  ft  lb   =      VH      H.P.-honrs.  t    (I) 
Accumulator      J  33,000  x  60  u        '    w 

*  Another  arrangement  is  to  pass  this  second  vertical  chain  through  a 
hole  in  a  projecting  plate  fixed  to  the  right-hand  guide  arm  G  A,  and  then 
attach,  its  upper  end  to  the  top  cross  beam.  If  the  accumulator  should  rise 
too  high,  then  the  plate  catches  an  enlarged  portion  of  the  chain  and  opens 
the  relief  valves. 

t  One  horse-power  --=  33,000  ft. -lbs.  of  work  per  minute,  hence,  1  horse- 
power hour  is  33*000  x  60  or  1,080,000  ft. -lbs. 
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Example  I. — The  accumulators  used  in  connection  with  the 
hydraulic  power  supply  in  Glasgow  are  18  inches  in  diameter, 
and  have  a  free  lift  of  23  feet.  The  total  load  on  each  is  127 
tons.  Find  the  pressure  of  the  water  and  the  maximum  energy 
stored  in  each  accumulator,  neglecting  friction. 

Answer. — 

W 
Pressure  of  water  =  p  =  j . 

127  x  2,240 
-  =  1,120  lbs.  per  sq.  in. 


»  j> 


•7854  x  ]8  x  18 
Energy  stored        =  WH  =  127  x  2,240  x  23. 

=  6,543,000  ft.-lbs.,  or  3*3  H.P.-hours. 


» 


Indkx  to  Parts. 

I  P  for  Inlet  Pipe  from  pump. 

R  ,,  Ham  of  accumulator. 

B  L  „   Brass  Liner  on  lower  part  of  R. 

C  P  „   Central  and  Cross  Passages  for  water. 

C  ,,   Cylinder. 

A  Slt  A  S2  ,,   Annular  Spaces  from  top  and  bottom  of  cylinder. 

Gi,  G2  >»   Glands  (top  and  bottom). 

LC  ,,  Leather  Cup  Packings. 

W  „  Weights. 

WB  „   Wooden  Blocks. 

B  ,,   Bracket  (at  top). 

EB  „    End  Bearing. 


It  will  be  seen  from  this  example  how  small  the  total  store  of 
energy  is,  and  that  accumulators  would  be  quite  useless  to 
maintain  the  supply  for  any  length  of  time.  One  of  the  real 
advantages  of  the  accumulator  arises  from  the  fact  that  we  may 
use  its  energy  for  a  very  short  time  at  a  high  rate.  For  instance, 
although  the  accumulator  in  the  above  example  is  only  capable 
of  maintaining  3*3  H.P.  for  a  whole  hour,  it  could  exert  19*8 
H.P.  for  ten  minutes,  or  198  H.P.  for  one  minute. 

Differential  Accumulator. — Although  it  has  only  been  found 
necessary  to  employ  a  water  pressure  of  400  lbs.  per  square  inch 
in  the  charging  and  drawing  machines  for  gas  retorts,  which  we 
will  describe  later  on,  and,  further,  since  it  is  advisable  with 
them  to  have  a  considerable  volume  of  water  in  the  accumulators 
when  many  machines  have  to  be  worked  simultaneously,  yet  it 
may  not  be  out  of  place  to  describe  here  the  differential  accumu- 
lator designed  by  Mr.  Tweddell  for  his  smaller  kinds  of  hydraulic 

25 
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tools,  since  there  may  be  cases  in  which  space  and  compactness 
are  of  considerable  importance.  From  the  foregoing  elevation 
and  enlarged  vertical  section  it  will  be  seen  that  the  ram  R 
consists  of  a  vertical  fixed  shaft  secured  at  the  top  by  a  bracket 
B,  and  at  the  bottom  by  a  footstep.  The  lower  half  of  this 
shaft  is  of  larger  diameter  than  its  upper  half,  a  brass  liner  B  L 
being  shrunk  on  the  former  part.  Moreover,  this  lower  portion 
of  the  ram  has  a  central  passage  C  P  drilled  axially  along  it, 
with  a  cross  passage  just  above  the  upper  end  of  the  brass  liner. 
Through  these  passages  water  is  admitted  from  the  inlet  pipe 
I P,  which  is  connected  directly  to  the  force  pumps.  This  water 
finds  its  way  into  an  annular  space  A  Sr  A  S2,  which  is  the 
clearance  between  the  outside  of  the  brass  liner  and  the  inner 
bore  of  the  heavy  press  or  cylinder  C.  Surrounding  the  outside 
of  the  cylinder  are  placed  a  number  of  cast-iron  or  lead  weights 
W  which  fit  into  each  other,  and  form  the  dead  load  along  with 
the  weight  of  the  cylinder.  At  the  top  and  the  bottom  of  the 
cylinder  there  are  suitable  glands  G1  and  G2  containing  the 
usual  leather  cup  packings  L  C.  When  the  machine  is  idle  the 
bottom  flange  of  the  cylinder  rests  upon  wooden  beams  W  B. 
It  will  now  be  readily  understood  that  the  effective  area  of  the 
ram  is  only  the  difference  between  the  cross  areas  of  the  brass 
liner  B  L  and  the  upper  part  of  the  ram  R,  instead  of  the  whole 
area  of  the  ram  as  in  the  previous  case.  Hence,  a  very  great 
pressure  may  be  obtained  from  a  small  weight.  For  example, 
should  the  annular  area  representing  the  difference  in  size 
between  the  brass  liner  and  the  upper  part  of  the  iron  ram  be  5 
square  inches,  and  the  total  weight  of  the  cylinder  and  its 
surrounding  cast-iron  blocks  be  2,000  lbs.,  then,  neglecting  the 
friction  at  the  glands,  the  pressure  would  be  2,000  ~  5,  or  400 
lbs.  per  square  inch.  This  accumulator  will  store  up  an  equal 
amount  of  energy,  as  in  the  previous  case,  if  the  dead  weight 
and  height  of  the  lift  are  the  same  since  their  stored  energy 
depends  directly  upon  WxH.  The  volume  of  water  contained 
in  the  accumulator  will,  however,  be  comparatively  small,  and 
hence  it  will  fall  more  quickly  for  a  certain  amount  of  water 
used  by  the  hydraulic  machines  which  it  drives.  As  will  be 
seen  from  the  left-hand  figure,  a  relief  valve  R  V  is  worked  by 
a  chain  connecting  an  outstanding  arm  on  the  uppermost  weight 
to  the  end  of  the  lever ;  also  any  desired  pressure  up  to  2,000 
lbs.  per  square  inch,  or  more,  may  easily  be  obtained  from  this 
accumulator  with  a  comparatively  small  dead  load  and  space. 

Brown's  Steam  Accumulator. — Another  very  simple  form  of 
accumulator,  which  has  proved  very  effective  both  for  land  pur- 
poses and  on  board  ship,  is  that  designed  and  made  by  Mr.  A. 


STEAM   ACCUM 


Betts  Brown,  of  the  Rosebank  Iron  Works,  Edinburgh.  It 
consists  of  a  steam  cylinder  S  0  fitted  with  a  piston  P  and  a 
piston-rod  of  ram  R.  Steam  is  supplied  direct  to  this  cylinder 
from  the  boiler  and  presses  on  the  piston  P  in  opposition  to  the 


Brown's  Steam  Accumulator, 
Index  to  Pa'hts. 
SPJorJStoam  Pipe  from  Boilere.      I    HC  for  Hydraulic  Cylinder. 
SC   „  Steam  Cylinder.  EC   ,,   Engine  Cylinders. 

P/„    Piston  working  in  S  C.  FP   „    Force  Pomps. 

K  „  Ram  attached  to  P  I         E  „   Exhaust  Pipe. 
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water  forced  into  the  hydraulic  cylinder  H  C  by  the  force  pumps 
F  P,  which  are  worked  by  a  pair  of  engines.  An  exhaust  pipe 
E  carries  away  the  exhaust  steam  from  the  engine  cylinders  E  C 
and  the  bottom  of  the  large  steam  accumulator  cylinder  S  C. 


SMALL  Hydraulic  Aoccmolatok  Plant. 

Suppose  that  the  piston  P  is  at  the  bottom  of  its  cylinder,  then 
the  boiler  steam  not  only  fills  the  portion  above  the  piston  but 
passes  on  to  the  engine  cylinders  and  therefore  works  the  pumps 
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and  forces  up  the  ram  and  piston  to  the  top  of  their  stroke,  when 
the  piston  gradually  closes  the  steam  passage  leading  to  the 
engines  until  they  stop.  Should  any  of  the  hydraulic  machines 
be  now  put  into  action  the  water  flows  to  them  from  the 
hydraulic  cylinder,  the  ram  and  piston  descend  and  the  engines 
are  again  set  into  motion  to  keep  up  the  demand  and  again  close 
the  engine  steam  pipe.  With  a  steam  cylinder  of  36  inches 
diameter  and  a  ram  of  0^  inches  (or,  ratio  of  areas  15  to  1)  Mr. 
Brown  is  able  with  about  50  lbs.  steam  pressure  per  square 
inch  to  maintain  a  pressure  of  750  lbs.  per  square  inch  in  the 
hydraulic  mains  leading  to  water  motors,  steering,  stopping,  and 
starting  gear,  or,  in  the  case  of  a  gas  works,  to  the  charging  and 
drawing  machines. 

Small  Hydraulic  Accumulator  Plant. — Should  the  gas  works  be 
a  small  one,  then  a  much  less  expensive  accumulator  plant  may 
be  employed,  such  as  that  illustrated.  This  figure  is  sufficiently 
self-descriptive  after  what  has  been  said  about  the  larger  plant. 


Direct  Actino  Steam  Pdj 


The  small  pumping  engine,  or  donkey  pump,  which  supplies 
water  of  the  desired  pressure  to  the  accumulator  is  also  shown 
in   a    perspective    view.      Steam    is    admitted    to  the    steam 
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cylinder  by  piston  valves,  actuated  by  a  connecting-rod  and 
lever,  while  the  double-acting  pump  is  fitted  with  a  solid  piston 
plunger  and  an  air  vessel. 

Arrol-Foulis  Gas  Retort  Charging  Machine. — In  replacing  hand 
labour  for  the  charging  gas  retorts  by  a  hydraulic  machine 
several  important  requirements  have  to  be  effected: — 

(1)  The  machine  should  be  easily  moved  parallel  to  the  retort 
bench  at  the  proper  distance  therefrom. 

(2)  It  must  be  capable  of  being  connected  with  the  hydraulic 
pressure  pipe  at  every  position. 

(3)  The  shoot  mouth  should  be  easily  raised  or  lowered  to  suit 
the  highest  or  lowest  retort. 

(4)  The  shoot  mouth  should  be  easily  entered  into  the  mouth 
of  the  retort  before  filling  it  with  coal. 

(5)  The  coal  hopper  should  contain  at  least  a  sufficient  quan- 


Index  to  Parts. 

P  for  Platform  (for  attendant). 

TG  „  Travelling  Gear. 

PS  „   Pressure  Swivel. 

LC  ,,  Lifting  Cock. 
BLC  ,,  Beam  Lifting  Cylinder. 
BLR  ,,  Beam  Lifting  Ram. 
SRL  ,,  Shoot  Rod  Lever. 

C  D  for  Coal  Drum. 

SV  „  Slide  Valve. 

CC  „  Charging  Cylinder. 

S    ,,  Spear. 
S  H  ,,  Spear  Head. 
DC  ,,  Drawing  Cylinder. 
SP  „  Swing  Plate. 

SR  „  Shoot  Rod. 

SPR  „  Swing  Plate  Rods. 
HW  „  Hand  Wheel. 

SM   ,,  Shoot  Mouth. 

H  L  ,,  Hand  Lever. 

B  „  Bell. 

CDC   ,,  Coal  Drum  Cylinders. 

tity  of  coal  to  charge  a  complete  set  of  retorts  without  requiring 
to  be  refilled. 

(6)  The  exact  quantity  of  coal  required  for  the  charge  of  each 
retort  should  be  easily  regulated,  and  the  regulator  should  be 
capable  of  dealing  with  all  the  sizes  of  coal  in  use. 

(7)  The  charge  should  be  laid  evenly  and  of  the  desired  depth 
from  back  to  front  without  any  special  effort  on  the  part  of  the 
attendant,  and  without  loss  of  time. 

(8)  The  platform  of  the  attendant  should  be  placed  in  the 
most  convenient  position  for  actuating  all  the  motions,  and  at 
the  same  time  protecting  him  from  the  heat  emanating  from  the 
retorts. 

(9)  The  whole  machine  should  require  a  minimum  of  attention 
and  repair.  It  should  also  be  able  to  withstand  the  rough  usage 
of  retort  house  workmen,  as  well  as  the  hydraulic  pressure, 
without  undue  leakage  or  giving  way  in  any  of  its  vital  parts. 
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These  several  requirements  have  been  very  ingeniously  worked 
out  and  applied  by  Sir  William  Arrol  and  Mr.  William  Foulis 
in  their  patent  hydraulic  charging  machine,  shown  by  the 
accompanying  figure,  as  follows  :< — 

(1)  The  whole  machine  with  its  load  of  coal  is  supported  on  a 
pair  of  rails,  placed  parallel  to  the  retort  bench,  and  moved  by 
travelling  gear  T  G.  In  the  illustration  ordinary  hand  gear  is 
shown,  but  in  the  latest  machines  a  hydraulic  motor  of  special 
design  has  been  applied  with  excellent  results. 

(2)  A  pipe  is  fixed  the  whole  length  of  the  retort  bench  at  a 
convenient  height  and  distance  therefrom,  and  it  is  always  kept 
charged  with  water  from  the  accumulator  at  the  full  working 
pressure  of  400  lbs.  to  the  square  inch.  At  suitable  distances 
along  this  pipe  there  are  attached  ordinary  armoured  flexible 
hose  pipes,  which  may  be  connected  to  the  pressure  swivel  P  S. 
From  this  swivel  copper  pipes  lead  to  the  lifting  cock  L  C  and 
slide  valve  S  V. 

(3)  The  beam  carrying  the  shoot  mouth,  shoot  rod  S  R,  spear 
S,  charging  cylinder  CC,  and  drawing  cylinder  DC,  is  raised 
and  lowered  by  turning  the  lifting  cock  L  C  to  the  right  or  left, 
and  thereby  admitting  water  to  the  beam  lifting  cylinder  BLC. 

(4)  When  the  shoot  mouth  S  M  is  fairly  opposite  one  of  the 
retort  mouths  it  is  pushed  forward  by  the  shoot-rod  lever  S  R  L, 
and  the  hand  lever  H  L  is  turned  to  admit  water  to  the  slide 
valve  S  V  and  work  the  charging  cylinder  0  C,  so  as  to  push 
the  spear  S  and  spear  head  SH  into  the  retort,  having  a  quantity 
of  coal  in  front. 

(5)  The  coal  hoppers  are  made  to  contain  from  2  to  5  tons. 

(6)  The  feeding  gear  consists  of  an  open  coal  drum  0  D,  which 
is  divided  into  segmental  compartments,  each  of  which  can  con- 
tain a  certain  quantity  of  coal.  It  is  turned  through  one  or  two 
divisions  at  regular  intervals  by  a  hydraulic  ram  with  rack  and 
ratchet  gear,  so  as  to  permit  the  desired  quantity  of  coal  to  fall 
into  the  shoot.  A  plate,  which  acts  as  a  flap  valve,  is  so  fixed 
in  front  of  the  drum  by  a  lever  and  weight,  that  it  presses 
against  the  face  of  the  drum,  and  prevents  the  small  coal  from 
falling  down  past  the  face  of  the  drum. 

(7)  The  coal  falls  from  the  hopper  in  front  of  the  pusher 
plate  or  spear  head  S  H,  and  is  delivered  into  the  retort  by  a 
series  of  six  or  seven  successive  strokes,  each  stroke  being  shorter 
than  the  previous  one.  This  is  accomplished  by  means  of  a  shaft 
carrying  a  set  of  stops  placed  on  the  beam  alongside  the  spear  S. 
This  shaft  is  automatically  turned  a  certain  amount  during  each 
return  stroke,  so  as  to  bring  the  stops  into  position  in  rotation. 
The  forward  and  return  strokes  of  the  spear  are  caused  by  two 
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hydraulic  rams  working  in  the  cylinders  C  0  and  D  C,  which 
are  regulated  by  the  hand  lever  H  L.  This  lever  also  serves  to 
lower  the  spear  head  when  entering  the  retort  for  pushing  in  the 
coal,  and  to  raise  it  clear  from  the  bottom  of  the  retort  during 
the  return  stroke.  It  also  causes  the  revolution  of  the  stopper 
shaft.  The  inclined  form  of  the  spear  head  and  these  successive 
strokes  ensure  the  charge  being  evenly  distributed  along  the 
retort,  and  the  depth  is  regulated  by  putting  in  more  or  less 
coal  at  each  stroke,  as  previously  explained. 

(8)  The  platform  P  is  placed  at  the  back  of  the  machine,  so 
that  the  attendant  has  the  levers  within  easy  reach,  and  he  is 
placed  as  far  as  possible  from  the  heat  of  the  retorts. 

(9)  Great  attention  has  been  given  to  the  several  details  of 
the  machine,  so  as  to  render  it  as  durable  as  possible.  The 
reason  for  adopting  this  comparatively  low  pressure  is,  that  the 
power  required  for  the  different  motions  is  so  small  that  if  a 
higher  pressure  were  employed  the  rams  would  be  inconveniently 
small.  In  fact,  with  400  lbs.  pressure  it  had  been  found  in  some 
instances  that  rams  of  only  l|  inch  diameter  gave  ample  power. 

Foulis'  Withdrawing  Machine  for  Gas  Retorts. — After  the  coal 
has  been  carbonised  and  converted  into  coke,  it  has  to  be 
withdrawn  from  the  retorts  before  putting  in  a  new  charge.  This 
is  done  by  a  machine  which  is  similar  to  that  used  for  charging, 
and  travels  along  the  same  rails.  The  withdrawing  machine 
consists  of  a  frame  supported  on  a  truck  and  carrying  a  rake  for 
pulling  out  the  coke.  The  head  of  this  rake  can  swing  back- 
wards into  a  horizontal  position  so  as  to  clear  the  coke  when 
being  moved  inwards,  but  goes  back  to  the  vertical  and  dips 
into  the  coke  on  its  return  stroke. 

The  beam  B  carrying  the  rake  can  be  raised  or  lowered,  and 
the  rake  moved  out  and  in,  in  the  same  manner  as  the  corre- 
sponding parts  of  the  charging  machine.  As,  however,  the 
withdrawing  machine  is  comparatively  light,  it  is  found  quite 
sufficient  to  use  hand  travelling  gear  T  G  to  make  it  move  along 
the  rails. 

The  exhaust  water  is  led  to  a  tank  E  T,  from  which  it  flows 
to  a  spray  pipe  S  P  and  plays  on  the  rake  head  to  keep  it  cool  and 
help  to  quench  the  coke. 

Results  of  Working. — Mr.  Biggart  says  that  the  number  of 
retorts  charged  or  drawn  per  hour  by  these  machines  varies  to  a 
considerable  extent  in  actual  work.  In  some  cases,  owing  to 
special  circumstances,  not  more  than  twenty-four  per  hour  are 
available  for  each  machine;  while  in  other  more  favourable 
instances  as  many  as  forty-eight  per  hour  are  allotted  to  each, 
and  even  with  this  larger  number  a  reasonable  time  remains  for 
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rest  for  the  attendants  at  the  end  of  each  hour. 
charging  the  retorts  and  withdrawing  the  coke  is 


by  these  mechanical  means,  and  the  number  of  retorts  charged 
and  drawn  for  each  man  employed  is  largely  increased.       It 
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might  at  first  be  imagined  that  coal  placed  in  retorts  in  only  six. 
to  eight  large  charges  by  the  machine  would  not  be  so  evenly 
laid  as  a  much  larger  number  of  smaller  charges  put  in  by  hand. 
The  machine,  however,  lays  the  coal  by  far  the  most  evenly r 
owing  partly  to  the  shape  of  the  pusher  head,  which  is  bevelled 
so  as  to  allow  the  small  ridge  of  coal  raised  in  pushing  forwards 
to  fall  back  when  its  support  is  removed  on  the  withdrawal  of 
the  pusher  head.  Another  advantage  possessed  by  machine 
work  over  hand  labour  is  that  the  charging  is  done  more  quickly, 
and  thus  there  is  a  diminished  loss  of  gas  before  the  retort  doors- 
are  closed. 

Apart  from  any  other  consideration,  the  mechanical  charger 
could  not  fail  to  prove  beneficial  in  view  of  the  greatly  improved 
conditons  under  which  it  enables  work  of  a  most  trying  nature 
to  be  carried  on.  The  old  method  of  hand  charging  was  a  severe- 
ordeal  for  the  stokers,  requiring  great  exertion  to  get  through 
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RH 
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SP 
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Pushing  Cylinder. 
Pushing  Ram. 
Rake  Spear. 
, ,     Head. 
Exhaust  Cock. 

Hose. 

Tank. 

Spray  Pipes. 
Drawing  Cylinder. 
Platform  (for  Attendant). 
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the  work  in  the  shortest  time  possible,  while  exposed  throughout 
to  a  high  heat.  Such  adverse  conditions  are  now  entirely  done 
away  with  where  mechanical  stoking  obtains.  The  single  lever 
by  which  the  whole  of  the  operations  are  controlled  is  worked 
from  such  a  position  that  the  attendant  is  quite  removed  from 
the  discomfort'  of  close  proximity  to  a  high  heat,  while  at  the- 
same  time  the  former  severe  bodily  exertion  is  replaced  by  light 
and  easy  work.  Even  greater  improvements  in  the  conditions- 
of  labour  arise  from  the  introduction  of  the  drawer,  which 
accomplishes,  under  all  the  better  conditions  attending  the  use 
of  the  charger,  work  of  a  still  more  trying  nature.  The  with- 
drawing of  the  hot  coke  from  the  retorts  was  work  for  which 
even  the  stokers  themselves,  accustomed  as  they  were  to  it,, 
admitted  that  mechanical  appliances  were  required.  Here 
again  all  is  worked  by  a  single  lever,  in  such  a  position  as  to* 
remove  the  attendant  from  the  former  discomforts  of  withdraw- 
ing the  coke  at  a  white  heat  at  the  mouth  of  the  open  retort. 
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Lecture  XXXIV.— Questions. 

1.  Sketch  and  describe  the  general  arrangement  of  pumping  engines  and 
accumulator  as  used  for  supplying  hydraulic  power  to  the  mechanical 
stoking  appliances  in  a  gas  works. 

2.  Make  a  vertical  section  of  an  accumulator,  and  explain  the  manner  in 
which  this  apparatus  enables  us  to  store  up  and  give  out  energy.  If  the 
ram  of  the  accumulator  be  17  inches  in  diameter,  what  should  be  the  load 
in  order  to  obtain  a  water  pressure  of  700  lbs.  on  the  square  inch?  Ans. 
70*9  tons. 

3.  Sketch  and  describe  some  arrangement  of  an  hydraulic  accumulator 
by  which  a  pressure  of  10  tons  to  the  square  inch  can  be  obtained  for  test- 
ing purposes,  with  pumps  working  at  a  pressure  not  exceeding  3  tons  to  the 
square  inch.     (S.  and  A.  Exam.,  1890.) 

4.  Describe,  without  going  into  detail,  the  engines,  pumps,  accumulator, 
and  one  or  two  of  the  appliances  likely  to  be  used  by  customers  of  an 
hydraulic  company.     (S.  and  A.  Adv.  Exam.,  1897.) 

5.  If  you  desire  to  obtain,  great  pressure  with  a  small  dead  load,  what 
form  of  accumulator  would  you  employ?  Give  a  vertical  section  and  a 
description  of  the  construction  and  action  of  the  accumulator  you  have 
selected.     Why  is  it  inadvisable  to  use  one  with  a  very  small  ram  ? 

6.  If  you  desire  to  obtain  a  pressure  of  1,200  lbs.  per  square  inch,  and 
you  are  limited  to  a  dead  weight  of  1  ton,  what  effective  area  would  you 
require,  and  what  would  be  the  diameter  of  the  larger  part  of  the  ram  if 
the  smaller  be  6  inches  in  diameter,  in  the  case  of  a  differential  accumu- 
lator having  a  total  efficiency  of  90  i>er  cent.  ?  What  would  be  the  diameter 
of  the  ram  if  you  used  a  solid  one  ? 

7.  Sketch  and  describe  Brown's  Steam  Accumulator.  Mention  any 
advantages  and  disadvantages  which  you  consider  it  possesses  with  respect 
to  other  forms  of  accumulator. 

S.  Suppose  the  effective  steam  pressure  in  the  steam  cylinder  of  a 
Brown's  Accumulator  to  be  60  lbs.  on  the  square  inch,  and  that  you  require 
a  water  pressure  of  1,000  lbs.  per  square  inch,  with  a  ram  of  20  square 
inches  in  cross  section,  what  will  be  the  diameters  of  the  ram  and  steam 
piston  if  2  per  cent,  be  lost  in  friction  ? 

9.  Sketch  the  construction  and  describe  the  action  of  the  Arrol-Foulis 
hydraulic  apparatus  for  charging  gas  retorts.  Mention  the  several  advan- 
tages of  employing  this  machine  as  against  hand  labour. 

10.  Sketch  the  construction  aod  describe  the  action  of  the  Foulis 
hydraulic  apparatus  for  withdrawing  the  coke  from  gas  retorts.  Mention 
the  several  advantages  of  employing  this  machine  as  against  hand  labour. 

11.  What  is  the  use  of  an  intensifier  or  intensifying  accumulator  in  the 
working  of  hydraulic  machinery?  Sketch  such  an  apparatus,  and  explain 
fully  its  principle  and  construction :  give  also  one  example  of  the  application 
of  the  intensifier  to  hydraulic  machinery.     (S.  and  A.  Adv.  Exam.,  1896.) 
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LECTURE    XXXV. 

HYDROKINETICS. 

Contents. — Energy  of  Flowing  Water — Bernoulli's  Theorem — Jet  Pumps, 
Injectors  ana  Ejectors— -Hydraulic  Ram — Example  I. — Velocity  of 
Efflux  and  Flow  of  Water  from  a  Tank — Measurement  of  a  Flowing 
Stream — Rectangular  Gauge  Notch — Thomson's  Triangular  Notch — 
Measurement  of  Head — Measurement  of  Large  Streams — Horse-Power 
of  a  Stream — Vortex  Motion — Free  Vortex— Forced  Vortex — Pressure 
due  to  Centrifugal  Force — Reaction  of  a  Jet — Reduction  of  Pressure 
Round  an  Orifice — Impact — Loss  of  Energy — Resistance  of  a  Pipe — 
Hydraulic  Mean  Depth — Questions. 

Energy  of  Flowing  Water— Bernoulli's  Theorem When  a  liquid 

is  flowing  in  a  pipe  or  channel,  it  possesses  kinetic  energy  in  virtue 
of  its  motion  in  addition  to  the  potential  energy  due  to  its  posi- 
tion and  pressure ;  and  the  total  energy  is  the  sum  of  these  three. 

Let  v  =  Velocity  of  the  liquid. 
,,    hx  =  Length  of  its  pressure  column. 
„    h,  —  Height  above  the  datum  level. 
,,    H  =  Height  of  the  free  surface  of  the  still  water  above  the 

datum  level. 
,,    m  =  Mass  of  the  portion  of  the  liquid  under  consideration. 
„     g  —  Acceleration  due  to  gravity. 
„     /  =  Frictional  loss  of  head. 

Then, 

The  energy  of  pressure  =  mg  Z4 

,,  of  position  =  mgh.2 

And,  ,,  of  motion     =  Jwv2. 

Hence,  The  total  energy  =  m  g  (hx  +  h2  +  ~-\    (I) 

Or,  Energy  per  unit  mass  =  g  (hx  +  h2  +  ^- J     .  (Ia> 

It  follows  from  the  principle  of  the  Conservation  of  Energy* 
that  so  long  as  no  work  is  spent  on  friction,  this  total  remains 
constant  whilst  the  water  flows  along  the  pipe  or  channel.  There- 
fore, for  a  frictionless  liquid  in  which  there  are  no  eddies  : — 

v2 
h1  +  A2  +  n~~  —  a  constant  =  H.      ...     (Il) 

if 
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If,  p  =  Pressure  per  unit  area  at  any  point  in  the  liquid, 

A  nd,      tv  =  Weight  of  unit  volume  of  the  liquid, 

Then,    h1  =  £; 

Hence,   £  +  ha  +  g—  -  a  constant  -  H (Ill) 

This  equation  is  known  as  BernouiUi'a  Theorem. 


Pressures  in  a  Frictionless  Pipe. 

If  a  certain  amount  of  energy  mgf  be  absorbed  by  friction 
between  some  vertical  datum  section  such  as  A  and  the  section 
under  consideration  which  may  be  at  B  or  C. 

Then,  -  +  h~  +  £-  +  f  =  *  constant  =  H.      .     .     (IV) 

Let  a  =  The  cross  area  of  the  pipe  at  any  section. 

„     v  =     „    velocity  of  the  water  at  the  same  section. 

ii  Q  =  »  quantity  or  volume  of  water  passing  every  section 
in  unit  time.  This  volume  is  constant  for  all 
sections  during  a  steady  flow  of  the  liquid. 

Then,  a,  v  =  Q ;  or,  v  =  - (V) 

This  shows,  that  the  velocity  is  great  when  the  cross  section 
of  the  pipe  is  small,  and  vice  vered. 

In  the  figure,  we  have  shown  small  vertical  gauge  tubes  placed 
at  intervals  A,  B,  C,  ic,  along  the  pipe,  in  order  to  indicate  the 
pressure  of  water  at  these  points  by  the  height  to  which  it  rises  in 
them.  It  will  be  observed  that  where  the  pipe  is  level  or  nearly 
so,  the  pressure  is  greatest  where  its  cross  section  is  largest  and 
consequently  the  velocity  is  least.      This  follows  directly  from 

26 
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BernouilH's     theo- 

height  A„  above  the 
datum  level  is 
practically        con- 

Jet  Pomps,  In- 
jectors, and  Ejec- 
tors. —  From  the 
previous  illustra- 
tion and  explana- 
tion of  the  altera- 
tion in  the  pressure 
of  water  as  it  Sows 
through  a  pipe  of 
varying  size,  it  will 
be  readily  under- 
stood that  if  a 
stream  of  water  be 
rapidly  forced 
through  a  tapered 
passage,  its  pres- 
sure may  be  so 
lowered  below  the 
surrounding  atmo- 
sphere, that  it  can 
draw  in  more  water 
from  another 
source  connected  to 
the  smaller  end  of 
the  taper.  If  the 
whole  of  the  water 
be  then  conducted 
along  a  gradually 
enlarged  passage, 
its  pressure  will 
increase  and  the 
outflow  can    take 

Eiliice  at  a  higher 
evel  than  the  in- 
take of  the  induced 
stream,  but  lower 
than  the  free  sur- 
face of  the  driving 
Exhaust  Steam  Ejector.  water.       The    late 
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Prof.  James  Thomson,  of  Glasgow  University,  designed  his  jet 
pump  upon  this  principle,  and  Prof.  Bunsen  used  a  jet  of  water 
to  produce  a  vacuum  in  his  air  pump.  Steam  jets,  compressed 
air,  and  water  under  pressure,  have  frequently  been  used  to  create 
a  blast  of  air,  to  feed  petroleum  into  furnaces,  to  produce  a  sand 
blast  for  engraving  or  cleaning  purposes,  and  to  transfer  granular 
materials  from  one  position  to  another. 

Injectors  for  feeding  steam  boilers  with  water  also  work  upon 
this  principle ;  but  since  they  are  greatly  assisted  by  the  condensa- 
tion of  the  steam  as  it  comes  into  intimate  contact  with  the 
suction  water,  the  latter  can  be  forced  into  the  same  boiler  or 
another  vessel  having  the  same  pressure  as,  or  even  a  higher  pres- 
sure than,  that  which  supplies  the  injector  with  steam.*  Exhaust 
steam  ejectors  also  depend  upon  the  above  action,  and  are  some- 
times used  to  replace  both  the  ordinary  jet  condenser  and  air 
pump  in  connection  with  condensing  engines.  As  will  be  seen 
from  the  accompanying  figure,  when  the  regulating  stop  valve  is 
screwed  upwards  by  turning  the  hand-wheel,  the  exhaust  steam 
from  the  engine  cylinder  enters  by  the  right-hand  upper  pipe  and 
mixes  with  cold  water  coming  through  the  left-hand  one,  thereby 
becoming  condensed  and  producing  the  desired  vacuum.  The 
combined  condensed  steam  and  condensing  water  then  flow  from 
the  delivery  pipe  into  the  hot  well,  whilst  any  throttled  discharge, 
or  some  of  the  live  steam  that  may  have  been  used  for  blowing 
through  and  starting  the  ejector,  can  escape  into  the  same  place  by 
the  overflow  pipe.  As  we  shall  prove  further  on,  apparatus  of 
this  kind  cannot  have  a  very  high  efficiency  since  the  mixing  up 
of  quick  and  slow  moving  streams  results 
in  a  considerable  loss  of  mechanical 
energy. 

Hydraulic  Ram. — This  apparatus  was 
invented  about  100  years  ago  by  a 
Frenchman  named  Montgolfier.  It  is 
one  of  the  simplest,  most  durable,  and 
efficient  machines  for  raising  water  to 
a  greater  height  than  the  source  of 
supply.  The  energy  stored  up  in  water 
descending  from  a  comparatively  low 
elevation  is  utilised  to  raise  part  of  the 
same  water  to  a  much  higher  level,  of 
from  three  to  thirty  times  the  vertical 
height  of  the  original  fall.  The  prin- 
ciple upon  which  the  apparatus  works  will  be  understood  from 

*  For  a  description  of  Giffard's  and  other  steam  injectors  see  the  author's 
Text-Booh  on  Steam  and  Steam  Engines. 
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a  consideration  of  the  foregoing  figure.     If  the  salve  V  be 
held  down  firmly  on  its  seat,  and  the  left-hand  vessel  be  filled 
with  water  to  a  certain  height,  it  will  rise  to  the  same  level  in 
the  right-hand  open  pipe.     If  the  valve  be  now  released  for  a 
short  time,  water  will  flow  under  the  action  of  gravity  along 
the  horizontal  passage  and   escape  at  the  open  valve  with  a 
velocity  proportional    to   the    square   root    of   the    "head"  or 
vertical   height  of  the 
free  surface  above  the 
valve.       On    suddenly 
closing  the  valve,   the 
kinetic    energy  of  the 
moving  water  will    be 
partly  spent  in  raising 
the  right-hand  column 
to  a  greater  height  than 
the  free  surface  of  the 
water  in  the  left-hand 
vessel.     Now,  if  we  in- 
troduce a  check  valve  nt 
the    foot    of    the    long 
column,  so  as  to  prevent 
this  water  from  falling 
down  again,  and  an  air 

cushion,  we  can  repeat 
the  operation  contin- 
ually, so  aa  to  produce  a 
flow    of  water    up   the 


and  supplied  by  the 
Glen  field  Company  of 
Kilmarnock,  is  illus- 
trated by  a  vertical 
section  and  plan  in 
the  accompanying 
figure.  Water  flows  from  a  cistern,  tank,  pond,  or  dam,  through 
a  cast-  or  wrought-iron  pipe,  technically  called  the  drive  pipe 
D  P,  to  a  hollow  casting  containing  two  valves.  The  first  of 
these  is  named  the  escape  or  dash  valve  D  V,  which  opens 
downwards,  and  the  other  the  check  valve  C  V,  which  opens 
upwards.  Over  the  latter  is  fixed  an  air  vessel  A  V,  having 
a  manhole  door  M  H  to  the  left  and  a  delivery  pipe,  which 
is  technically  termed  a  rising  pipe  R  P,  to  the  right.     If  the 
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apparatus  and  all  the  pipes  are  duly  connected  to  the  supply 
and  delivery  tanks,  and  the  dash  valve  D  Y  be  held  up,  until 
the  water  from  the  source  of  supply  has  filled  not  only  the  drive 
pipe  DP,  but  also  risen  through  the  check  valve  C  V  and  rising 
pipe  RP  to  nearly  the  same  level  as  the  free  surface  in  the 
supply  tank,  the  whole  will  remain  motionless  or  in  a  static 
condition.  If  we  now  depress  the  dash  valve  D  V,  and 
then  let  it  go,  the  machine  will  immediately  begin  to  work, 
and  continue  to  work  automatically  without  any  attention  or 
even  oiling  for  years,  until  stopped  by  some  accident  or  by  the 
wearing  out  of  one  or  both  of  the  valves.  Of  course,  the  supply 
of  water  must  be  maintained,  so  that  the  drive  pipe  is  always 
kept  full.  This  pipe  should  not  be  throttled  in  any  part,  and 
the  weight  on  the  dash  valve  must  be  so  carefully  adjusted, 
that  it  will  just  overcome  the  internal  pressure — i.e.,  drop  from 
its  seat — and  permit  water  to  escape  thereat.  Then,  the  acce- 
leration produced  by  gravity  on  the  water  coming  down  the 
drive  pipe  very  soon  produces  a  greater  pressure  on  the  dash 
valve  than  that  due  to  the  mere  static  pressure.  This  increased 
force  suddenly  raises  it  again  to  its  seat,  when  the  kinetic 
•energy  which  has  been  imparted  to  the  water  lifts  the  check 
valve  and  forces  some  water  into  the  air  vessel.  Whenever 
this  kinetic  energy  has  been  spent,  the  compressed  air  in  the  air 
vessel,  together  with  the  weight  of  the  check  valve,  causes  it  to 
close,  and  immediately  thereafter  the  dash  valve  automatically 
opens.  The  same  cycle  of  operations  takes  place  over  and  over 
again,  the  air  in  the  air  vessel  gets  more  and  more  compressed, 
and  water  rises  higher  and  higher  in  the  rising  or  delivery  pipe, 
until  "it  issues  as  a  continuous  stream  from  its  mouth  into  the 
cistern  or  receiving  tank.  From  this  tank  it  may  be  drawn  off 
at  pleasure  for  all  the  various  uses  of  a  mansion-house  or  farm 
steading,  <fcc. 

The  air  vessel  plays  two  important  parts  in  each  cycle  of  the 
operations  of  this  interesting  and  useful  apparatus.  (1)  The  air 
contained  therein  acts  as  a  cushion  by  minimising  the  water 
hammer  action,  which  would  otherwise  stress  the  various  parts, 
and  tend  to  break  the  joints.  (2)  The  air  acts  as  a  store  of 
energy  by  taking  up,  during  its  compression,  a  part  of  the 
kinetic  energy  of  the  water,  and  then  giving  out  the  same 
gently,  thus  producing  a  constant  flow  of  water  through  the 
delivery  pipe.  If  the  vertical  height  of  the  column  of  water  in 
the  rising  pipe  be  about  34  feet  above  the  check  valve,  the 
pressure  per  square  inch  on  the  upper  surface  of  this  valve  will 
be  one  atmosphere,  or,  say,  15  lbs.  on  the  square  inch,  and  the 
air  in  the  air  vessel  will  be  compressed  to  nearly  that  pressure, 
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and  therefore  occupy  about  half  its  original  volume.  If  the 
column  be  68  feet  high  in  the  delivery  pipe,  the  pressure  on  the 
valve  will  be  about  30  lbs.  on  the  square  inch,  and  the  air  in 
the  air  vessel  will  occupy  one-third  of  its  original  volume,  and 
so  on.  Hence,  it  is  necessary  to  proportion  the  size  of  the  air 
vessel  to  the  vertical  height  through  which  the  water  has'  to  be 
forced  in  the  delivery  pipe.  Besides  this,  air  becomes  absorbed 
by  water,  and  in  a  short  time  the  air  vessel,  if  small,  would 
become  entirely  filled  with  water.  The  air  vessel  may,  however, 
be  kept  charged  with  air  in  a  very  simple  manner  by  the  intro- 
duction of  a  snifter  valve  S  V,  screwed  into  the  ram  casing, 
immediately  below  the  check  valve.  In  its  simplest,  and  pro- 
bably its  most  efficient  form,  it  consists  of  a  brass  plug  with  a 
very  small  hole  drilled  through  its  axis.  Every  time  that 
water  is  forced  through  the  check  valve  a  very  small  quan- 
tity also  passes  through  this  tiny  opening  in  the  snifter  valve ; 
and  each  time  that  the  check  valve  is  forced  down  upon  its  seat 
a  rebound  or  reaction  of  the  water  takes  place,  and  produces  a 
partial  vacuum  immediately  underneath  the  check  valve.  Con- 
sequently, a  little  air  is  forced  into  this  vacuum  by  the  atmo- 
spheric pressure,  and  this  air  is  carried  up  into  the  air  vessel  at 
the  next  stroke  or  pulsation,  thus  keeping  up  the  necessary 
supply  for  effecting  a  continuous  flow  of  water  into  the  receiving 
tank.  If  everything  about  this  machine  is  thoroughly  tight 
and  in  good  working  order,  and  the  valves  are  made  of  the  best 
proportions  and  weights,  an  efficiency  of  from  80  to  90  per  cent, 
can  be  obtained  therefrom,  and  it  has  been  found  possible  to 
work  it  with  a  minimum  driving  head  of  only  three  feet.  The 
several  causes  for  loss  of  efficiency  are : — 

(1)  Eddies  caused  by  the  sudden  stoppage  of  the  water's 
motion. 

(2)  The  friction  of  the  water  passing  along  the  drive  pipe 
D  P,  and  the  casing  of  the  apparatus. 

The  weight  and  friction  of  the  dash  valve  D  V,  which  has 
lifted  at  each  stroke  or  pulsation. 

(4)  The  weight  and  friction  of  the  check  valve  C  V,  which 
has  also  to  be  lifted  at  each  stroke. 

(5)  The  slip  of  the  check  valve  C  V — i.e.,  a  slight  quantity  of 
water  may  slip  back  past  this  valve  when  in  the  act  of 
closing. 

(6)  The  friction  of  the  water  passing  along  the  rising  pipe  R  P. 

(7)  Any  defects  of  tightness  in  the  faces  of  the  dash  and 
check  valves. 

The  sudden  closing  of  the  dash  valve  is  only  necessary  to  pre- 
vent the  water  spending  a  large  portion  of  its  energy  in  friction 


(3)T 
to  be  lii 
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at  the  restricted  orifice  while  it  is  closing.  Large  rams  are  now 
made  with  special  valves  to  stop  the  water  gradually  without 
throttling  it,  and  so  avoid  the  shocks  caused  by  sudden  closing 
without  losing  anything  in  efficiency.* 

Example  I. — If  1,000  lbs.  of  water  pass  per  minute  through 
the  drive  pipe  under  a  head  of  6  feet,  and  60  lbs.  of  water 
are  delivered  into  the  receiving  tank,  which  is  87  feet  above  the 
check  valve,  what  is  the  efficiency  ? 

Efficiency  =  WOrlfg0ttOUt  (in  the  same  time). 
'      work  put  in  ' 


Or, 


Efficiency=!™r-87 

Efficiency  =  87  per  cent. 


If  the  length  of  the  drive  and  rising  pipes  be  considerable, 
and  if  there  be  many  bends  and  much  throttling  of  the  passages, 
then  the  efficiency  will  thereby  be  reduced  to  a  considerable 
extent.  By  a  simple  modification  of  the  ram  shown  in  the 
illustration,  river  or  impure  water  may  be  made  to  raise  spring 
or  pure  water;  the  two  waters 
are  separated  by  a  diaphragm, 
and  the  pumping  action  actu- 
ates two  valves,  the  one  being 
a  suction  and  the  other  a  de- 
livery valve. 

Velocity  of  Efflux  and  Flow 
of  Water  from  a  Tank. — Con- 
sider a  jet  of  water  issuing  from 
a  small  circular  orifice  A  at  a 
depth  h  below  the  free  surface 
of  the  water  in  the  tank.  If 
we  take  the  datum  line  at  the 
orifice,  then  inside  the  vessel, 
where  the  water  is  still,  the 
energy  is  entirely  potential  and  equal  to  m  g  h ;  whereas,  it  is  all 
kinetic  just  outside  the  opening  and  amounts  to  \  m  v2. 


Efflux  of  Watbr  from  a 
Circular  Orifice. 


Hence, 


^mi?  =  rag h;  or,  v2  =  2 gh; 
v  =  x/2  g  h. 


i.e.,  v  =  s/^gh (VI) 

It  will  be  observed  from  this  equation  (VI)  that  the  velocity 

*  See  §  30  of  Gordon  Blaine's  Hydraulic  Machinery  for  an  illustrated 
description  of  Mr.  H.  D.  Pearsall's  improved  hydraulic  ram. 
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c  is  the  name  as  that  attained  by  a  body  in  falling  freely  from  a 
height  A ;  and  further,  that  it  would  be  the  same  even  if  the  water 
had  no  free  surface,  so  long  as  the  pressure  at  the  level  of  the 
orifice  was  equal  to  that  due  to  a  head  h. 

If  there  be  a  loss  of  head  /  due  to  friction  and  eddies  formed  by 
the  water  in  passing  through  the  orifice, 

Then,     i«n«»Wj(A-/);  or,  v  =  J2g{h  -/).       (VII) 
If,      a  =  The  cross  area  of  the  orifice  in  square  feet. 
r  =     „    radios  of  the  orifice  in  feet. 
v  =     „    average  velocity  of  the  water  in  feet  per  second. 
h  =     „    head  of  the  water  in  feet 

g  =     „     acceleration    dne    to    gravity   or    322    feet    per 
second  per  second. 
And  Q  =     „    quantity  of  water  flowing  out  from  the  orifice  in 

cubic  feet  per  second. 
We  find  from  equations  (V)  and  (VI)  that : — 

Q  =  a  v  =  a  »J%gh  cubic  feet  per  second. 

This  formula  is  very  nearly  true  for  a  small  tapered  opening, 

but  with  a  flat  one,  at  shown  in  the  next  figure,  the  cross  area  of  the 


Efflux  of  Water  from  a  Hori- 
[zontal  Plat  Orifice.* 

stream  where  the  stream  lines  are  parallel,  at  a  short  distance  out- 
side the  opening,  is  leas  than  that  of  the  orifice.  The  ratio  of  these 
two  areas  is  called  the  coefficient  of  contraction,  and  it  is  found 
experimentally  for  a  flat  opening  to  be  064.  The  contraction  is 
caused  by  the  water  flowing  along  the  inner  flat  surfaces  £  F  and 
G  II  and  then  leaving  them  at  a  tangent.  It  has  also  been  found 
by  experiment  that  for  a  sharp-edged  orifice  the  velocity  v  is  only 
*  By  mistake  the  figure  has  been  drawn  with  a  vortex,  but  when  measur- 
ing water  we  mnst  prevent  the  formation  of  a  vortei  by  putting  in  radial 


RECTANGULAR    GAUGE   NOTCH.  409 

0*97  tj^gh.     Hence,  the  actual  flow  for  a  small  circular  orifice 
will  be : — 

Q  =  0-64 a  x  0^1  s/Ygli  =  QMa*j¥gh 

Q  =  0-62  «•  r2x/2  q  h  cubic  feet  per  second.       (VIII) 

In  measuring  a  small  flow  of  water  by  this  method,  it  is  run 
into  a  tank  having  a  carefully  made  clean  cut  orifice  of  known 
area,  until  the  surface  level  is  just  sufficiently  above  the  outflow 
to  cause  the  water  to  run  out  as  fast  as  it  runs  into  the  tank. 
This  difference  of  level,  or  head  A,  is  measured  and  the  above 
formula  applied. 

Accurate  results  cannot  be  obtained  from  a  large  circular  open- 
ing placed  in  the  side  of  a  tank,  because  the  parts  of  it  would  have 
different  depths  from  the  free  surface,  and  consequently  the  water 
would  have  different  velocities  at  these  parts.  If  we,  however, 
put  the  orifice  in  the  bottom  of  the  tank,  as  shown  in  the  right- 
hand  figure,  then  the  velocity  will  be  approximately  the  same  at 
all  parts  of  the  opening,  and  we  can  enlarge  it  so  as  to  measure 
a  much  greater  flow  of  water. 

Measurement  of  a  Flowing  Stream.— In  order  to  ascertain  the 
available  power  from  a  stream  or  river,  as  well  as  to  test  the 
efficiency  of  a  hydraulic  installation,  it  is  of  the  first  importance  to 
determine  the  rate  of  flow — i.e.,  the  number  of  cubic  feet  or  gallons 
of  water  passing  a  given  point  per  unit  of  time.  At  first  sight, 
this  would  appear  to  be  a  very  simple  matter ;  but,  as  will  be 
shown,  it  is  not  so  easy  to  do  so  with  accuracy,  for  several  special 
precautions  have  to  be  observed  and  constants  obtained. 

Rectangular  Gauge  Notch. — When  we  have  to  measure  large 
quantities  of  moving  water,  then  such  orifices  as  we  have  pre- 
viously dealt  with  are  quite  unsuitable.  In  such  cases,  it  is  usual 
to  pass  the  whole  of  the  water  over  a  special  form  of  weir  or  gauge 
notch.  This  consists  of  a  board  placed  across  the  stream  between 
stakes  and  carefully  puddled,  so  that  all  the  water  must  flow  over 
it.  The  top  bevelled  edge  of  this  board  must  be  well  above  the 
surface  of  the  water  on  the  delivery  side.  The  length  of  the 
notch  is  usually  less  than  the  width  of  the  stream,  and  the  board 
should  be  continued  from  each  end  in  a  straight  line  (as  shown  in 
the  perspective  view)  so  as  to  give  definite  conditions ;  or  parallel 
guides  may  be  placed  in  the  stream  before  the  gauge  board.  In 
the  former  case,  the  inflow  of  water  at  the  ends  of  the  notch  board 
causes  end  contraction,  while  in  the  latter,  this  effect  is  avoided.  In 
each  case,  contraction  of  the  stream  is  caused  by  the  water  flowing 
upwards  from  E  to  F,  as  shown  by  the  sectional  figure  a  few  pages 
further  on.     Further,  the  surface  directly  over  the  notch  board  is 
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lower  than  that  of  th  e  still  water  in  the  pond  above  the  board.     If, 
however,  we  neglect  these  effects  we  see  that  with  different  lengths 


Pebspectivk  View  of  a  Rectanuulab  Gauge  Notch. 

of  notch  board  the  total  flow  will  be  proportional  to  its  length. 

Now,  consider  any  horizontal  strip  of  the  cross  section  of  the 
stream  over  the  notch  (say, 

b ^  one-thousandth  of  its  total 

depth);  then,  if  we  increase 
the  depth  of  the  stream 
over  the  notch,  the  vertical 
width  of  this  strip  and  con 
seqnently  its  area  will  be 
proportionally  increased,  as 
well  as  its  depth  below  the 
free  surface  of  the  water. 
But  the  velocity  of  the 
water  passing  through  this 
strip  varies  as  the  square 
root  of  its  depth,  and  the 
quantity  as  the  area  multi- 
plied by  the  velocity.  This 
result  will  hold  good  for 
each  elementary  strip,  and 
Front  View  and  Plan  of  a  Eec-  will<  therefore,  apply  to  the 
"us  Notch.  whole  stream. 
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Hence,     Q  oc  a  v  oc  h  x   y/h  oc  A*  for  different  depths ; 
And,        Q  oc  b  for  different  breadths  of  stream  at  the  notch  ; 

Q  =  h  b  h*  for  a  rectangular  notch (IX) 

Here,  k  is  a  coefficient  of  discharge  which  must  be  found  by 
experiment.  This  equation,  however,  would  not  give  us  accurate 
results  if  the  proportions  of  the  stream  passing  the  notch  were 
much  different  from  that  used  to  determine  the  constant  k.  With 
a  very  long  shallow  notch  a  considerable  error  will  arise  from 
the  fact,  that  the  water  may  adhere  to  the  horizontal  bevelled 
edge,  and  with  a  very  deep  narrow  notch  a  similar  effect  would  be 
produced  by  the  bevelled  sides.  The  above  formula  is  often  used 
and  is  quite  correct  for  similar  streams  ;  but  if  the  flow  is  variable,, 
the  depth  will  change  with  the  flow  of  the  water  while  the  breadth 
remains  constant,  so  that  the  proportions  of  the  stream  obtained 
with  different  flows  in  a  gauge  notch  of  this  kind  are  not  the 
same. 

The  late  Professor  James  Thomson  showed  how  we  may  obtain 
a  formula  which  will  apply  to  all  ordinary  proportions  of  rectan- 
gular notches.  In  the  central  part  of  the  stream  the  lines  of  flow 
are  practically  parallel  and  unaffected  by  the  sides  of  the  notch. 
Consequently,  the  water  passing  through  this  part  will  be  propor- 
tional to  its  breadth.  Suppose  the  influence  of  each  end  to  extend 
perceptibly  to  a  distance  x  h  from  it.  Then  the  breadth  of  the 
central  part  will  be  b  -  2xh.  Consider  a  portion  of  this  central 
part  whose  breadth  is  equal  to  h.  This  will  be  a  square  and 
therefore  similar  for  different  sizes  of  stream.  Hence,  since  the 
area  is  proportional  to  h2  and  the  velocity  to  ^/h,  the  flow  through 
this  square  will  be  : — 

kx  x  h2  s/h  or  kx  K* 

where  kY  is  a  constant. 

Consequently,  the  flow  through  the  whole  of  the  central  part 
(6 '  -  2  x  h)  will  be  :— 

b  "^Xhk1h^  =  *,(&-  2*A)A*. 

If  we  now  imagine  the  two  side  portions  to  be  placed  together,, 
we  will  get  another  stream  which  will  be  of  similar  form  whatever 
its  actual  size  may  be ;  for,  it  will  always  be  a  rectangle  of  depth 
h  and  length  2xh.     Consequently  the  flow  through  this  will  be: — 

k2  x  2xh  x  k*  =  2k2xh? 
where  k2  is  another  constant. 
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Hence,  the  flow  of  the  whole  stream  will  be  : — 

Q  =  kx(b  -  2xh)h*  +  2k2xh? 

If  we  write  c  for        * which  is  a  constant,  we  get : — 

Q  =  hx{b  -  2ch}h$ (X) 

If  one  of  the  sides  of  the  stream  had  a  guide  board  we  should 
have  had  x  throughout  instead  of  2  x,  and  therefore  c  h  in  our 
tinal  results  instead  of  2  c  h.  If  both  sides  of  the  stream  be  guided, 
this  term  would  disappear  and  we  would  get  the  former  result. 

Mr.  Francis,  an  American  engineer,  deduced  the  following 
empirical  formula  from  a  large  number  of  experiments  which  he 
made  : — 

Q  =  3*33  (b-  jg  n  h\  A*  cubic  feet  per  second.      (Xa ) 

Here  n  is  the  number  of  end  contractions  (viz.,  2,  1,  or  0,  as 
explained  above),  and  the  units  employed  are  feet  and  seconds. 
It  should  be  noted  that  this  equation  is  of  the  same  form  as  the 
previous  one,  and  that  neither  is  applicable  to  a  notch  whose  length 
is  less  than  2  x  h. 

Thomson's  Triangular  Notch. — Professor  James  Thomson  pro- 
posed and  us  d  a  gauge 
notch  in  the  form  of  a 
right-angled  isosceles  tri- 
angle with  its  sides  equally 
inclined  to  the  vertical.  It 
has  the  advantage  of  giving 
a  similar  form  of  stream 
whatever  may  be  the  size 
of  the  notch  or  the  height 
of  the  water  passing 
through  it,  and  is,  there- 
fore, more  accurate  for 
measuring  variable  streams.  As,  however,  less  water  is  passed  for 
a  given  height  than  with  the  rectangular  notch,  it  is  not  so  con- 
venient for  large  flows ;  but  by  cutting  a  number  of  such  notches, 
side  by  side  like  the  teeth  of  a  saw,  considerable  quantities  of 
water  may  be  dealt  with. 

If  we  consider  corresponding  elements  of  two  such  notches,  we 
see  that  their  areas  are  proportional  to  the  square  of  their  depths, 


Thomson's  Triangular  Gauges  Notch. 
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whilst,  as  before,  the  velocities  of  the  water  are  as  the  square  roots 
of  the  depths.     Hence,  the  flow  through  a  V  notch  will  be  ; — 

Q  =  4  x  A1  x  */h  =  h  A*  cubic  feet  per  second.       (XI) 

In  this  case,  the  coefficient  of  discharge  k,  has  been  found  by 
careful  experiment  to  be  2'64. 

Measurement  of  Head When  using  either  of  the  previously 

mentioned  notches  for  determining  the  How  of  a  stream  or  river 
we  must  ascertain  the  head  h,  with  great  accuracy.  This  may  be 
done  by  aid  of  a  level,  straight  edge,  graduated  staff,  and  a  bent 
wire  or  hook-gauge  in  the  following  manner  : — 

Drive  the  vertical  stake  V  S,  into  the  bed  of  tbe  stream  at 
a  position  above  the  notch  where  the  surface  has  no  appreciable 
velocity.  To  obtain  such  a  posi- 
tion the  pond  above  the  weir 
should  not  be  too  small.  Level 
a  straight  edge  S  E,  by  the  level 
L,  with  its  lower  edge  resting  on 
the  inner  edge  F,  of  the  bevelled 
board  and  on  the  point  of  the 
hook-gauge.  Note  the  position 
R,  on  Y  S,  opposite  a  mark  M , 
on  the  longer  limb  H  G.  This 
gives  us  once  for  all  the  zero  from 
which  to  reckon  h. 

When  the  water  is  flowing  in 
the  normal  condition  for  making 
tbe  test,  raise  H  O  until  the 
point  F  just  touches  the  surface  of  the  water  and  note  the  read' 
rag  Ej  on  V  S  opposite  M,  as  shown  by  the  full  outlined  hook  in 
the  figure.  The  difference  between  this  reading  and  the  former 
one  gives  tbe  bead  A. 

As  may  be  seen  from  the  previous  formulte  any  mistake  made 
in  determining  h  will  produce  a  larger  .percentage  error  in  the 
result  with  the  V  and  rectangular  notches  than  with  an  orifice  in 
the  bottom  of  a  tank.  The  latter  is,  therefore,  preferred  where 
great  accuracy  is  desired  and  the  quantity  of  water  is  not  too 
large,  such  as  when  measuring  the  circulating  water  used  by  a 
steam  engine. 

Measurement  of  Large  Streams. — When  it  is  inconvenient  or 
impracticable  to  place  a  weir  gauge  in  a  river,  then  the  flow  may 
be  estimated  by  measuring  the  cross  section  a,  of  the  river  and 
finding  its  mean  velocity  v,  at  that  section  : — 

Then,  as  before,    ■  Q  =ae. 
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To  do  this,  a  number  of  equidistant  points  are  marked  along 
a  rope  which  is  then  stretched  across  the  river  at  right  angles  to 
the  direction  of  the  current.  By  means  of  a  graduated  pole  the 
depth  at  each  of  these  points  is  ascertained  from  a  boat.  The 
results  are  then  plotted  to  scale  and  give  us  a  cross  section  of 
the  river  and  an  estimate  of  its  sectional  area.  The  surface 
velocity  at  midstream  may  be  roughly  found  by  noting  the  time 
taken  for  a  float  to  move  a  given  distance  down  stream,  and  the 
mean  velocity  may  be  taken  as  065  of  this.  It  is,  however, 
much  more  accurate  to  ascertain  the  velocity  at  a  number  of  points 
of  the  section  by  means  of  a  current  meter  and  then  calculate  the 
mean  value.     The  following  illustration  shows  a  current  meter 


Elliott's  Current  Meter. 

made  for  this  purpose  by  Messrs.  Elliott  Brothers,  London.  It 
has  a  screw- shaped  vane  V,  which  is  rotated  by  the  water 
flowing  past  it.  The  revolutions  of  this  vane  are  counted  by  the 
wheel  W(  which  is  driven  by  a  worm  on  the  same  spindle  as  the 
vane.  When  the  apparatus  is  immersed  by  means  of  the  rod  B,  to 
the  required  depth,  with  the  vane  pointing  up  stream,  the  cord  C 
is  pulled  up  and  kept  tight  for  a  definite  interval  of  time.  Thiscord 
is  attached  to  the  end  of  a  lever  which  carries  the  bearings  of  the 
counting  wheel  and  is  pushed  down  by  a  spring  E.  The  wheel  only 
gears  with  the  worm  when  the  cord  is  pulled,  and  the  reading 
gives  the  number  of  revolutions  of  the  vane  from  which  the  velo- 


FREE  VORTEX. 


415 


city  of  the  water  may  be  deduced.     F  is  a  rudder  to  keep  the 
apparatus  pointing  directly  upstream. 

Horse-Power  of  a  Stream. — After  having  obtained  the  quantity 
of  water  flowing  in  a  stream,  we  have  only  to  measure  the  avail- 
able head  in  order  to  find  its  horse-power  H.P.  The  head  may  be 
measured  in  feet  by  aid  of  a  surveyor's  level  and  staff.  Then,  if  w 
be  the  weight  of  a  cubic  foot  of  water,  and  W  the  weight  of  the 
total  flow  of  water  per  second,  we  get : — 

Q  =  a  v.     And  W  =  Q  w. 


Hence,     H.P.  = 


H.P.  = 


ft. -lbs.  per  second       h  x  Qw 


550 


550 


62-5 
550 


x  h  Q  =  0114  h  Q  =  0-114  ha  v.      (XII) 


Vortex  Motion. — A  whirling  mass  of  fluid  is  termed  a  vortex 
and  may  be  either  forced  or  free,  A  free  vortex  is  one  which  can 
be  formed  naturally,  as  when  water  flows  through  a  hole  at  the 
bottom  of  a  basin,  and  is  such,  that  the  energy  of  the  fluid  per  unit 
mass  is  the  same  at  all  points  in  it.  A  forced  vortex  can  only 
be  produced  artificially,  and  in  it  the  energy  of  the  fluid  is  different 
at  different  places.  Such 
a  vortex  may  be  obtained 
by  rotating  a  cup  contain- 
ing water. 

Free  Vortex. — From  the 
above  condition  of  con- 
stant energy,  the  velocity 
at  a  point  A,  on  the  sur- 
face of  the  vortex  and  at 
a  depth  h  below  the  level 
of  the  still  water,  must  be 
the  same  as  that  due  to  a 


Free  Vortex. 


' JfI^I  — ■ 

k-V^ 

body  falling  freely  from  a  height  h. 

v  =  s/2  g  h. 

A  particle  on  the  surface  of  the  vortex  is  acted  upon  vertically 
by  its  own  weight  mgt  and  horizontally  by  a  centrifugal  force 

7th  V 

.     The  resultant  of  these  two  forces  must  make  an  angle  6, 

r 

with  the  vertical,  so  that : — 
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m  v2 


tan  6  = =  —  =     -    . 

m  q       g  r  r 

Here  rn  is  the  mass  of  the  particle  and  r  the  radius  of  the  circle 
in  which  it  revolves. 

This  resultant  must  also  be  perpendicular  to  the  surface  of  the 
fluid  at  A,  since  the  fluid  cannot  resist  any  shearing  component. 
Consequently,  if  the  slope  of  the  surface  at  A  be  tan  0, 

dh      A      A       2h 
=  tan  0  = 


Or, 


dr  r 

dh  dr 


2h  r9 

i.e.,  $  log  h  =  -  log  r  +  log  c, 

logs/'h  =  log-, 


r 

k9 


/»=7? (xiii> 

Here,  c  is  a  constant  of  integration  which  will  depend  on  the 
size  of  the  vortex.     It  is  the  radius  of  the  vortex  at  unit  depth. 

Since  the  total  energy  is  the  same  at  all  places  in  the  fluid  and 
the  pressure  at  B  due  to  the  column  B  C,  just  makes  up  for  the 
lower  level  of  B,  the  velocity  in  any  thin  vertical  tube  of  fluid 
such  as  B  0  must  be  constant  and  equal  to  that  at  the  surface  of 
the  tube. 

A  vortex  of  this  kind  was  applied  to  centrifugal  pumps  with 
radial  blades  by  Professor  James  Thomson  in  order  to  convert,  as 
far  as  possible,  the  kinetic  energy  of  the  water  into  potential 
energy.  The  vortex  commences  at  the  circumference  of  the  wheel 
and  the  radial  component  of  the  water's  motion  is  outward. 

Forced  Vortex. — In  a  vortex  whose  angular  velocity  w  is  con- 
stant throughout,  we  have  at  any  point  A  on  the  surface  : — 

Centrifugal  force  —  mr  «2, 

•m  r  w2       r  w2. 

tan  &  = =    - 

mg  g 

dh  _  rf 

dr       g 

o 

CO 


Or.  dh  =  —r  dr. 

9 

art*        V 


2 


h  =  V-  =  <r- (XIV> 
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This  is  the  equation  to  a  parabola  with  its  axis  vertical,  and, 
therefore,  the  surface  of  the  vortex  will  be  the  paraboloid  formed 
by  rotating  this  parabola 
about  its  axis.  The  velo- 
city of  any  particle  D,  on 
the  surface  of  the  vortex  is 
that  which  would  be  at- 
tained by  a  body  falling  a 
distance  equal  to  DC.  The 
kinetic  and  potential  ener- 
gies are  both  least  at  the 
centre  B,  and  become  greater 
as  we  move  upwards  or  out- 
wards. We  have  a  vortex 
of  this  kind  in  "the  wheel  of  Forced  Vortex. 

a  centrifugal  pump  with  radial  blades. 

Pressure  due  to  Centrifugal  Force. — When  a  liquid  is  rotating, 
its  pressure  is  not  the  same  for  all  points  on  one  level.  Thus,  in 
the  previous  figure  the  pressure  at  B  is 
atmospheric,  while  at  the  point  C  on  the  F 
same  level,  the  pressure  is,  in  addition, 
that  due  to  the  head  C  D.  g 

Consider  a  uniform  column  of  liquid 
B  C,  rotating  round  the  axis  B  F,  with 
an  angular  velocity  «  and  cross  sec- 
tion a.  Then,  if  p  be  the  density  of 
the  liquid,  the  centrifugal  force  due  to  a  small  element  of  length? 
dr9  at  a  distance  r  from  the  axis  is  : — 

padr  x  <*?- r. 

.\    The  total  centrifugal  force  of  the  column  BC  =  pa  tffrdr. 

This  force  is  spread  over  an  area  a,  at  the  end  C,  and  we  must- 
divide  it  by  this  area  to  get  p,  the  pressure  per  unit  area.  If  the? 
whole  column  from  B  to  C  is  full  of  liquid  :  — 


<-  - 
<-  — 

1 

-*£■' 

-r, 

1 

1 

<-- 

— 

r  — 

i    i 
— *dry+ 

]* 


Whirling  Column. 


Then, 


p  =  pcfll    rdr  =  \p(fir\  =  \pv\-    . 

JO 


(XV> 


But,  if  the  part  of  the  column  from  B  to  E  is  empty : — 

Then,  p  =  eo*  f  nr  d  r  -  \f  tfl  (i*  -  r\ ).    '.     .     (XV„)' 
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Students  wlio  are  not  acquainted  with  the  integral  calculus  will 
understand  the  following  proof  of  these  equations. 

The  centre  of  gravity  of  B  C  is  at  a  distance  of  \  B  C  from  B. 

/.    Centrifugal  force   due   to  )  _  #  *x  =  j    a  to2  2 

the  whole  column  BC/ri  2       -  1 

The  centre  of  gravity  of  the  part  E  C  is  distant  -*— - — '"  from  B. 


,\  Centrifugal  force  due  to  E  C  =  p  a  (rx  —  r.2)  or   l  i}     2 

1  *>   /    2  2    V 

»  »  =  £?a»-(ri  -  r2). 

This  formula  may  be  applied  to  finding  the  equation  for  the 
forced  vortex.  For,  in  the  figure  of  the  forced  vortex^  if 
B  C  =  r,  and  C  D  =  h,  then,  p  =  hw  =  h  p  g. 

Therefore,  from  equation  (XV),  we  get : — 

hpg=ipv\ 

■j.2 

Or,  h  =  —  (as  before). 

Reaction  of  a  Jet. — In  'general,  when  a  fluid  issues  from  an 
orifice  it  exerts  a  force  on  the  vessel  which  contained  it.  This 
force  is  the  reaction  of  the  jet,  and  is  due  to  the  momentum  given 
to  the  escaping  fluid. 

Let  v  =  Velocitv  of  efflux. 
yf    w  -  Weight  of  unit  volume  of  the  fluid. 
„  W  =  Weight  of  fluid  issuing  per  second. 
„    m  =  Mass  issuing  per  second. 
„    Q  =  Quantity  or  volume  issuing  per  second. 
„    F  =  Force  exerted  on  the  vessel  containing  the  fluid. 

Then,  the  momentum  given  to  the  water  per  second  =  in  v. 
And,  since  force  is  the  rate  of  change  of  momentum  : — 

W 
Y  =  m  v  =      - 1\ 

</  . 

But,       W=*wQ  =  wav. 

F=     —  v  =  - = ^—  =  2wah.    (XVI) 

9  9  9  v  ' 

This  formula  also  gives  the  force  acting  on  a  vane  of  a  turbine 
or  waterwheel  which  alters  the  direction  of  flow  of  the  water,  and 
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in  that  case,  v  is  the  change  of  velocity  produced  by  the  vane.  In 
applying  the  formula  to  any  particular  case,  v  is  the  total  change 
of  velocity  produced  until  the  water  is  quite  clear  of  the  vessel, 
and  the  direction  of  the  force  acting  on  the  vessel  is  exactly 
opposite  to  that  of  v.  The  following  figures  will  explain  the  results 
in  three  cases  : — 


Backward.  No  Motion.  Forward. 

Motion  Produced  by  a  Jet. 

In  the  left-hand  figure  the  jet  of  liquid  issues  towards  the  right 
and  urges  the  containing  vessel  to  the  left.  The  jet  in  the  central 
figure  strikes  a  plate  fixed  to  the  tank  close  to  it,  and  then  drops 
vertically  downwards;  consequently,  the  water  receives  no  hori- 
zontal momentum  and  the  tank  no  motion  from  it.  The  water 
will,  however,  exert  a  pressure  on  the  plate,  and  this  pressure 
balances  the  force  produced' by  issuing  from  the  orifice.  In  the 
remaining  figure  the  jet  is  turned  backwards  by  a  curved  guide 
attached  to  the  tank  and  the  whole- momentum  imparted  to  the 
water  is  backwards,  consequently  the  tank  is  pressed  forwards.  If 
there  be  no  loss  from  friction  or  eddies,  the  backward  velocity  of 
the  stream,  when  the  tank  is  at  rest,  must  be  the  same  as  that 
with  which  it  left  the  orifice.  The  blade  has  not  only  stopped  the 
water,  but  has  given  it  an  equal  backward  momentum,  and  must, 
therefore,  be  pressed  with  a  force  twice  as  great  as  the  flat  one  in 
the  previous  case.  The  force  on  it,  is  therefore,  2  F  or  4wa  h> 
which  is  four  times  the  pressure  on  a  plug  stopping  the  orifice. 
When  the  tank  is  in  motion,  the  momentum  given  to  the  water  is 
modified  thereby,  as  will  be  explained  in  connection  with  the 
Pelton  wheel  in  the  next  Lecture.  Steam  life-boats  are  now 
frequently  propelled  by  jets  of  water  instead  of  by  screw  pro- 
pellers. 

As  this  reaction  astonishes  everyone  who  hears  of  it  for  the 
first  time,  we  will. consider  it  from  another  point  of  view.  Water 
under  a  pressure  of  100  lbs.  per  square  inch  issues  out  of  a 
nozzle  of  1  square  inch  in  area,  and  impinges  on  a  fixed  vane  of 
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such  a  shape  as  to  gradually  deflect  the  water  and  turn  it  back  in 
the  opposite  direction,  without  loss  by  friction,  and  consequently 
without  loss  of  velocity.  Thus,  the  vane  may  be  a  double  U,  as 
in  the  Pelton  wheel ;  or  a  semicircle ;  or  it  may  deflect  the  water 
in  more  than  one  plaue.  Then,  the  pressure  on  the  vane  is  400 
lbs.,  although  the  statical  pressure  on  a  plug  or  valve  stopping 
the  jet  is  only  100  lbs.  Although  it  requires  very  little  elemen- 
tary dynamics  to  prove  this  fact,  the  statement  is  generally 
received  with  incredulity. 

In  the  first  place,  it  will  be  seen  that  the  vane  not  only  arrests 
the  water — that  is,  imparts  a  negative  acceleration  to  it,  equal  and 
opposite  to  what  it  received  from  the  nozzle — but  accelerates  it 
equally  in  the  opposite  direction.  Therefore,  the  total  pressure  on 
the  vane  is  double  the  reaction  on  the  nozzle. 

The  nozzle  reaction  at  first  sight  appears  to  be  100  lbs. ;  that  is, 
area  of  jet  multiplied  by  pressure.  But  wait !  Imagine  a  square 
vertical  column  in  which  water  is  maintained  at  a  constant  head. 
Near  the  bottom  is  a  suitably  formed  horizontal  nozzle  closed  by  a 
plug.  The  system  is  then  in  equilibrium,  since  every  square  inch 
of  wall  has  another  square  inch  opposite  to  it  which  is  acted 
on  by  an  equal  and  opposite  pressure.  Opposite  the  nozzle,  on  the 
other  side  of  the  vessel,  is  a  small  circle  equal  to  the  area  of  the 
plug  and  equally  pressed  by  the  water.  Now,  remove  the  plug 
and  let  the  water  issue.  It  really  does  look  as  if  the  force  pushing 
the  vessel  back  was  the  pressure  due  to  the  head  acting  on  this  small 
circle  on  the  back  wall — that  is,  equal  to  the  pressure  multiplied 
by  area  of  jet.  But  by  Newton's  second  law,  whenever  we  find  a> 
body  moving  at  any  velocity,  we  know  the  product  of  the  force 
which  has  urged  it  and  the  time  during  which  it  has  acted.  Let  us 
take  a  simple  case  and  suppose  the  height  of  the  water  surface  above 
the  nozzle  to  be  16  feet.  Then  we  know  that  the  water  issues  as  fasti 
as  if  it  had  fallen  16  feet,  and  that  its  velocity  is  32  feet  per  second. 
Consequently,  every  second  a  cylinder  of  water  equal  in  section  to 
the  area  of  the  jet  and  32  feet  long  has  a  velocity  of  32  feet  per 
second  impressed  on  it.  Therefore,  the  urging  force  must  be  equal' 
to  its  own  weight ;  because  when  falling  from  rest  by  gravity — 
that  is,  when  urged  by  its  own  weight — it  acquires  that  velocity  in 
one  second.  But  the  statical  pressure  is  only  half  of  this,  being  the- 
weight  of  a  cylinder  of  water  equal  in  section  to  the  jet  and  16  feet 
long ;  and,  since  action  and  reaction  are  equal  and  opposite,  the 
recoil  of  the  vessel  is  equal  to  the  force  urging  the  jet,  or  twice 
the  statical  pressure. 

Of  course,  if  the  jet  strikes  a  flat  vane  at  right  angles  the  motion* 
is  stopped  in  its  own  direction,  but  not  returned,  and  the  pressure 
on  the  vane  is  twice  the   statical  pressure.      But,  if  the  vane- 
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returns  the  motion  undiminished  the  pressure  is  four  times  the 
statical  pressure. 

Reduction  of  Pressure  Round  an  Orifice. — Let  h  be  the  depth  of 
a  bell-shaped  orifice  and  a  its  cross  sectional  urea ;  then,  if  this 
orifice  be  completely  closed  by  a  flat  plate,  ttie  force  required  to 
teep  the  plate  in  position  will  be  tc  a  h.  It  might  therefore  be 
supposed  that,  when  the  plate  is  removed  and  the  water  allowed 
to  flow,  this  would  be  the  force  exerted  on  the  vessel,  but  on  look- 
ing at  our  former  result  (see  equation  XVI)  we  find  that  the 
actual  force  is  twice  as  great,  or  2  in  a  h.  This  difference  is  caused 
by  a  diminution  of  pressure  on  the 

At  these  places   the  water  has  a  ~"  '  Ji 

certain   velocity,    and    Bernoulli's  { 

theorem   shows   us   that   the  pres-  ¥ 

sure  there  must  be  less  than  when 
the  liquid  was  at  rest. 

There  can  be  no  reduction  of  pres- 
sure on  the  flat  surface  round  the 
bottom    of    a    re-entrant    orifice, 

because  there  the  water  is  practi-  ; 

cally  at  rest.    The  amount  by  which 
the  pressure  is  reduced  on  opening  R  - 

the  orifice  must,  therefore,  be  that 

on  the  area  of  the  orifice  itself,  or  w  a  ft.     Every  second,  this  will 
eet  in  motion  a  mass  m  as  given  by  the  equation  : — 
wah  =  mv. 

W       wQ       v>a'v 

But,  m  =  —  =  — -  =  . 

9  9  9 

Where  a'  is  the  cross  area  of  the  jet,  and  v  •=  s/'i  y  '*• 

9  9 

Hence,  a  =  2a' {XVII) 

That  is,  the  area  of  the  jet  will  only  be  half  that  of  the  orifice. 
This  result  has  been  found  experimentally  to  be  correct.  With  a 
sharp-edged  orifice,  such  as  we  considered  in  the  early  part  of  this 
lecture,  there  is  a  certain  reduction  of  pressure  round  the  orifice, 
and,  therefore,  the  contraction  must  be  less  than  in  this  case. 

Impact — Loss  of  Energy. — When  a  stream  of  fluid  meets  an 
obstruction  which  causes  a  sudden  change  in  its  motion,  its  kinetic 
energy  is  partially,  or  perhaps  wholly,  spent  in  forming  eddies  or 
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little  whirls  of  water,  and  is  thus  lost  so  far  as  useful  effects  are* 
concerned.  The  eddies  are,  however,  soon  stilled  by  the  viscosity 
of- the  liquid  and  their  energy  is  converted  into  heat. 

Let  us  suppose  a  body  of  mass  m^  moving  with  a  velocity  vv  to 
overtake  and  strike  another  body  of  mass  m2,  and  velocity  i\2. 
After  collision  let  the  bodies  move  on  together  with  a  common 
velocity  v. 

Then,  from  the  laws  of  momentum, 

(ml  +  m2)  v  =  mx  vx  -f  m2  v2. 

Or,  v  =  -1—1 — \ 

ml  +  m2 

But,  before  impact,  the  total  energy  was  : — 

El   =  ml  V\   +    m2  V] 

And,  after  impact : — 

E2  =  (m1  +  m2)  v2. 

I      mi  +  "h      J  mi  +  mi 

The  energy  lost  is  : — 


•  • 


2 


Ei-E2  = 


(»»!  vx  +  m2  v,2  )  {mx  +  m2)  -  (mx  vx  +  m.2  v2Y 


mx  +  w2 


Cy-*5  (3^ 


...  E,  -E^™1™2^— '-"J^iL    Wl  "*  (Pl-^.(XVIII) 

This  lost  energy  is  converted  into  heat.     If  one  or  both  of  the 

bodies  be  fluids  the  lost  energy  at 
first  shows  itself  in  eddies ;  but>  as 
already  explained,,  it  is  ultimately 
converted  into  heat.     We  thus  see 
that  when  two  streams  moving  at 
different    velocities    mix    together, 
energy  is  lost  and  this  loss  is  greater 
the  greater    the    difference  of   the 
velocities.     A  similar  effect  takes- 
place  when  water  flows  through  a 
pipe  with  sudden  changes  of  area,, 
and  even  to  a  slight  extent  when  the  area  is  gradually  varied,  and 
also  when  water  is  flowing  in  a  pipe  or  channel  above  a  certain 
speed.     In  all  these  cases,  different  parts  of  the  water  move  with 
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different  velocities,  and  these  parts  get  mixed  with  one  another. 
It  also  shows,  why  a  turbine  or  water-wheel  in  which  the  _ water 
collides  with  the  vanes,  mast  have  a  low  efficiency. 

Resistance  of  a  Pipe, — When  a  fluid  is  passing  through  a  pipe 
it  rubs  against  the  sides  and  experiences  a  certain  resistance  to  its 
motion.  This  resistance  limits  the  flow  in  a  long  pipe  and  causes  a 
loss  of  head  or  pressure.  Had  the  water  no  viscosity  its  flow  would 
not  be  affected  by  the  friction  of,  the  inner  surface;  because,  this 
friction  could  onlv  act  on  the  thin  layer  of  water  actually  in  contact 
with  the  pipe.      "  , 

Professor  Reynolds  found  that  the  manner  in  which  water  flows 
depends  upon  its  velocity.  When  this  is  below  a  certain  critical 
point  the  flow  depends  chiefly  on  the  viscosity  and  is  along  smooth 
stream  lines.  Oa  passing  the  critical  velocity,  the  water  no  longer 
moves  steadily,  but  breaks  up  into  numberless  little  whirls  or  eddies 
which  move  along  with  it,  and  absorb  energy  from  the  main  stream. 
The  former  condition  may  be  called  Steady  Flowsmd  the  latter  Eddy 
Flow.  This  was  beautifully  demonstrated  by  Professor  Reynolds 
by  passing  water  from  a  large  tank  through  a  glass  tube  and  then 
injecting  a  fine  stream  of  coloured  liquid  with  the  same  velocity 
into  the  centre  of  the  stream.  The 
water  in  the  tank  was  quite  steady 
and  entered  the  tube  through  a  bell 
mouth.  At  low  velocities  the  coloured 
liquid  formed  a  thin  line  along  the 
centre  of  the  tube,  but  at  a  certain 
velocity  it  was  seen  to  suddenly  spread 
out  through  a  considerable  part  of  the 
water,  and  on  photographing  it  by 
means  of  an  electric  spark  it  was  found 
to  be  all  twisted  into  little  whirls. 

He  also  fouud,  that  the  law  connect- 
ing the  resistance  R,  with  the  velocity 
v,  was  different  for  these  two  condi- 
tions. For  the  lower  speeds  he  ascer- 
tained that  the  resistance  was  propor- 
tional to  the  velocity,  but  at  greater 
speeds  it  varied  as  some  higher  power, 
ranging  from  1*7  to  2  depending  on  the  roughness  of  the  pipe. 
Near  the  critical  velocity,  which  depends  on  the  diameter  of  the 
pipe  and  on  the  temperature,  the  law  is  uncertain.  The  tempera- 
ture affects  the  viscosity  on  which  the  critical  velocity  also  depends. 

On  plotting  the  logarithms  of  his  results  as  obtained  with  a  smooth 
lead  pipe  J  inch  in  diameter,- we  get  the  lines  shown  in  the  ac- 
companying figure.     This  consists  of  two  straight  lines  joined  by  a 


Log  of    Velocity 


Resistance  of  Smooth 
Lead  Pipe  at  Different 
Speeds  of  a  Fluid. 
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carve  of  indefinite  shape.     The  two  straight  parts  have  slopes  of 
1  and  1  '72,  showing  that  in  one  case  the  increase  of  log  R  is  equal 
to  the  corresponding  increment  of  log  v,  whereas  beyond  a  certain 
point  it  is  1  '12  times  the  corresponding  increment  of  log  v. 
This  shows  us,  that  if  cv  c2,  and  c3  be  constants,  then  :— 

For  steady  flow,  R  =  c1  v. 

For  eddy  flow,     R  =  c2t;172  +  cr 

*The  resistance  of*  the  pipe  for  any  velocity  is  most  conveniently 
expressed  in  terms  of  the  difference  of  pressure  per  unit  length 
required  to  force  the  necessary  quantity  of  liquid  per  second 
through  it  when  level.  This  is  called  the  Slope  of  Pressure. 
Whether  the  pipe  is  level  or  not,  if  it  be  of  uniform  bore,  this  slope 
is  given  by  the  difference  of  level  between  the  free  surfaces  of  the 
pressure  columns  at  any  two  points,  divided  by  the  length  of  pipe 
between  them.  This  has  been  termed  the  Slope  of  Free  Level, 
and  is  shown  graphically  by  a  line  passing  through  the  surfaces  of 
a  series  of  little  pressure  columns. 

Hydraulic  Mean  Depth. — The  resistance  of  a  pipe  or  channel  is 
directly  proportional  to  the  exteut  of  the  wetted  surface  in  a  given 


Wetted  Perimeter  of  Different  Sections. 

length,  and  inversely  to  the  cross  area  of  the  stream.  The  trans- 
verse length  of  the  whole  surface  wetted  by  the  stream  is  called 
the  Wetted  Perimeter,  and  the  ratio  of  the  cross  area  of  the  stream 
to  its  wetted  perimeter  is  termed  the  Hydraulic  Mean  Depth, 
which  we  shall  denote  by  D. 

The  friction  of  the  pipe  or  channel  will  consequently  vary 
inversely  as  the  hydraulic  mean  depth. 

Combining  this  with  the  former  results  we  have  for  water  pipes 
or  channels : — 


H 


R  =  C 


v_ 


(XIX) 
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Where  c  is  a  constant  depending  on  the  nature  of  the  surface 
«nd  the  temperature  of  the  water,  and  n  is  a  number  varying  from 
1*7  for  smooth  lead  pipes  to  2  for  very  rough  pipes.  The  critical 
velocity  for  water  in  ordinary  pipes  is  so  low,  that  in  all  practical 
cases  in  which  we  wish  to  know  the  resistance,  the  actual  velocity 
is  always  above  it. 

For  a  circular  pipe,  whose  diameter  is  d,  and  which  is  full  of 
running  water,  the  wetted  perimeter  is  the  circumference  of  the 
circle*: — 

D  = r-  =  M-  for  a  circular  pipe.       .     .       (XX) 

nd         4 

For  a  rectangular  open  stream  of  depth  h  and  breadth  6,  the 
wetted  perimeter  =  1h  +  b  and  the  area  is  b  h  :  — 

D  =  jr-.        r  for  an  open  rectangle.     .     .     (XXI) 
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Lecture  XXXV. — Questions. 

1.  Prove  the  law  for  changing  p,  ?*,  and  h  along  a  stream  line  in  a. 
frictionless  fluid.  Apply  the  law  to  find  the  funnel  shape  of  the  surface  of 
water  in  a  basin  from  which  the  water  is  flowing  by  a  central  hole.  (S.  & 
A.  Hons.  Exam.,  Part  I.,  1898.) 

2.  Prove  the  law  for  changing  pt  v,  and  h  along  the  stream  lines  in  a 
frictionless  fluid.  Apply,  neglecting  change  of  level,  to  the  case  of  adia- 
batic  flow  of  air  from  one  vessel  to  another  through  a  small  orifice,  and 
deduce  the  rule  for  maximum  quantity  flowing.  (S.  &  A.  Hons.  Exam., 
Part.  II.,  1898.) 

3.  Describe  the  action  of  a  jet  pump,  or  of  a  good  form  of  injector. 

4.  Water  flows  through  a  round  sharp  edged  orifice  3  inches  in  diameter 
in  a  flat  plate,  at  about  12  inches  below  still- water  level.  Show  by  a 
sketch  your  notion  of  the  shapes  of  the  stream  lines.  If  we  wish  to  know 
the  pressure  at  any  point,  why  is  it  not  sufficient  to  know  only  the  depth  1 
(S.  &  A.  Adv.  Exam.,  1898.) 

5.  Deduce  a  formula  giving  the  velocity  with  which  water  issues  from  an 
orifice,  and  show  how  to  apply  it  to  water  under  pressure. 

.  6.  Discuss  briefly  the  relative  advantages  un<fer  various  circumstances 
of  the  different  methods  of  measuring  a  stream  of  water. 

7.  Find  the  horse-power  of  a  waterfall  70  feet  high,  when  the  stream  is 
such  that  it  passes  over  a  gauge  notch  6  feet  long  with  a  head  of  15  inches. 
If  it  is  employed  to  drive  a  turbine  of  80  per  cent,  efficiency,  what  B.H.P. 
would  you  expect  to  obtain  ? 

8.  Investigate  thevform  of  the  surface  of  water  which  flows  out  of  a  hole 
in  the  bottom  of  a  basin  with  a  vortex  motion. 

9.  What  is  meant  by  a  constrained  vortex,  and  why  will  such  a  vortex 
rapidly  disappear  when  left  to  itself  ?  Find  the  form  taken  by  the  surface 
and  show  how  to  apply  this  to  finding  the  pressure  in  a  centrifugal  pump. 

10.  The  wheel  of  a  centrifugal  pump  2  feet  outside  diameter  has  a  very 
large  case  and  rotates  at  100  revolutions  per  minute  about  a  vertical  axis, 
and  almost  no  water  is  being  delivered.  Calculate  and  show  in  a  curve 
the  pressure  at  points  in  a  horizontal  plane,  at  various  distances  from  the 
axis.  The  vanes  are  bent  backwards  at  an  angle  of  30°  with  the  radius  at 
the  outer  part ;  if  the  radial  flow  becomes  2  feet  per  second  and  the  cir- 
cumferential openings  are  200  sq.  inches  in  area,  what  is  the  kinetic  energy 
of  the  water  leaving  the  wheel  ?  What  is  the  pressure  in  excess  of  that 
at  the  inner  rim  of  the  wheel  where  the  water  enters  without  shock  ?  If 
there  is  no  frictional  loss  to  what  height  will  the  water  be  lifted  above  the 
well  ?  In  an  actual  pump  with  small  wheel  case  what  is  the  probable  lift  ? 
(S.  &  A.  Hons.  Exam.,  Part  II.,  1898.) 

11.  " Barker's  mill"  consists  of  a  horizontal  pipe  with  a  nozzle  at  right 

angles  to  it  at  each  end  thus  *  |      Water  enters  it  by  a  vertical  pipe 

at  the  centre,  and  the  whole  is  so  mounted  that  it  can  rotate  about  the  axis 
of  this  pipe.  Find  the  torque  when  the  water  is  issuing  under  a  head  A, 
and  the  mill  is  revolving  n  times  per  minute.  Show  that  the  power  is 
greatest  when  the  velocity  of  the  nozzles  is  half  that  due  to  the  head,  and 
that  the  efficiency  then  cannot  be  over  50  per  cent. 

12.  What  are  the  chief  conclusions  to  be  drawn  from  Reynold's  experi- 
ments on  the  flow  of  water  through  pipes  ? 

13.  What  is  meant  by  the  Hydraulic  Mean  Depth  of  a  pipe  or  channel, 
and  show  how  we  use  it  in  calculating  the  resistance  to  the  now  of  water  ? 
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WATER  WHEELS  AND  TURBINES. 


•Contents. — Hydraulic  Motors — Overshot  Water-wheel— Breast- wheels — 
Undershot  Water-wheel— Fairbairn'B  Improvements — Clack  Mill — 
Pelton  Wheel — Turbines— Girard  Turbine — Jon  val  Turbine — Glinther'a 
Governor  —  Thomson's  Vortex  Turbine  —  Little  Giant  Turbine  — 
Centrifugal  Pumps  and  Fans — Questions. 

Hydraulic  Motors.'11' — Id  connection  with  hydrostatics  we  have 
already  described  some  machines  for  obtaining  motion  by  hydraulic 


Tmtl  Hmcm 

Overshot  Water-wheel. 

means,  but  in  all  these  cases  the  water  acts  solely  by  its  pressure, 

*  Students  should  refer  to  Hydraulic  Motors  by  G.  R.  Bodmer  (London, 
Whittaker  &  Co.),  and  to  Hydraulic  Machinery  by  R.  Gordon  Blaine 
(London,  E  &  F.  N.  Spon,  Limited)  for  further  information  on  the  design 
of  water-wheels  and  turbines.   ^ 
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We  bow  come  to  the  cod  side  ration  of  other  water  motors  in  which 
the  weight  and  momentum  of  the  water  are  also  employed.      These 
may  be  divided  roughly  into  two  classes — Water-wheels,  in  which 
the  water  acts  for  the  most  part  directly  by  its  weight;  and  turbines, 
in  which  it  acts  by  its  momentum.     We  cannot,  however,  draw  a 
very  sharp  line    be- 
tween them,  as  they 
gradually  merge  into 
one  another,  and  the 
power  of  both   ulti- 
mately   depends    on 
gravity. 

Overshot  Water- 
wheel.  —  This  con- 
sists of  a  wooden  or 
iron  frame  to  which  is 
fixed  a  number  of 
blades,  so  as  to  form 
with  the  inner  cir- 
cumference a  series 
of  buckets  for  holding 
water.  The  water  is 
led  along  an  aque- 
duct termed  the  head 
race  to  the  top  of  the 
wheel,  and  there 
enters  the  buckets. 
Its  weight  forces 
them  downwards  and 
thus  makes  the  wheel 
revolve.  As  each 
bucket  in  turn  ap- 
proaches its  lowest 
position  the  water 
gradually  drops  out 
of  it  into  the  tail 
race.  The  motion  of 
the  water  as  it  enters 
the  wheel  also  assists 

to  some  extent  in  producing  rotation.  The  buckets  are  so  shaped 
and  fixed  to  the  wheel,  that  as  little  as  possible  of  the  available 
power  shall  be  lost  by  the  water  spilling  from  them  before  they 
reach  the  tail  race.  The  sectional  view  shows  one  form  of  bucket 
for  this  purpose  whilst  the  outside  view  shows  another  with  curved 
blades.     One  disadvantage  of  this  wheel  is,  that  the  water  leaves 
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it  with  a  velocity  opposite  in  direction  to  that  of  the  tail  race, 
if  this  flows  the  same  way  as  the  head  race.  The  water  there- 
fore does  not  get  away  so  freely  from  the  tail  race,  and  more 
clearance  is  necessary  at  the  bottom  of  the  wheel  which  thereby 
involves  a  loss  of  head. 

Breast-wheels. — This  last  consideration,  coupled  with  the  diffi- 
culty of  supporting  the  head  race  for  large  overshot  wheels,  has 
brought  about  the  introduction  of  breast- wheels,  iu  which  the 
water  is  introduced  between  the  top  and  middle  of  the  wheel  as 
shown  by  the  next  illustration.  The  breast-wheel  is  also  frequently 
made  with  curved  blades  into  which  the  water  drops  almost 
vertically,  and  then  acts  chiefly  by  its  weight.     The  motion  of  the 


Faikbaikn'h  Breast- wheel. 

wheel  in  this  case  assists  the  escape  of  the  tail  water  instead  of 
hindering  it  as  in  the  previous  one.  The  curved  ventilated  form 
of  bucket  with  closed  breast,  as  shown  in  the  above  figure,  was 
first  introduced  by  Sir  William  I'airbaira  and  greatly  increased 
the  efficiency  of  the  motor.  But,  for  small  wheels,  such  as  are 
used  for  farms,  where  first  cost  is  more  important  than  efficiency, 
hey  are  usually  made  radial  as  shown  by  the  following  figure. 

Here,  the  water  is  allowed  to  attain  a  certain  amount  of  motion 
before  reaching  the  wheel,  and  therefore  acts  partly  by  momentum 
and  partly  by  its  weight.  The  buckets  have  no  ends,  but  the 
wooden  breast  serves  to  keep  the  water  from  escaping  by  the  sides 
and  circumference  of   die  wheel   before  it  reaches  the   bottom. 
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Breast-wheels  into  which  the  water  enters  near  the  top  are  called 
high  breast- wheels. 


Breast-wheel  with  Radial  Blades  as  Used  in  Cookthy  Farms. 

Undershot  Water-wheel. — The  breast-wheel  just  described  forms 
-.  connecting  link  between  water-wheels  proper  and  turbines,  to 


Undershot  Water- wheel. 

which  latter  class  undershot  wheels  really  belong.  With  an  under- 
shot wneel  the  whole  energyof  the  water  is  allowed  to  become  kinetic 
and  then  it  acts  on  tlie  blades  solely  by  its  momentum.     Here, 
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again,  radial  blades  are  com  moo,  but  they  are  very  inefficient  on 
account  of  the  large  loss  due  to  the  eddies  which  are  caused  by  the 
impact  of  the  water  upon  them,  and  from  the  kinetic  energy  which 
the  water  still  possesses  on  leaving  the  wheel. 

In  order  that  the  water  may  be  applied  without  shock  and  to 
avoid  the  formation  of  eddies,  the  tips  of  the  blades  should  be  so 
inclined  as  to  be  parallel  to  the  motion  of  the  water  relatively  to 
the  wheel  at  its  point  of  entering.  To  find  this  direction,  draw  A  B 
to  represent  the  velocity  of  the  water  as  it  leaves  the  head  race,  and 
A  C  the  circumferential  velocity  of  the  wheel  at  the  point  where 

the  water  enters  it.  Then,  by  com- 
pleting the  triangle  A  B  C  we  find 
C  B  the  direction  of  the  tip  of  the 
blade  at  A.  The  blade  is  curved 
upwards,  and  the  position  where 
the  water  leaves  it  is  at  the  same 
level  as  where  it  enters,  in  order  that 
Angle  of  Blade.  the  water  may  drop  out  with   as 

little  kinetic  energy  as  possible. 
Fairbairn's  Improvements. — In  the  illustration  of  Fairbairn's 
breast- wheel,  we  have  shown  the  regulating  sluice  S  connected  by 
a  curved  rack  and  pinion  to  the  worm  gear  which  is  turned  by  a 
hand-wheel,  until  the  sluice  admits  the  desired  quantity  of  water 
to  develop  the  necessary  power.  In  the  case  of  large  wheels  which 
have  to  drive  textile  or  other  machinery  requiring  great  uniformity 
of  speed,  this  worm  gear  is  counected  to  a  ball  governor  which, 
automatically  adjusts  the  position  of  the  regulating  sluice,  to  suit 
the  different  demands  of  the  works. 

In  addition  to  other  improvements  effected  by  Fairbairn,  we 
may  mention,  that  instead  of  driving  from  a  spur-wheel  keyed  to 
the  water-wheel  shaft,  he  l>olted  a  segmental  annular  toothed  wheel 
directly  to  one  of  its  outer  sides  or  flanges  and  geared  it  with  a 
pinion  as  shown  at  P.  He  thus  diminished  the  distance  between 
the  plummer  block  bearings  of  the  water-wheel  shaft,  relieved  its 
radial  arms  from  conveying  the  driving  stresses,  and  at  once 
obtained  the  necessary  speed  without  intermediate  gearing.  The 
importance  of  this  improvement  was  so  self-evident  to  mill-owners, 
that  many  large  wheels  which  had  previously  given  considerable 
trouble  and  shown  signs  of  distress,  were  fitted  with  Fairbairn's 
drive,  and  are  working  to  the  present  day  at  full  power  with  perfect 
regularity  and  freedom  from  breakdowns. 

We  may  here  summarise  Fairbairn's  improvements  in  water- 
wheels,  viz.  : — (1)  The  use  of  iron  instead  of  wood  in  their  con- 
struction, thus  lightening  and  at  the  same  time  strengthening  the 
various  parts. 


THE  OLD  CLACK   MILL.  43$ 

(2)  Tbe  adoption  of  curved  ventilated  iron  buckets  instead  of 
straight  wooden  ones,  to  prevent  eddies  and  thus  obtain  a  greater- 
efficiency  from  the  head  and  body  of  water. 

(3)  The  introduction  of  a  closed  breast  to  prevent  the  escape- 
of  the  water  during  its  turning  of  the  wheel. 

(4)  Driving  directly  from  tbe  aides  and  periphery  of  the  water- 
wheel  in  order  to  minimise  the  stresses  in  the  arms,  reduce  tbe 
distance  between  tbe  bearings,  and  at  once  obtain  the  desired 
speed. 

The  Clack  Mill.-  One  of  the  oldest  forms  of  water-wbeels,  and 
one  which  belongs  to  the  same  class  as  the  undershot  wheel,  is 


The  Old  Clack  Mill. 

that  known  as  the  "clack  mill."  It  is  supposed  to  be  of 
Norwegian  origin,  and  was  certainly  introduced  therefrom  into 
the  Orkney  and  Shetland  Islands  several  hundred  years  ago. 
Our  illustration  is  reduced  from  a  sketch  made  by  Mr.  Sellar  in 
1898  of  the  only  remaining  working  clack  mill  in  Orkney,  at 
the  farm  of  Millbrig,  in  tbe  parish  of  Birsay.  The  owner,  Mr. 
Folster,  says  that  it  has  been  handed  down  to  him  from  generation 
to  generation  for  more  than  two  hundred  years. 

28 
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The  water  under  a  head  of  10  feet  enters  by  the  left-hand 
aperture  and  leaves  by  the  right-hand  one.  Duriug  its  passage 
the  water  impinges  upon  the  further  side  of  the  wooden  radial 
arms  which  are  fixed  to  the  vertical  iron  shaft  The  lower  end  of 
this  shaft  rests  in  a  conical  footstep,  whilst  the  upper  end  carries 
the  revolving  millstone,  and  is  steadied  by  a  bearing  immediately 
beneath  the  lower  or  fixed  stone.  The  corn  to  be  ground  is  fed 
into  a  "  head  "  or  "  harp  "  H,  and  as  the  upper  stone  revolves  the 
projecting  wooden  pin  P,  strikes  the  radial  arm  A  connected  to 
the  lower  end  of  H.  This  ahoggles  a  portion  of  the  grain  into  the 
central  opening  at  each  revolution.  In  doing  bo,  a  clacking  noise 
is  made  by  this  pin  striking  the  outstanding  arm,  which  has  given 
rise  to  the  local  term  of  "  clack  mill."  The  grain  is  carried  down 
by  gravity  and  finds  its  way  into  groves  between  the  two  atones 
where  it  is  ground  into  rough  meal.  This  compound  of  meal  and 
husk  dribbles  from  the  shoot  S  into  a  wooden  bin,  from  which  it 
is  removed,  and  separated  by  shaking  and  blowing,  or  by  another 
machine,  for  future  use  in  the  shape  of  porridge  or  oat-cake. 

Pelton  Wheel— The  previous  examples  naturally  lead  us  to  the 
consideration  of  the  Pelton  wheel,  which  is  very  often  used  for 


great  pressures  and  high  falls.  As  will  readily  be  understood 
from  a  consideration  of  the  accompanying  figure,  this  form  of 
water-wheel  consists  of  a  plain  disc  mounted  upon  a  central  shaft, 
and  carrying  &  number  of  curved  buckets  fixed  at  equal  distances 
around  its  periphery.  A  conical  nozzle  attached  to  the  supply 
pipe  is  so  fixed  as  to  direct  a  jet  of  water  upon  each  of  these 
buckets  in  turn  and  thus  drive  the  wheel  at  a  high  speed.     The 
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buckets  have  a  central  division,  and  as  they  curve  outward  towards 
each  side,  the  jet  is  thereby  deflected  in  two  portions  and  then 
backwards.  With  properly  designed  buckets,  and  when  the 
circumferential  velocity  of  the  wheel  is  half  that  of  the  jet,  the 
water  will  simply  leave  the  buckets  with  little  or  no  remaining 
kinetic  energy,  and  hence  the  efficiency  of  such  a  wheel  may  be 
very  great.  Pel  ton  wheels  are  used  for  falls  having  a  head  of 
from  30  to  2,000  feet,  or  for  corresponding  pressures  derived  from 
water-pumps  and  city  hydraulic  power  mains.  They  are  some- 
times made  with  several  nozzles,  each  being  fitted  with  a  stop-valve, 
so  that  the  power  can  be  varied  by  shutting  off  the  water  from  one 
or  more  of  them.  When  there  is  only  one  jet,  the  power  can  be 
varied  without  a  change  of  efficiency  by  simply  unscrewing  the 
nozzle  and  putting  on  another  of  a  different  size.  If  the  power  is 
varied  by  partially  closing  the  stop  valve,  we  lose  a  large  amount 
of  energy  iu  friction  at  the  valve,  and  the  efficiency  is  thereby  con- 
siderably reduced. 

We  may  find  the  efficiency  of  a  Pelton  wheel,  on  the  assumption 
that  there  are  no  eddies  or  friction,  as  follows  : — 

Let  V  =  The  velocity  of  the  water  as  it  issues  from  the  nozzle. 
„     v  =         „  „        vane. 

Then,  V  -  v  is  the  relative  velocity  of  water  on  vane,  which  is 
not  changed  as  it  moves  around  the  vane.  Therefore,  the  final 
velocity  of  the  water  is  v  —  (V  -  v)  or  2v  —  V,  which  may  be 
either  positive  or  negative.  Now,  by  the  principle  of  conservation 
of  energy,  the  initial  energy  of  the  water  is  equal  to  that  spent  on 
the  vane  +  the  final  energy.  Therefore,  the  efficiency  of  the 
wheel  is  : — 

Power  got  out     Initial  kinetic  energy  -  final  kinetic  energy 
Power  'put  in  Initial  kinetic  energy 

_  V2-(2^-Y)2_4^(Y  _  v) 

~  y2  :        y2         • 

This  is  evidently  greatest,  and  equal  to  unity,  when  2  v  -  V  is 
zero,  or  V  =  2  v,  since  (2  v  -  V)2  can  never  be  negative.  That  is, 
for  maximum  efficiency  the  speed  of  the  wheel  should  be  half  that 
of  the  water,  and  when  it  runs  either  quicker  or  slower  than  this 
the  efficiency  will  be  less.  For  example,  if  the  speed  of  the  jet  is 
100  feet  per  second  and  the  vanes  travel  20  feet  per  second, 
the  theoretical  maximum  efficiency  is  : — 

4  x  20(100  -  20)       r,CA       OA  x 

71 looVioo—  =  °'64  or  6*  per  cent 
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The  above  are  ideal  cases  in  which  the  water  is  directed  back- 
ward  by  the  vane  parallel  to  its  original  direction.  In  practice, 
the  Pelton  vanes  do  not  quite  do  this,  but  are  slightly  divergent, 
as  shown,  in  order  that  the  water  may  clear  the  following  vane. 


Vanes  for  Pelton  Wheel. 

The  final  velocity  of  the  water  is  easily  found  by  the  parallelogram 

of  velocities,  thus — Draw  A  B  the  velocity  of  the  water  and  A  C 

that  of  the  vane.     Then,  A  D  is  the  final  velocity  of  the  water, 

and  the  kinetic  energy  carried  away  is  proportional  to  A  D2. 

We  have  seen,  in  the  preceding  Lecture,  that  when  the  ideal  vane 

is  stationary,  the  pressure  on  it  is  four  times  the  statical  pressure 

on  the  area  of  the  jet.     At  maximum  efficiency,  when  the  relative 

velocity  of  the  water  and  vane  is  half  what  it  is  when  the  vane 

is  stationary,  the  force  on  the  vane  is  equal  to  this  statical  pressure, 

because  the  impact  varies  as  the  square  of  the  relative  velocity. 

Or, 

w 
Water  striking  vane  per  second      =     -  o  (V  -  v)  lbs. 

Change  of  velocity  produced  by  vane  =  2  (V  -  v\ 

w 
Momentum  imparted  per  second    =  —a  (V  -  v)  x  2  (V  -  v). 

2  1J0  CL 

Or,    Force  of  jet  on  vane     .     .     .     .     =  (V  —  v).2 

if 

And,  when,  v  =  $V  =  k  J  2gh9 

Then,  F  =  ^?  (£  J^Jhf  =  wah. 

Hence,  in  this  case,  the  power  expended  on  the  vane  is 
F  x  J  v.  But,  the  total  power  of  the  jet  is  F  x  v,  or  twice  as 
much.  This  would  make  the  efficiency  to  be  one  half,  but  we 
have  proved  it  to  be  unity.     Where  is  the  discrepancy  ? 

Suppose  a  single  vane  to  move  away  indefinitely  in  a  straight 
line  in  the  direction  of  the  jet,  it  will  be  seen  that  there  is  an 
ever-increasing  quantity  of  water  flying  through  the  air  after  the 
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vane.  This  represents  an  ever-increasing  debt  of  uncollected 
kinetic  energy,  so  that  only  half  the  water  issuing  per  second 
strikes  the  vane  in  the  same  time. 

But  now,  let  E  be  the  initial  position  of  the  vane  (see  previous 
figure),  and  E  F  the  distance  it  travels  in  one  second.  When  it 
has  arrived  at  F,  let  another  vane  be  suddenly  interposed  at  E. 
There  is  now  a  rod  of  water  between  E  and  F  running  twice  as 
fast  as  the  vanes,  and  the  last  particle  of  this  water  will  only 
overtake  F  when  it  arrives  at  G  and  the  second  vane  at  F.  A 
third  vane  is  now  interposed  at  E  and  the  process  repeated. 

This  is  what  happens  in  the  Pel  ton  and  other  impact  wheels, 
-such  as  the  Laval  steam  turbine.  The  fluid  strikes  two  vanes  at 
•once,  one  behind  the  other;  a  statement  hard  to  believe  unless 
•approached  by  the  above  argument. 

Turbines. — These  form  a  type  of  water  motor  which  occupy 
snuch  less  space,  are  more  efficient,  more  easily  governed,  suit  a 
greater  range  of  fall,  and  generally  run  at  a  greater  speed  than 
•ordinary  water-wheels.  They  are  classified  in.  several  different 
ways  according  to  the  manner  in  which  their  special  properties  are 
•considered.  We  shall  first  of  all  divide  them  into  four  classes, 
viz. — (1)  inward  flow;  (2)  outward  flow;  (3)  parallel  (or  axial) 
tflow;  and  (4)  mixed  flow  turbines.  In  the  first  two  kinds,  the 
water  either  flows  inwards  from  the  outer  circumference  as  in 
ithe  Thomson  turbine,  or  outwards  from  the  inner  circumference  as 
in  one  type  of  the  Girard.  In  the  third  class,  it  flows  parallel  to 
the  axis,  entering  at  one  side  of  the  wheel  and  leaving  at  the  other 
;as  in  the  Jonval.  The  fourth  type  has  both  radial  and  axial  flow, 
and  the  water  usually  enters  at  the  circumference  and  leaves  at  one 
or  both  sides  parallel  to  the  axis. 

In  the  second  place,  we  find  all  of  the  previous  types  divided 
into  what  are  termed  drowned  and  ventilated  turbines.  The  former 
are  designed  to  run  quite  full  of  water  and  may  be  submerged  in 
the  tail  race,  or  used  with  a  suction  pipe ;  whilst  the  latter  have 
ducts  to  admit  air  at  atmospheiic  pressure  into  the  wheel,  and, 
•consequently,  cannot  be  submerged  or  used  with  such  a  pipe.  The 
•energy  of  the  water  entering  the  drowned  type  is  partially 
potential  and  partially  kinetic,  whilst  it  is  wholly  kinetic  before  it 
•enters  a  ventilated  turbine.  Hence,  these  two  kinds  of  motors  are 
sometimes  respectively  called  reaction  and  impulse  turbines. 

The  purpose  of  a  suction  pipe  is  to  allow  the  turbine  to  be  placed 
some  distance  above  the  tail  race  without  losing  the  corresponding 
head.  This  suction  pipe  is  merely  an  air-tight  conduit  to  carry 
away  the  used  water  and  must  have  its  lower  end  below  the  surface 
of  the  tail  race ;  moreover,  it  must  not  exceed  20  feet  or  thereby 
in  vertical  height  from  the  turbine  to  the  tail  race;  otherwise 
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the  water  column  supported  by  the  pressure  of  the  atmosphere  wilf 
be  broken  by  the  introduction  of  air  into  the  exhaust  conduit. 

A  disadvantage  of  most  turbines  of  the  "  drowned  "  type  is,  that 
in  regulating  its  speed  and  power  we  cannot  gradually  cut  off  the 
water  without  a  considerable  drop  in  efficiency.     We  can,  however, 
do  so  in  several  steps  when  divisions  are  placed  in  the  wheel  for 
this  purpose.     This  is  because  the  guide  passages  to  the  wheel 
must  always  be  quite  full  of  water,  which  would  not  be  the  ca.se  if 
the  opening  to  any  particular  guide  port  was  only  partially  closed. 
Girard  Turbine. — This  wheel  is  named  after  the  French  engineer 
M.  Girard,  who  in  1856  first 
designed  the  ventilated  and 
impulse  turbine.     It  can  be 
made  with  either  a  vertical 
or  horizontal  axis  and  for 
both  axial  and  outward  flow. 
The  former  is  used  for  low 
falls  of  from  6  feet  and  up- 
wards,  and   the   latter  for 
high  falls  up  to  1,000  feet. 

By  referring  to  the  two 
accompanying  figures,  which 
represent  radial  and  circum- 
ferential sections  of  this 
turbine,  it  will  be  seen  that 
the  gate  for  controlling  the 
water  supply  is  placed  above 
the  gnideports  A,C,  through 
which  the  water  passes  and  issues  with  full  velocity  due  to  its. 


tamM^mmm^mm  »■■  ■— mwytwra 


GIRARD   TUaBIKE. 


bead.  It  then  glides  along  the  concave  surfaces  of  the  wheel 
buckets  B,  but  does  not  quite  fill  them.  The  inclination  of  the 
upper  edges  of  the  buckets  is  obtained  in  tbe  manner  explained 
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for  undershot  wheels,  while  that  of  the  lower  edges  is  made  as 
small  as  possible  in  order  that  the  water  may  not  leave  the  vanes 
with  much  kinetic  energy.  To  allow  of  this  inclination  being 
smaller  than  would  otherwise  be  the  case,  the  sides  of  the  wheel 
are  splayed  outwards  as  shown  by  the  radial  section  in  order 
that  the  water  may  spread  and  not  foul  the  convex  surface  of 
the  next  blade.  The  path  of  the  water  relatively  to  the  moving 
wheel  is  shown  at  B,  whereas,  the  dotted  lines  through  D  show 
the  actual  motion  of  the  stream  as  seen  from  a  fixed  point. 
The  ventilating  holes  are  clearly  shown  in  both  views.     These 


admit  air  to  the  wheel  aud  prevent  the  formation  of  eddies  in  the 
empty  parts. 

The  above  left-hand  illustration  is  that  of  a  complete  turbine, 
and  the  two  full-page  illustrations  show  how  they  are  fixed  in 
position  ready  for  work.  The  second  of  these  also  indicates  how 
the  governor  is  attached. 

When  used  for  high  falls  the  water  is  only  admitted  to  a  few 
of  the  buckets  at  a  time.     It  is  then  usually  made  with  outward 
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flow,  and  mounted  on  a  horizontal  axis  as  illustrated  by  the  sec- 
tional drawing  facing  this  and  the  right-hand  figure  on  the  previous 
page.  The  pipe  for  admitting  the  water  and  the  hand  gear  tor 
adjusting  the  flow  are  clearly  visible,  whilst  a  grooved  pulley  for 
rope  driving  ib  placed  on  the- right.  This  type  of  turbine  gives  a' 
high  efficiency  at  medium  as  well  as  at  full  load. 

Jonval  Turbine, — This  turbine  is  of  the  parallel  or  axial  flow 
type  and  is  designed  to  be  always  kept  full  of  water.  The 
accompanying  figures  give  radial 
and  circumferential  sections,  hav- 
ing the  same  lettering  as  the 
corresponding  figures  for  the 
Girard  turbine.  It  is  usually  em- 
ployed for  low  and  medium  falls 
of  from  2  to  40  feet,  and  can  run 
equally  well  when  completely  sub- 
merged or  when  connected  to  a 
suction  pipe.  The  adjustment  of 
the  water  supply  is  effected  by 
means  of  a  slide  or  slides  which 
close  the  guide  passages  one  after 
another.  A  turbine  of  this  type 
has  the  greatest  efficiency  when  all 
its  passages  are  full  of  water,  and  consequently  the  size  of  the 
wheel  depends  on  the  quantity  of  water  to  be  passed  in  a  given 


Circumferential  Section.    GCnther's  Jonval  Turbine. 

time.  The  reason  why  this  class  of  turbine  is  not  used  for  small 
power  with  high  falls  is,  that  very  little  water  would  be  required, 
and,  therefore,  the  dimensions  of  the  wheel  would  be  very  small 
—perhaps  impracticably  small  —  whilst  the  speed  of  rotation 
would  be  very  great.  With  the  Girard  type  on  the  other  hand, 
the  efficiency  is  not  reduced  by  having  only  one  or  two  of  the 
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buckets  in  use  at  one  time.  We  can,  therefore,  employ  as  large 
a  wheel  as  we  like,  and  only  use  the  requisite  number  of  buckets 
for  the  required  power.  This  enables  us  to  get  a  slower  speed  of 
rotation  which  is  usually  desirable.  The  Girard  type,  however, 
cannot  work  with  a  suction  tube,  and  only  works  well  when 
clear  of  the  tail  water.  An  inch  or  two  of  fall,  must,  therefore, 
be  sacrificed,  and  this  reduces  the  efficiency  with  low  falls. 

G  anther's  Turbine  Governor. — For  many  purposes  the  motion  of 
a  turbine  is  so  regular  that  no  automatic  control  is  required,  but 
for  some  classes  of  machinery  a  self-acting  governor  is  desirable. 
The  accompanying  figure  shows  the  one  made  by  Messrs.  Giinther 
it  Sons,  of  Oldliuui,  for  this  puqtuse.     It  consists  of  an  ordinary 
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Watt  governor  (see  Lecture  XXIII,)  which  can  shift  a  belt  from 
a  loose  pulley  to  either  of  two  fast  pulleys  connected  by  bevel 
gearing  to  the  pillar  for  adjusting  the  turbine.  At  the  normal 
speed  the  belt  is  on  the  loose  pulley,  but  any  change  of  speed  causes 
the  belt  to  be  shifted  and  the  vertical  shaft  is  turned  more  or  less 
in  one  way  or  the  other  according  to  the  required  quantity  of  water. 
The  governor  is  driven  from  a  belt  on  the  turbine,  or  by  some  shaft 
from  it,  and  can  be  disconnected  from  the  hand  gear  by  merely 
freeing  a  clutch. 


THOMSON  5    VORTEX    TURBINE.  4 

Thomson's  Vortex  Turbine. — Imagine  a  wheel  placed  with  its  a: 
coinciding  with  that  of  the  free  vortex  already  cuusidered  in  t 
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preceding  lecture.     This  wheel  will  be  carried  round  by  the  vortex, 
and  if  we  arrange  matters  so  that  the  water  passes  through  the 
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wheel  giving  op  its  energy  to  it  while  fresh  water  takes  its  place,  we 
have  the  essentials  of  Professor  James  Thomson's  vortex  turbine. 

As  will  be  seen  from  the  foregoing  illustrations,  there  are 
only  four  guides  in  the  vortex,  and  by  altering  the  inclination  of 
these,  we  can  adjust  the  radial  component  of  the  motion  of  the 
water  and  the  amount  of  water  flowing  through  the  turbine. 
In  the  first  figure  the  turbine  is  represented  with  its  cover  removed, 
and  in  the  second  with  its  case  complete.  A  is  the  revolving 
wheel  keyed  to  the  shaft  C.  B  is  one  of  the  guide  blades  connected 
by  the  bell  cranks  and  shafts  D  to  the  outsida  rods  E,  which  can  be 
adjusted  by  a  screw  or  by  a  governor.  The  shaft  runs  on  a  lignum 
vitae  pivot  which  is  lubricated  by  the  water. 


On  account  of  the  constrained  motion  of  the  water  inside  the 
wheel  it  requires  a  large  number  of  guides.  For  the  purpose  of 
reducing  the  friction   aud  to  lessen   the  loss   of  area  due   to   the 


thickness  of  the  guides,  it  will  be  seen  fi-om  the  above  section  that 
every  second  guide  is  only  half  the  length  of  its  neighbouring  one. 
The  wheel  is  made  either  single  or  double.     In  the  latter  case,  it 
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lias  the  same  efficiency  at  half  gate  as  at  full  gate,  but  being  of  the 
inward  flow  "  drowned "  type  it  will  have  a  lower  efficiency  at 
other  loads.  Our  next  figure  illustrates  one  of  these  turbines  as 
fixed  in  position. 

K  One  great  advantage  of  an  inward  flow  turbine  is  that,  to  a 
certain  extent,  it  is  self-governing.     "When  its  velocity  increases, 


Single  Vobtex  Turbine  by  Gilbert  Gilkks  &  Co.,  Ltd.,  Kendal. 

so  also  does  the  cent vil'n gal  force  which  opposes  and  consequently 
reduces  the  inflow  of  the  water  ;  whilst  the  opposite  action  takes 
place  when  the  turbine  is  being  reduced  below  its  normal  speed. 

Little. Giant  Turbine. — We  now  come  to  the  fourth  or  mixed 
flow  type  of  turbine,  and  as  an  example  we  have  chosen  the  "Little 
Giant"  turbine.     As  may  be  seen  from  the  illustrations  the  water 
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enters  at  the  circumference  and  passes  out  at  the  top  ar.d  bottom 
and  there  is  a  sluice  for  regulating  the  supply.  The  passage  has. 
a  division  so  that  water  can  be  entirely  shut  off  from  the  upper 
half  of  the  wheel. 

The  same  firm  also  makes  a  special  "  flume  "  turbine — i.e.,  "one 
which  is  placed  directly  in  the  water  in  the  same  way  as  the 


single  vortex  turbine  shown  on  the  previous  page.  The  sectional 
view  shows  a  turbine  formerly  made  with  a  wheel  similar  to  that 
in  the  Little  Giant  Flume  Turbine,  but  with  a  different  casing. 
In  this  instance,  the  pivot  for  the  wheel  can  be  raised  or  lowered 
by  a  lever  which  is  clamped  in  position  by  a  nut.  The  wheel  is. 
held  down  by  a  fixed  ring  fitting  in  u  groove  on  the  wheel,  just 
above  the  lower  splayed-out  part. 


Ehd  View,  Side  View. 

Wheel  for  Little  Giant  Turbine. 


Vertical  Section  or  the  Little  Giakt  Turbine. 
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Centrifugal  Pumps  and  Fans. — If  certain  kinds  of  turbines  be 
driven  by  a  prime  motor  the  centrifugal  force  of  the  fluid  carried 
round  with  the  wheel  will  cause  the  fluid  to  flow  outwards  in  a 
continuous  stream.  If  the  fluid  be  water  the  machine  is  termed  & 
centrifugal  pump  ;  whereas,  if  we  are  dealing  with  air,  it  is  called 
a  fan.  Such  machines  are,  therefore,  merely  reversed  turbines ; 
bat,  in  order  to  get  the  best  results,  they  must  be  specially  designed, 
because  the  best  design  for  a  turbine  is  not  by  any  means  the  most 
efficient  and  suitable  for  a  pump  or  fan. 


Centrifugal  Pomp. 

Centrifugal  pumps  are  largely  used  whenever  a  quantity  of  water 
has  to  be  elevated  through  a  small  height,  such  as  in  the  case  of 
emptying  graving  docks  and  sunken  vessels,  circulating  the  cooling 
water  through  condensers,  or  dredging  sand,  gravel,  and  mud  from 
rivers,  whilst  centri  frugal  fans  are  employed  for  ventilating  mines, 
ships,  and  buildings,  as  well  as  for  producing  an  artificial  draught 
to  smiths'  fires,  cupolas,  and  boiler  furnaces,  &c 

The  illustration  *  shows  a  good  form  of  centrifugal  pump  with 
curved  blades.     A  is  a  wheel  rotating  inside  a  casing  B,  thus 

E'ving  the  water  which  enters  at  the  centre  a  certain  amount  of 
netic  and  pressure  energy.     F  is  a  small  whirlpool  chamber  which, 
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as  already  explained,  allows  the  water  to  form  a  free  vortex,  and 
converts  part  of  its  kinetic  energy  into  energy  of  pressure.  The 
water  moves  in  a  free  vortex  in  the  volute-shaped  pipe,  the  path  of 
a  partical  being  shown  in  the  figure  by  a  dotted  line  and  arrows. 

The  difference  of  pressure  produced  by  the  pump  depends  upon 
the  density  of  the  fluid  in  the  wheel  as  well  as  on  the  speed  of 
rotation.  Consequently,  when  there  is  only  air  in  it,  the  pump  is 
not  able  to  produce  a  sufficient  vacuum  to  make  the  water  rise 
into  it.  In  order  to  get  over  this  difficulty,  an  ejector  G,  and  a 
sluice  C,  are  added.  When  the  pump  is  to  be  started  the  sluice  is 
closed  and  the  air  exhausted  from  the  pump  chamber  by  a  jet  of 
steam  being  passed  through  the  ejector.  The  water  then  rises  into 
the  wheel  and  the  sluice  is  gradually  opened  as  the  speed  is  in- 
creased. When  the  pump  is  fairly  started  the  steam  jet  is  shut 
off  and  the  sluice  fully  opened.  Sometimes  a  non-return  valve  is 
placed  at  the  foot  of  the  suction  pipe  to  prevent  the  pump  and 
pipe  emptying  when  the  wheel  is  stopped.  In  such  a  case,  the 
pump  is  ready  to  start  again  at  once. 

Sometimes  centrifugal  pumps  are  made  with  radial  blades. 
They  then  require  a  much  larger  whirlpool  chamber  to  allow  the 
kinetic  energy  to  change  into  pressure  energy  without  a  serious 
loss  in  eddies. 
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Lecture  XXX VL— Questions. 

1.  Sketch  an  undershot  wheel  Explain  why  its  efficiency  is  bo  low 
when  it  hat  radial  blades,  and  show  how  the  blades  should  be  made  to 
avoid  this  loss. 

2.  Water  flows  radially  at  4  feet  per  second  towards  a  part  of  a  wheel  of 
a  centrifugal  pump  or  turbine  which  is  moving  at  12  feet  per  second,  find 
the  angle  of  the  vane  that  the  water  may  enter  without  shock.  If  the 
vane  were  radial,  at  what  angle  oupht  the  water  to  be  guided  so  that  it 
might  enter  without  shock ;  its  radial  component  of  velocity  being  the  same 
as  before  ?    (8.  &  A.  Adv.  Exam.,  1898.) 

3.  Give  outline  sketches  of  the  common  types  of  water-wheel,  and  com- 
pare their  relative  advantage. 

4.  Distinguish  between  water-wheels  and  turbines,  and  explain  the 
advantages  of  the  latter. 

5.  Sketch  the  Pelton  wheel  and  describe  its  action. 

6.  Sketch  and  describe  a  turbine  of  the  Girard  type,  and  mention  its 
advantages  and  disadvantages. 

7.  Describe,  with  sketches,  a  Jonval  turbine,  and  explain  its  relative 
advantages. 

8.  Sketch  the  wheel  and  case  of  an  inward  flow  turbine  for  a  fall  of  50 
feet;  8  cubic  feet  of  water  per  second.  Calculate  the  diameters  and 
breadths  of  the  wheel,  the  number  of  revolutions  per  minute,  and  the  size 
of  the  shaft.    (S.  &  A.  Hons.  Exam.,  1897.) 
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LECTURE  XXXVII. 

REFRIGERATING    MACHINERY. 

Contents.  — Refrigeration — Preliminary  Considerations — Carbon  Dioxide  as 
a  Refrigerating  Agent — Elementary  Refrigerating  Apparatus — Simple 
Refrigerating  Machine — Carbon  Dioxide  Refrigerating  Plant — An- 
hydrous Ammonia  as  a  Refrigerating  Agent — De  La  Vergne's  Re- 
frigerating Plant — De  La  Vergne's  Double  Acting  Compressor — The 
Linde  System  of  Refrigeration — Apparatus  for  Transmitting  the  cold 
produced  to  the  Chambers  requiring  Refrigeration — Questions.. 

Refrigeration — Preliminary  Considerations. — An  interesting  ex- 
ample of  the  conversion  of  heat  into  work  is  afforded  by  a 
refrigerating  machine.  The  simplest  form  of  machine  consists 
of  an  air-compression  pump  driven  by  a  steam  engine,  or  other 
motive  power,  in  which  the  pump  is  water  jacketted  and  the 
air  is  cooled  under  pressure  by  being  passed  through  a 
surface  condenser  where  the  water  abstracts  the  sensible  heat 
generated  by  the  mechanical  work  of  compression.  The  air  thus 
cooled,  but  still  under  pressure,  is  conveyed  to  an  air  engine 
and  allowed  to  perform  work  by  expanding  against  some 
resistance.  A  large  proportion  of  the  work  originally  per- 
formed during  the  operation  of  compression  is  again  given  out,, 
with  a  corresponding  reduction  in  the  air  temperature. 
A  machine  on  this  principle  may  be  conveniently  con- 
structed by  arranging  the  steam,  compression  and  expanding 
engines  to  work  on  one  crank-shaft.  The  expanding  air  thus 
assists  in  the  work  of  compression.  After  deducting  the  neces- 
sary losses  due  to  cooling,  leakage,  <fcc.,  the  work  done  in  the 
expansion  cylinder  amounts  to  about  65  per  cent,  of  the  power 
absorbed  by  the  compression  cylinder ;  the  remaining  35  per 
cent,  being  supplied  by  the  steam  or  other  prime  mover.  The 
air  having  thus  given  up  its  heat,  exhausts  from  the  expansion 
cylinder  at  a  very  low  temperature,  reaching  in  one  authenticated 
instance  as  low  as  -  124°  F. 

The  large  coal  consumption  of  machines  of  this  class  has, 
however,  led  to  their  being  superseded,  in  almost  all  cases,  by 
machines  in  which  a  more  direct  conversion  of  heat  into  work 
takes  place. 

If  we  take  any  liquid  and  commence  to  vaporise  it,  we  find 
that,  it  is  necessary  to  maintain  a  continual  application  of  heat 
in  order  to  bring  about  this  physical  change.  The  amount  of 
heat  necessary  to  convert  a  unit  weight  of  a  liquid  to  a  unit 
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weight  of  gas  at  the  same  pressure,  is  always  constant  for  the 
same  liquid.  For  example,  1  lb.  of  water  at  a  .temperature 
of  212°  F.  and  at  atmospheric  pressure,  requires  the  application 
of  966*6  British  Thermal  Units  to/convert  it  into  1  lb.  of  steam 
at  the  same  temperature  and  pressure.  Conversely,  to  condense 
1  lb.  of  steam  to  1  lb.  of  water,  both  being  at  212°  F.  and  14*7 
lbs.  pressure  per  square  inch,  we  must  abstract  from  the  Steam 
966*6  thermal  units  by  contact  with  a  cold  body.  This  principle 
holds  good  for  any  liquid. 

A  refrigerating  machine  with  steam  as  a  working  medium, 
would  not  be  practicable  unless  the  temperature  of  everything 
in  connection  with  it  was  maintained  above  212°  F.,  but  there 
are  many  liquids  which  have,  when  compared  with  water,  a  very 
low  boiling  point;  notably  ether,  sulphurous  acid,  ammonia, 
carbon  dioxide,  and  ethylene.  Each  of  these  has  been  employed 
for  purposes  of  refrigeration  with  more  or  less  success;  and 
all  of  them  depend  on  the  same  principle — viz.,  the  absorption 
or  the  giving  out  of  their  latent  heat  in  converting  the  liquid  to 
a  gas,  or  vice  versd. 

It  is  not  necessary  here,  to  enter  into  a  discussion  as  to  the 
relative  merits  of  different  liquids  as  refrigerating  agents,  but  in 
practice,  anhydrous  ammonia  is  the  agent  generally  used,  and  in 
a  lesser  degree,  carbon  dioxide.  The  necessary  machinery  is  of 
itself  extremely  simple,  although  the  details  afford  scope  for 
a  great  amount  of  elaboration  and  ingenuity. 

Carbon  Dioxide  as  a  Refrigerating  Agent. — Carbon  dioxide  or 
carbonic  anhydride,  which  is  commercially  known  as  "  carbonic 
acid/'  is  a  colourless  gas,  and  quite  without  odour  when  pure. 
It  is  under  all  circumstances  perfectly  innocuous,  and  has  prac- 
tically no  effect  on  animal  tissues  or  other  bodies.  It  will,  how- 
ever, produce  asphyxiation  in  animals  when  present  in  the 
atmosphere  in  quantities  exceeding  25  per  cent,  by  excluding 
oxygen  from  the  blood.  This  gas  may  be  very  readily  liquefied, 
either  by  diminishing  its  temperature  or  by  increasing  its  pres- 
sure. This  fluid  has  a  specific  gravity  of  about  *8,  and  can  only 
remain  in  the  liquid  state  when  under  considerable  pressure, 
the  pressure  varying  with  the  temperature  of  the  liquid.*  The 
moment  the  pressure  is  removed,  the  heat  present  in  surround- 
ing bodies,  at  once  assists  in  the  evaporation  of  the  liquid  carbon 
dioxide  and  the  bodies  themselves  are  consequently  left  in  a 
colder  condition  than  before  the  evaporation  took  place. 

Elementary  Refrigerating  Apparatus.— Let  us  consider  for  a 
moment  an  elementary  piece  of  apparatus  in  which  refrigeration 

*  Carbonic  acid  gas  can  only  be  liquefied  by  pressure  when  below  S6°  F. 
which  is  termed  its  critical  temperature. 
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can  take  place.  If  we  take  two  strong  coils  of  piping  and  sur- 
round each  with  a  vessel  of  water  and  then  connect  the  two  by 
means  of  a  stop  valve  at  their  lower  ends,  as  shown  by  tbe 
accompanying  figure,  we  shall  have  a  simple  form  of  refrigerating 
machine.  Suppose,  that  when  the  stop  valve  is  closed,  we 
charge  the  condenser  coil  with  gas  under  liquefying  pressure,  by 
means  of  a  force  pump.  The  water  surrounding  the  coil  will 
absorb  the  heat  which  has  been  imparted  to  the  gas  by  com- 
pression, and  the  condensed  liquid  will  gradually  accumulate 
at  the  bottom  of  the  coil.  On  opening  the  stop  valve, 
this  liquid  will  run  into  the  second  or  evaporating  coil,  and 
the  pressure  here  being  lower  than  is  necessary  for  main- 
taining the  liquid  state  of  the  material,  evaporation  will  at  once 
commence.     The  heat  necessary  for  evaporating  this  liquid  is 


Stop   Valve 
Elementary  Refkigkrating  Machine. 

absorbed  from  the  water  surrounding  the  evaporating  coil,  which 
will  thereby  become  considerably  reduced  in  temperature.  To 
accomplish  this  result  in  practice  three  things  are  necessary  : — 
(I)  A  compressor,  to  raise  the  pressure  of  the  gas  to  whatever 
may  be  necessary  for  its  liquefaction ;  (2)  a  surface  condenser, 
to  remove  the  heat  generated  by  the  mechanical  work  of  com- 
pression ;  (3)  an  evaporating  vessel,  where  the  liquid  may  re- 
evaporate  into  a  gas,  and  absorb  heat  in  the  operation. 

Simple  Refrigerating  Machine. — The  following  figure  of  a 
simple  refrigerating  machine  will  explain  the  cycle  of  opera- 
tions. C  is  a  compressing  pump  delivering  gas  under  pressure 
into  the  condensing  coil  0  C,  which  consists  of  a  strong  worm  of 
iron  or  copper  piping  immersed  in  a  tank  of  water.      R  is  a 
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regulating-stop  valve  having  a  fine  adjustment.  E  is  the 
evaporator  which  consists  of  a  coil  of  piping  similar  to  the  con- 
densing coils.  It  is  also  immersed  in  a  tank  containing  the 
water  or  other  fluid  to  be  cooled.  The  regulator  R  is  closed,  as 
soon  as  the  pressure  in  the  condenser  has  risen  to  that  at  which 
liquefaction  can  take  place  and  the  gas  commences  to  condense 
on  the  inner  surface  of  the  coil  C  C.  The  drops  of  liquid  descend 
and  accumulate  in  the  lower  portion  of  this  coil.  The  regulator 
is  then  opened,  with  the  result,  that  a  small  quantity  of  liquid 
escapes  into  the  evaporator.  Now,  since  the  compressor  draws 
its. supply  of  gas  from  the  evaporator,  the  pressure  in  the 
evaporator  must  be  less  than  in  the  condenser.     Consequently, 


Sectional  Diagram  of  a  Simple  Refrigerating  Machine. 

Index  to  Parts. 


C  for  Compressor. 
C  C  „    Condensing  Coils. 
R  „    Regulating  Valve. 


E  for  Evaporator. 
t\  to  t±  „   Thermometers. 
Ti  to  T4  ,,  Thermometers. 


the  liquid  commences  to  boil,  and  absorbs  heat  for  its  transfor- 
mation into  a  gas  from  the  surrounding  liquid.  The  tempera- 
ture of  this  liquid  is  therefore  naturally  reduced  by  the  opera- 
tion. The  liquid  within  the  coil  is  entirely  re-converted  into  a 
gas  which  ultimately  finds  its  way  to  the  compressor,  and  thus 
the  cycle  of  operations  is  completed. 

Suppose  four  thermometers  be  inserted  into  the  pipes  convey- 
ing the  gas  to  and  from  the  condenser  and  evaporator,  as  shown 
at  tv  t2,  t3,  L.  It  will  be  found  that  they  do  not  register  alike, 
for  tx  will  show  the  highest  temperature,  then  t2  and  tz  will  be 
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some  degrees  lower,  and  t4  will  be  lowest  of  all.  Suppose  now, 
that  the  liquids  in  the  vessels  surrounding  C  C  and  E  be  caused 
to  circulate  in  the  direction  of  the  arrows,  and  that  thermometers 
Tv  Tp  T.,  T4,  be  placed  on  each  of  the  inlet  and  outlet  pipes. 
It  will  be  found,  that  the  temperature  of  the  incoming  water 
T1  is  lower  than  T2  the  temperature  of  the  water  going  out  of 
the  condenser;  also,  that  T8  the  temperature  of  the  liquid 
entering  the  evaporator,  is  higher  than  T4  its  temperature  as  it 
leaves  this  vessel.  This  shows,  that  with  respect  to  the  gas  or 
liquid  within  the  coils  of  the  condenser  or  evaporator,  heat  is 
lost  in  the  condenser  and  gained  in  the  evaporator.  The  amount 
of  the  former  is  represented  by  the  difference  between  TT  and  T2 
multiplied  by  the  weight  of  water  passed  through  the  condenser 
in  pounds,  and  the  latter  may  be  expressed  in  terms  of  the 
difference  between  T3  and  T4  multiplied  by  the  weight  of  the 
fluid  passing  through  the  evaporator,  and  by  the  specific  heat  of 
this  fluid. 

If  we  could  construct  an  ideal  machine,  in  which  the  lique- 
faction of  the  gas  was  automatic,  it  would  be  found  that  the  loss 
of  heat  in  the  condenser,  measured  in  thermal  units,  was  exactly 
equal  to  the  gain  of  heat  in  the  evaporator.  The  sensible  heat 
gained  and  lost  by  the  fluids  surrounding  the  coils  in  the  con- 
denser and  evaporator  respectively,  would  be  the  exact  measure 
of  the  latent  heat  of  the  refrigerating  medium,  as  abstracted  in 
the  condenser  and  returned  in  the  evaporator.  It  is,  however, 
necessary  to  change  the  physical  condition  of  the  gas  between 
the  evaporator  and  condenser,  so  that  it  can  be  liquefied  in  its 
passage  through  the  latter  vessel.  Suppose  that  the  pressures  in 
both  evaporator  and  condenser  are  the  same  and  constant.  In 
order  to  ensure  condensation  and  liquefaction  in  the  condenser, 
its  temperature  would  have  to  be  constantly  maintained  below 
that  of  the  evaporator,  a  condition  of  things  which  is  manifestly 
impracticable,  since  the  evaporator  is  becoming  colder  with 
every  repetition  of  the  cycle  of  operations.  This  difficulty  must 
therefore  be  met  in  another  way.  If  we  wish  to  liquefy  any 
gas,  it  is  necessary  to  bring  its  molecules  closer  together,  and 
this  can  be  accomplished  either  by  increasing  the  pressure  or 
by  decreasing  the  temperature  of  the  gas,  or  both.  Now, 
since  it  is  not  in  this  case  practicable  to  reduce  the  tem- 
perature, the  only  alternative  is  to  raise  the  pressure  by  means 
of  the  pump  already  referred  to,  which  draws  the  gas  from  the 
evaporator  and  delivers  it  at  an  increased  pressure  into  the  coils 
of  the  condenser.  But  in  order  to  compress  a  gas,  mechanical 
work  must  be  performed  upon  it,  and  this  work  re-appears  in  the 
form  of  heat.     The  temperature  of  the  gas  after  compression  is 
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therefore  considerably  higher  than  it  was  at  the  lower  pressure 
on  leaving  the  evaporator.  This  heat,  in  addition  to  the  heat 
imparted  in  the  evaporator,  has  to  be  abstracted  and  carried 
away  by  the  cooling  action  of  the  water  of  the  condenser. 

As  stated  at  the  beginning  of  this  Lecture,  if  we  convert  a 
unit  weight  of  any  liquid  into  a  gas,  we  require  the  addition  of 
a  definite  amount  of  heat,  and  to  reconvert  this  gas  into  a  liquid 
we  require  the  abstraction  of  the  same  amount  of  heat,  the 
amount  being  cod  a  tan  t  for  any  one  liquid  at  a  constant  pressure 
and  temperature.  All  gases  do  not  require  the  same  expendi- 
ture of  energy  to  raise  them  to  the.  same  pressure,  because  they 
vary  in  what  may  be  called  their  compressibility,  and  some 
gases  occupy  a  smaller  volume  than  others  after  an  equal  amount 
of  compression.  Carbon  dioxide,  for  example,  according  to 
Regnault,  only  requires  about  75  per  cent,  of  the  work  necessary 
to  produce  the  same  amount  of  compression,  as  air  or  hydrogen. 
We  can,  by  experiment,  readily  determine  the  exact  pressure 
at  which  liquefaction  will  take  place  at  any  temperature ;  and 
knowing  this,  the  machine  can  be  designed  of  suitable  strength 
to  withstand  the  necessary  pressure. 

Owing  to  the  difference  in  the  power  required  to  increase  the 
pressure  of  different  gases,  it  follows  that  the  amount  of  heat 
imparted  during  compression  must  with  some  gases  be  greater 
than  with  others.  This  fact  is  of  great  importance  in  the 
selection  of  a  suitable  gas,  and  particularly  so  if  cooling  water 
be  scarce.  But  whatever  gas  be  employed,  the  pressure  neces- 
sary to  liquefy  it  must  always  be  increased  to  a  greater  or  less 
extent  as  the  temperature  of  the  cooling  water  rises. 

Having  considered  the  principles  upon  which  an  evaporative 
refrigerating  machine  depends  for  its  action,  we  are  now  in  a 
position  to  examine  into  the  actual  question  of  the  interchange- 
ability  of  heat  and  work.  We  can  moreover  at  once  establish  a 
coefficient  of  efficiency  for  any  refrigerating  material. 

Let,     L  =  Latent    heat   of  evaporation  of   the   refrigerating 

medium  in  B.T.TJ. 
And,  H  =  Heat  imparted  during  compression  in  B.T.U. 

It  follows,  from  what  has  been  said,  that  the  coefficient  of 
efficiency  will  be  L-=-H,  and,  neglecting  external  losses,  wL 
will  represent  the  heat  abstracted  in  the  evaporator,  whilst 
H  4-  w  L  will  equal  the  heat  added  to  the  cooling  water  of  the 
condenser,  where  w,  is  the  weight  in  lbs.  of  the  gas  entering  the 
condenser  in  a  given  time.  It  is,  of  course,  impossible  that  a 
machine  could  work  under  such  ideal  conditions  as  we  have 
assumed,  since  there  must  always  be  the  effect  of  the  high  or 
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low  temperature  of  surrounding  bodies  to  determine  whether 
there  will  be  a  loss  or  gain  of  heat  in  one  or  other  of  the  parts 
of  the  machine.  For  instance,  it  is  almost  certain  that  the 
evaporator  will  be  colder  than  the  atmosphere ;  in  that  case, 
no  matter  how  carefully  it  may  be  insulated,  there  will  be  some 
conduction  of  heat  and  the  net  quantity  of  the  heat  abstracted 
from  the  liquid  to  be  cooled  can  only  be  (to  L  -  x),  where  x,  is 
the  amount  of  heat  derived  from  outside  sources.  The  amount 
of  heat  imparted  to  the  cooling  water  in  the  condenser  will 
therefore  be  H  +  to  L  ±  y ;  where  y,  is  the  heat  lost  or  gained  in 
the  condenser  due  to  the  difference  in  temperature  between  it 
and  its  surroundings. 

There  is  still  another  correction  to  be  made  to  the  above 
formula.  When,  as  is  usual,  the  evaporator  is  maintained  at  a 
very  low  temperature,  a  certain  amount  of  heat  must  be  imparted 
to  it  by  the  refrigerating  liquid  itself  as  it  is  entering  the 
evaporator  in  a  comparatively  warm  condition.  Thus,  supposing 
there  be  t  degrees  difference  in  temperature  between  the  con- 
denser and  evaporator,  a  unit  weight  of  the  refrigerating  liquid 
will  as  it  were  import  into  the  evaporator  is  thermal  units; 
where  0  is  the  specific  heat  of  the  liquid  in  question.  Therefore, 
if  W  be  the  weight  of  refrigerating  liquid  passing  into  the 
evaporator  in  a  given  time,  the  heat  abstracted  in  the  evaporator 
will  be  represented  by  the  expression : — 

toL   -  x  —  Wt8. 

Of  course,  W  t  0  will  not  in  practice  amount  to  a  great  deal ;  but, 
as  Professor  Linde  has  pointed  out,  it  must  not  be  neglected  in 
an  exact  calculation  of  the  work  performed  by  any  refrigerating 
machine.  If  there  be  no  leakage,  then  on  the  average  W  will 
be  the  same  as  w. 

These  formulae  cannot  be  applied  with  absolute  certainty  in 
practice,  owing  to  the  impossibility  of  making  ail  the  necessary 
corrections  due  to  the  gain  or  loss  of  heat  in  the  various  parts  of 
the  machine,  and  owing  to  the  friction  of  the  gas  in  constricted 
passages.  But,  with  care,  this  gain  and  loss  of  heat  can  be 
very  nearly  accounted  for  in  an  ordinary  machine,  as  manufac- 
tured for  commercial  purposes  and  working  under  the  conditions 
of  everyday  practice. 

Carbon  Dioxide  Refrigerating  Plant — One  method  of  cooling 
buildings,  <fec.,  on  a  large  scale,  is  to  employ  a  strong  brine 
obtained  by  dissolving  sodium  chloride  or  common  salt  in  water. 
This  brine  is  first  cooled  by  passing  it  through  the  evaporator  of 
a  refrigerating  machine,  and  then  circulating  it  in  pipes  placed 
within  the  chambers  which  it  is  desired  to  cool. 
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In  the  accompanying  figure  all  the  essential  parts  are  shown 
of  a  small  refrigerating  machine  as  manufactured  by  Messrs. 
J.  &  E.  Hall,  of  Dartford,  for  cooling  small  provision  stores, 
dairies,  &c,  where  the  pump  may  be  conveniently  driven  by  a  belt. 
In  larger  machines,  the  evaporator  is  contained  in  a  separate 
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C  for  Compressor.  I         G  for  Gauges. 
3    „    Separator.  E    ,,    Evaporator. 

CC    ,,    Condensing  Coils.  SV    „     Stop  Valves. 

R   „    Regulator. 

vessel  and  the  compressor  is  driven  by  a  compound-  er  triple- 
expansion  engine ;  but,  for  the  sake  of  compactness  in  this  case, 
the  evaporator  is  placed  within  its  condenser,  and  the  inter- 
vening space  between  them  is  carefully  insulated  by  means  of 
some  non-conductor,  such  as  hair  felt  or  slagwool.      The  coils  of 
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piping  which  form  the  condenser  and  evaporator  are  welded  into 
continuous  lengths  and  so  connected  that  all  joints  shall  occur 
in  accessible  positions.     These  and  all  the  other  gas  joints  are 
made  by  inserting  copper  rings  turned  from   the  solid  metal 
between  a  pair  of  flanges  or  union  coupling.     This  form   of 
joint  has  been  found  very  satisfactory.     The  condenser  casing, 
Corliss  frame  and  bearings  for  the  compression  pump,  <fea,  are  all 
made  of  cast  iron  in  one  casting.     The  compressor  C  is  made  of 
special  hard  bronze  in  order  to  ensure  freedom  from  spongy 
places,  while  the  suction  and  delivery  valves  are  identical  in 
shape  and  size  so  that  they  may  be  interchangeable.     The  com- 
pressors for  larger  machines  are  bored  out  of  solid  steel  forgings. 
This  ensures  strength  together  with  sound  material.     A  true 
bore  is  also  provided  for  the  smooth  working  of  the  cupleathers 
with  which  the  pistons  are  packed.     The  gland  is  made  gas-tight 
by  means  of  two  U-leathera  fitted  over  the  compressor-rod  and 
glycerine  is  forced  between  them  under  a  somewhat  greater 
pressure  than  that  in  the  compressor.     Any  leakage  which  takes 
place  is  therefore  of  glycerine — outwards  (which  can  be  collected 
and  used  over  again)  and  inwards — which  both  lubricates  the 
interior  of  the   compressor  and  fills  up  the  clearance  spaces, 
thereby  increasing  the  efficiency  of  the  machine.     The  superior 
pressure  of  glycerine  in  the  gland  is  obtained  by  utilising  the 
pressure  in  the  condenser  acting  through  a  small  intensifier, 
similar  to  those  in  use  in  hydraulic  installations.    Any  glycerine 
which  passes  into  the  compresser,  beyond  what  is  necessary  to 
fill  up  the  clearance  spaces  is  discharged  with  the  gas  through 
the  delivery  valves.     In  order  to  prevent  this  glycerine  passing 
into  the  condenser  coils,  all  the  gas  is  delivered  into  a  separator 
S  and  caused  to  impinge  against  the  sides  of  this  vessel.     The 
glycerine  adheres  to  its  sides  and  drains  to  the  bottom  from 
which  it  may  be  drawn  off  from  time  to  time,  thus  permitting 
the  dry  compressed  gas  to  pass  away  by  an  opening  at  the  top  of 
the  separator  to  the  evaporator  E. 

One  feature  of  these  machines  is  the  safety  valve,  which  is 
fitted  to  the  gas  circuit  immediately  above  the  compressor,  so 
that  no  harm  can  be  done  to  the  machine  even  if  carelessly 
started  with  the  stop  valves  closed.  It  consists  of  an  ordinary 
spring  safety  valve,  beneath  which  is  a  thin  copper  disc,  designed 
to  burst  at  a  certain  pressure.  This  disc  can  be  made  perfectly 
gas-tight,  which  could  not  be  so  easily  accomplished  by  the  spring 
safety  valve  alone.  The  latter  only  comes  into  play  in  the  event 
of  a  rupture  of  the  copper  disc. 

Anhydrous  Ammonia  as  a  Refrigerating  Agent.  —  The  most 
important  advantages  possessed  by  anhydrous  ammonia  as  an 
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agent  for  cooling  purposes  are,  its  freedom  from  the  danger  of 
explosion,  its  great  latent  heat  and  low  pressure  of  vapor- 
isation.* The  latent  heat  of  vaporisation  of  1  lb.  of  carbonic 
acid  at  0°  F.  is  123  units,  and  of  ammonia  555  units,  while  the 
respective  pressures  in  lbs.  per  square  inch,  at  the  same  tem- 
perature, are  310  lbs.  in  the  case  of  carbonic  acid  and  only 
30  lbs.  with  ammonia.  It  follows,  therefore,  that  a  carbonic 
acid  plant  must  be  constructed  to  deal  with  pressures  of  about 
1,000  lbs.  per  square  inch  as  against  only  150  lbs.  or  so,  in  an 
ammonia  machine.  The  exact  pressures  in  each  case  are 
directly  proportional  to  the  temperature  of  the  condensing 
water. 

As  already  stated,  this  agent  is  more  commonly  used  than 
any  other,  and  in  the  United  States  of  America,  where  refriger- 
ation is  applied  to  an  extent  unknown  elsewhere,  the  machine 
generally  employed  is  on  the  ammonia  compression  principle. 
It  is  similar  to  the  carbonic  acid  machine  in  so  far  as  the 
complete  system  consists  of  (1)  a  compression,  (2)  a  condensing, 
and  (3  an  expansion  part;  moreover,  the  cycle  of  operations 
is  exactly  the  same. 

De  La  Vergne's  Refrigerating  Plant. — There  are  many  different 
kinds  of  ammonia  machines  in  use,  but  a  general  description  of 
one  of  the  best  known  and  most  extensively  applied — viz.,  the 
"  De  La  Vergne  "  as  manufactured  by  Messrs.  L.  Sterne  &  Co., 
Ltd.,  of  the  Crown  Iron  Works,  Glasgow,  may  be  taken  as  a 
typical  example. 

In  the  following  figure,  A  represents  the  ammonia  com- 
pressor driven  by  a  steam  engine  R.  The  gas  which  is  returned 
from  the  expansion  coil  N,  placed  in  the  cooling  chamber,  enters 
the  cylinder  A  by  the  pipe  B,  and  after  being  compressed 
therein  it  is  discharged,  through  the  pipe  C  into  a  pressure  tank 
D,  together  with  a  certain  amount  of  sealing  oil.  Here,  the  oil, 
being  heavier  than  the  ammonia  gas,  naturally  falls  to  the 
bottom,  and  the  hot  ammonia  passes  from  the  top  of  this 
tank  by  a  pipe  E  to  the  condensers  F  ;  where,  the  cooling 
action  of  cold  water  trickling  over  the  pipes  causes  the  gas  to 
liquefy.  It  then  passes  through  pipes  G,  G  to  a  header  H,  and 
from  thence,  to  a  storage  tank  I,  which  is  simply  a  receptacle 
for  holding  a  reserve  supply  of  liquid  ammonia.     From  this  tank 

*  A  liquid  with  a  high  latent  heat  of  evaporation  need  not  necessarily 
be  a  good  refrigerating  agent,  and  vice-versd.  What  is  required  is,  that 
its  specific  heat  should  be  low  in  proportion  to  the  latent  heat  of  evapora- 
tion. Or,  we  require  as  great  a  difference  as  possible  between  the  latent 
heat  of  evaporation  and  the  specific  heat  of  the  liquid  multiplied  by  the 
range  of  temperature  in  the  condenser  and  refrigerator. 
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it  is  conveyed  by  a  pipe  J  to  a  separating  vessel  K,  where  any 
particles  of  oil  that  may  have  been  carried  over  with  the  liquid 
are  finally  separated  and  the  pure  liquid  ammonia  is  free  to  leave 
it  by  a  pipe  L  to  the  expansion  coils  in  the  chambers  to  be 
cooled.  The  cock  for  admitting  the  ammonia  to  these  coils  can 
be  regulated  to  any  degree  of  minuteness.  It  thus  serves  to 
separate  the  high  pressure  Irom  the  low  pressure  part  of  the 
apparatus.  Hence,  the  liquid  ammonia  on  passing  the  expan- 
sion cock  enters  the  cooling  coils,  which  are  maintained  at  a  low 
pressure  by  the  pumping  action  of  the  compressor.  Here,  it 
immediately  flashes  into  gas  and  by  abstracting  from  its  sur- 
roundings the  heat  necessary  to  cause  this  change,  the  tempera- 
ture of  the  room  is  lowered  to  any  desired  extent.  After 
having  thus  done  its  work  in  the  cooling  chamber,  the  gas  is 
returned  to  the  compressor  by  a  pipe  B,  to  again  undergo  the 
same  cycle  of  operations. 

The  sealing  oil  passes  from  the  bottoms  of  the  pressure  and 
separating  tanks  D  and  K,  by  the  pipes  a  and  d  to  the  oil 
cooler  b ;  thence,  by  pipe  c  to  the  oil  strainer  d  and  the  pipe  e  to 
the  oil  pump  f;  by  which,  it  is  again  circulated  through  the 
compressor  A. 

De  La  Vergne's  Double-Acting  Compressor. — The  accompany- 
ing figure  is  a  section  through  a  "  De  La  Vergne "  double- 
acting  compressor,  and  shows  the  use  of  the  oil  seal.  In  all 
ammonia  compressors,  a  certain  amount  of  oil  is  required  for 
lubricating  purposes,  and  if  the  compressor  be  arranged  in  the 
ordinary  way,  the  discharge  valves  at  the  lower  end  are  placed 
either  on  the  bottom  or  at  the  side,  with  the  result  that  the  oil 
is  discharged  before  the  gas.  The  oil  ought,  however,  to  be  dis- 
charged after  all  the  gas  is  gone  ;  otherwise,  re-expansion  takes 
place  which  would  entail  a  loss  of  efficiency.  In  the  "  De  La 
Vergne"  compressor  this  difficulty  has  been  avoided  in  the  fol- 
lowing manner: — At  the  lower  right-hand  end  of  the  compressor, 
two  discharge  valves  are  fitted  into  a  side  pocket,  with  the  one 
fair  above  the  other.  On  the  down  stroke,  either  of  the  valves  or 
both  may  open  until  the  piston  covers  the  upper  one,  when  only 
the  lower  valve  is  open  to  the  condenser.  In  the  further  course 
of  the  piston  and  as  soon  as  the  lower  valve  is  also  closed,  the 
upper  one  comes  into  direct  communication  with  an  annular 
chamber  in  the  piston.  This  chamber  has  valves  in  its  bottom 
side  which  open  into  it,  as  soon  as  all  other  inlets  on  the  lower 
side  of  the  piston  are  closed.  The  gas,  therefore,  first  leaves 
the  compressor  and  then  the  oil  follows,  thus  permitting  no  gas 
to  remain  in  the  lower  side  after  the  completion  of  the  down 
stroke.     The  effect  of  the  oil  seal  is  to  make  the  compressor 

30 
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work  with  practically  no  clearance  and  thus  a  maximum  of 
•efficiency  is  obtained.  The  oil  also  serves  to  carry  away  a  con- 
siderable amount  of  the  heat  of  compression  and  to  seal  all 
the  valves  and  stuffing-boxes. 

Attention  may  now  be  drawn  to  a  few  of  the  details  of  the 
above  plant.  In  the  first  place,  it  will  be  noticed  that  the 
-ammonia  condenser  is  not  of  the  ordinary  type  where  the  coils 
•containing  the  gas  are  usually  submerged  in  a  water  tank,  but 
they  are  of  the  open  or  atmospheric  type.  Here,  water  is  kept 
constantly  trickling  over  the  condenser  pipes,  and  the  cooling 
action  is  therefore  considerably  assisted  by  the  evaporation 
thereof  from  the  surface  of  the  pipes,  which  enables  a  maximum 
of  condensation  to  be  effected  with  a  minimum  of  water  supply. 
It  also  leaves  all  the  pipes  of  the  condenser  open  for  examina- 
tion and  cleansing.  This  style  of  condenser  is  now  coming  into 
•extensive  use  for  the  condensation  of  steam  in  large  factories. 
In  the  second  place,  it  will  be  seen  that  the  refrigerating  or 
cooling  effect  is  caused  by  the  direct  expansion  of  the  ammonia 
in  pipes  placed  in  the  chamber  to  be  cooled.  This  does  away 
with  the  unavoidable  loss  of  efficiency  due  to  the  use  of  a  supple- 
mentary medium  such  as  brine.  It,  however,  necessitates 
very  careful  coupling  up  and  jointing  all  the  expansion  coils, 
in  order  to  prevent  any  leakage  of  the  ammonia  gas ;  more 
especially,  in  the  case  of  a  large  plant  where  there  may  be  as. 
much  as  ten  or  more  miles  of  piping  in  these  cooling  coils.  In 
practice,  however,  these  details  have  been  so  carefully  worked 
out,  that  many  hundreds  of  miles  of  «uch  piping  are  constantly 
at  work  without  giving  the  slightest  trouble.  Consequently, 
the  old-fashioned  method  of  brine  circulation  is  not  now  so 
generally  employed  except  on  board  ship,  where  there  is  a  possi- 
bility of  undue  rocking  or  straining  of  the  pipes  and  where  it  is 
considered  advisable  to  use  something  that  would  cause  no 
disagreeable  odour  in  case  of  a  broken  pipe  or  joint. 

In  applying  the  refrigerating  machine  to  the  manufacture  of 
ice,  the  simplest  method  is  to  place  the  expansion  or  cooling 
coils  in  a  tank  filled  with  brine  or  other  non-congealable  liquid, 
while  the  water  to  be  frozen  is  placed  in  moulds  of  suitable  size, 
which  are  then  inserted  into  this  brine  until  frozen.  The  pur- 
pose served  by  the  brine  in  this  case  is  to  convey  the  heat  from 
the  water  to  the  cooling  pipes.  It  is  therefore  generally  kept  in 
slow  circulation  in  order  to  ensure  that  the  temperature  shall  be 
as  uniform  as  possible  throughout  the  tank.  If  ordinary  well 
water  be  placed  in  the  moulds,  the  resulting  ice  will  contain  so 
much  air  that  it  will  be  turned  out  of  a  milky  white  and  opaque 
colour;  but  if  the  water  whilst  in  the  process  of  freezing  be  kept 
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in  slow  motion  by  means  of  agitators,  this  air  escapes,  and  a 
clear  glassy  ice  is  the  result. 

Another  method  of  obtaining  clear  ice  is  to  use  distilled 
water.  This  has  also  the  advantage  of  getting  rid  of  any 
objectionable  matter  which  might  be  in  solution. 

The  Linde  System  of  Refrigeration. — This  system  was  first 
introduced  into  Germany  in  the  year  1875  by  Professor  linde, 
who  was  then  one  of  the  teaching  staff  at  Munich  University. 
In  this  country,  however,  prior  to  1888,  the  principal  cold-pro- 
ducing machinery,  as  manufactured  for  both  land  and  marine- 
purposes,  was  the  simple  cold  air  machine,  in  which  refrigeration 
is  produced  by  the  compression,  cooling  when  under  compression 
by  means  of  water  and  subsequent  expansion  of  ordinary  atmo- 
spheric air.  These  machines,  although  simple  in  construction 
and  giving  very  good  results,  possess  the  disadvantage  or 
requiring  a  large  amount  of  power  to  work  them  in  comparison 
with  those  employing  more  efficient  refrigerating  agents.  Con- 
sequently, the  former  method  has  now  very  largely  given  way  to 
one  or  other  of  the  latter,  of  which  the  Linde  system  is  one  or 
the  most  successful,  seeing  that  over  3,000  of  these  machines- 
have  been  constructed  up  to  September,  1897,  representing  an. 
output,  as  rated  by  the  capability  of  producing  69,200  tons  of 
ice  every  twenty-four  hours.  In  America  the  largest  machine- 
turned  out  upon  any  system  is  rated  at  500  tons  of  ice  per 
twenty-four  hours. 

The  Linde  System  of  Refrigeration  is  identical  in  principle, 
and  only  differs  in  mechanical  details  from  the  De  La  Yergne 
previously  described.  It  is,  therefore,  based  on  the  evaporation 
of  liquid  anhydrous  ammonia  and  the  subsequent  liquefaction 
thereof  by  means  of  mechanical  compression,  together  with  the 
cooling  of  the  vapour  thus  formed,  so  as  to  enable  it  to  be  used 
over  and  over  again.  As  will  be  seen  from  the  accompanying- 
illustration,  the  self-contained  motive-power  plant,  as  chiefly 
used  on  board  ship,  consists  of  a  horizontal  steam  engine  on  the 
right,  with  a  horizontal  duplex  compressor  pump  to  the  left,  and 
an  ammonia  condenser  in  the  sole  plate.  As  far  as  the  com- 
pressor is  concerned,  the  chief  differences  between  the  Linde 
and  the  De  La  Yergne  systems  are : — 

(1)  That  in  the  former  a  horizontal  compressor  is  used 
instead  of  a  vertical  one  in  the  latter  case. 

(2)  That  a  special  oil  (not  susceptible  to  change  at  any  tem- 
perature attainable  by  the  machine,  which  does  not  contain  any 
acid  or  other  deleterious  matter,  and  which  does  not  saponify 
when  brought  into  contact  with  ammonia  is  used  solely  for 
lubricating  purposes.     Whereas,  the  oil  used  in  the  De   La. 
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Vergne  system  serves  not  only  as  a  lubricant  to  the  working 
parts,  but  also  to  partly  carry  away  the  heat  of  compression, 
and,  further,  to  fill  up  the  clearance  spaces,  as  well  as  to  seal  the 
valves,  glands,  ifcc,  so  as  to  prevent  the  escape  and  consequent 
inconvenient  smell  of  ammonia. 

(3)  In  the  Lin.de  system  a  small  quantity  of  liquid  ammonia 
is  introduced  into  the  compressor  during  each  suction  stroke  for 


the  purpose  of  cooling  the  vapour  of  ammonia.  This  liquid 
ammonia  evaporates  during  compression,  and  thus  the  heat  due 
to  compression,  which  would  otherwise  appear  as  sensible  heat, 
is  thereby  absorbed  and  rendered  latent  in  producing  the  change 
in  the  physical  state  of  the  liquid.  The  curve  of  compression  is 
thus  kept  down  as  nearly  as  may  be  to  the  isothermal  line,  and 
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the  power  required  for  compression  is  to  this  extent  correspond- 
ingly reduced. 

Apparatus  for  Transmitting  the  Gold  Produced  to  the  Chambers 
requiring  Refrigeration. — The  following  general  principles  are 
adopted  for  transferring  the  cold  generated  by  the  refrigerating. 
machinery  to  the  chambers  or  rooms  requiring  to  be  cooled. 

First  Method. — An  uncongealable  solution  of  salt  (chloride 
of  sodium)  in  water  is  reduced  by  the  refrigerating  machine  to 
a  low  temperature,  and  this  liquor  acts  as  transmitter  of  cold  in 
one  of  the  following  methods : — 

(a)  The  cold  brine  is  constantly  circulated  from  the  brine 
refrigerator  through  pipes  placed  in  the  refrigerated  chambers, 
and  returned  to  the  brine  cooler.  The  result  is  that  not  only 
is  heat  abstracted  from  the  air  of  the  refrigerated  rooms,  but 
also  a  large  degree  of  the  moisture  which  may  be  present  in 
them.  This  moisture  is  condensed  on  the  exterior  of  the  brine 
pipe  systems  either  in  the  form  of  condensed  water  or  hoar-frost. 
Suitable  drip  trays  are  provided,  in  order  to  prevent  this 
moisture  from  failing  upon  the  contents  of  the  rooms.  The  cir- 
culation of  air  with  this  system  is  a  moderate  one,  being  produced 
merely  by  the  differences  between  the  temperatures  prevailing 
near  the  brine-pipes  and  those  in  the  lower  parts  of  the 
rooms. 

(b)  The  brine  is  cooled  in  a  shallow  rectangular  open  tank  con- 
taining the  evaporator  coils.  On  the  tank  is  mounted  a  number 
of  slowly  revolving  transverse  shafts,  and  on  each  shaft  is  fixed 
a  number  of  parallel  discs,  partly  immersed  in  the  brine,  the 
entire  apparatus  being  placed  in  an  insulated  passage  through 
which  an  air  current  is  continually  passed  by  a  fan,  in  a  direction 
parallel  to  the  revolving  discs.  It  will  be  seen,  that  as  the  discs 
revolve  and  are  kept  covered  by  a  film  of  the  refrigerated  brine, 
the  air  passing  between  the  disc-spaces  becomes  cooled,  and  pro- 
duces a  low  temperature  in  any  chamber  or  room  into  which  it 
may  be  conducted  through  properly  arranged  air-trunks.  As  a 
rule  the  air  is  always  taken  back  from  the  cold  rooms,  passed 
over  the  discs  and  returned  to  the  cold  rooms,  and  any  required 
amount  of  fresh  air  is  introduced  by  means  of  adjustable  openings 
in  the  air-trunks,  communicating  with  the  outer  atmosphere. 
In  this  instance,  also,  moisture  may  be  removed  from  the 
refrigerated  rooms  and  deposited  in  the  brine  contained  in  the 
trough.  No  accumulation  of  frost  can  take  place,  and  the 
refrigerated  surfaces  are  always  perfectly  active.  The  circum- 
stance of  all  moisture  being  deposited  in  the  brine  necessitates 
either  a  periodical  loss  of  the  same  or  its  re-concentration.  The 
fan  produces  a  very  effective  air  circulation  within-  the  rooms  to 
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be  cooled.     This  in  most  cases  is  extremely  desirable,  and,  as  will 
be  readily  understood,  produces  the  most  beneficial  results. 

Second  Method. — Instead  of  using  an  uncongealable  liquid  as 
a  bearer  of  cold,  the  refrigerator  coils  (in  which  the  vaporisation 
of  the  liquid  anhydrous  ammonia  takes  place)  are  sometimes  con- 
structed with  extra  large  surfaces,  and  placed  either  in  the  upper 
part  of  the  rooms  to  be  cooled,  or  in  a  separate  chamber.  In  the 
latter  case,  a  fan  constantly  circulates  the  air  between  this 
chamber  and  the  refrigerated  rooms.  This  is  the  system  gener- 
ally adopted  on  board  ships,  and  has  been  found  to  be  in  all 
respects  most  satisfactory.  In  cases  where  the  air  temperature 
is  not  sufficiently  high  to  cause  a  complete  removal  of  the  snow 
deposited  on  the  ammonia-coils,  the  snow  is  thawed  by  the 
ammonia  vapours  themselves,  the  evaporator-coils  being  for  the 
time  used  as  a  condenser.  Occasionally  the  snow  is  thawed  by  a 
current  of  hot  air  taken  from  the  outside. 

Although  all  of  these  methods  have  beenapplied  on  an  extensive 
scale,  the  system  most  strongly  recommended  in  cases  where 
its  application  is  possible  is  the  combination  of  revolving  discs 
immersed  in  brine.  There  are  no  brine  or  ammonia  pipes  in 
the  rooms ;  whilst  the  rapid  air  circulation  by  the  fan  is  easily 
managed,  and  has  been  found  in  most  cases  to  be  requisite  for 
obtaining  a  satisfactory  result  as  to  purity,  dryness,  and  equable 
temperature  in  all  the  rooms. 

Where  circumstances  require  the  refrigerated  rooms  to  be  at  a 
distance  from  the  refrigerating  machine,  it  is  generally  most 
convenient  to  place  bundles  of  brine  pipes  in  each  room ;  but 
even  in  such  a  case,  in  the  event  of  a  small  amount  of  motive 
power  being  available  close  to  such  rooms,  the  system  of  revolving 
discs  and  fans  can  be  readily  applied,  the  brine  being  cooled  in  a 
refrigerator  near  the  compressor,  and  conveyed  to  and  from  the 
disc  tanks  through  insulated  pipes. 

A  large  beef-chilling  plant  on  the  Linde  system  was  erected  in 
the  beginning  of  1890  at  the  Woodside  lairage  of  the  Mersey 
Dock  and  Harbour  Board.  It  is  capable  of  chilling  660  carcases 
of  beef,  each  weighing  about  9  cwts.,  from  90  degrees  Fahr.  to  33 
degrees  in  17  hours.  It  consists  of  a  horizontal  compound 
tandem  jet-condensing  steam  engine,  which  drives  a  double-acting 
Linde  compressor  at  the  rate  of  about  65  revolutions  per 
minute,  when  supplied  with  steam  at  120  lbs.  pressure  from  a 
marine  type  boiler.  The  air-cooling  apparatus  consists  of  two- 
disc  tanks,  placed  above  the  chill  rooms,  at  one  end.  Each  disc 
system  has  its  own  fan,  which  draws  the  air  from  the  top  of  each 
of  the  chill  rooms,  passes  it  over  the  discs,  and  drives  it  into  the 
rooms  at  the  opposite  end  to  that  from  which  it  is  withdrawn. 
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The  ammonia  condenser  is  placed  in  the  compressor  room,  and  is 
supplied  with  cooling  water  by  a  pomp  which  takes  its  supply 
from  a  well,  fed  with  the  drainage  water  from  the  Mersey  TunneL 
After  passing  through  the  ammonia  condenser  the  water  is  used 
in  the  condenser  of  the  steam  engine.  There  are  six  chill  rooms, 
each  about  55  ft.  long  by  14  ft.  wide,  and  about  13  ft.  high. 
The  walls  of  the  rooms  are  built  of  brick,  with  air  spaces.  The 
floors  are  cement,  and  the  ceilings  are  timber,  covered  with  a 
layer  of  fine  ashes.  The  air-cooling  apparatus  is  contained  in  an 
insulated  casing,  which  is  so  arranged  as  to  cause  the  air  to 
come  in  contact  with  the  cooled  surfaces  of  the  discs. 
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Lkctubb  XXXVII.— Questions. 

1.  Explain  the  fundamental  principles  upon  which  a  refrigerating 
machine  works.  Note  specially  what  becomes  of  the  different  quantities  erf 
heat  generated  and  absorbed. 

2.  Sketch  the  essential  parts  of  a  refrigerator,  and  describe  its  action. 

3.  What  are  the  advantages  which  a  vapour  possesses  over  a  permanent 
gas,  such  as  air,  for  refrigerative  purposes! 

4.  What  are  the  requirements  of  an  economical  medium  for  use  in  a 
refrigerator?  , 

5.  Sketch  and  explain  the  plant  required  for  producing  cold  by  means  of 
carbon  dioxide. 

6.  Explain  the  reasons  that  have  led  to  the  adoption  of  anhydrous- 
ammonia  in  most  modern  refrigerators,  and  mention  some  of  the  properties 
of  this  vapour. 

7.  Sketch  and  describe  any  well-known  arrangement  for  refrigerating, 
using  anhydrous  ammonia. 

8.  Explain  and  illustrate  some  of  the  ways  of  communicating  cold  to  a 
chamber  from  a  refrigerator. 
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